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Abstract

This thesis presents an experimental, numerical and analytical study of the behavior of

thin fiber composites with a silicone matrix. The main difference with respect to tra-

ditional composites with epoxy matrix is the fact that the soft matrix allows the fibers

to microbuckle without breaking. This process acts as a stress relief mechanism during

folding, and allows the material to reach very high curvatures, which makes them partic-

ularly interesting as components of space deployable structures. The goal of this study is

to characterize the behavior and understand the mechanics of this type of composite.

Experimental testing of the bending behavior of unidirectional composites with a

silicone matrix shows a highly non-linear moment vs. curvature relationship, as well as

strain softening under cyclic loading. These effects are not usually observed in composites

with an epoxy matrix. In the case of tension in the direction transverse to the fibers, the

behavior shows again non-linearity and strain softening, as well as an initial stiffness

much higher than what would be expected based on the traditional estimates for fiber

composites.

The micro mechanics of the material have been studied with a finite element model.

It uses solid elements and a random fiber arrangement produced with a reconstruction

process based on micrographs of the material cross section. The simulations capture

the macroscopic non-linear response, as well as the fiber microbuckling, and show how

microbuckling reduces the strain in the fibers. The model shows good agreement for

the bending stiffness of specimens with low fiber volume fraction, but it overestimates

the effect of the matrix for more densely packed fibers. This is due to the high matrix

strain that derives from the assumption of perfect bonding between fiber and matrix. In

the case of tension transverse to the fibers, the model shows a much better agreement

with experiments than traditional composite theory, and shows that the reason for the

observed high stiffness is the incompressibility of the matrix. In order to capture the



vii

strain softening due to fiber debonding, cohesive elements have been introduced between

the fibers and the matrix. This allows the model to capture quantitatively the non-linear

behavior in the case of loading transverse to the fibers, and the damage due to cyclic

loading. A single set of parameters for the cohesive elements produce good agreement

with the experimental results for very different values of the fiber volume fraction, and

could also be used in the analysis of more complicated loading cases, such as bending or

biaxial tension.

In addition to the simulations, a homogenized analytical model has also been created.

It extends previous analysis of composites with a soft matrix to the case of very thin

composites. It provides a good qualitative description of the material behavior, and it

helps understand the mechanics that take place within the material, such as the equilib-

rium of energy terms leading to a finite wave length, as opposed to microbuckling under

compression.
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Chapter 1

Introduction

1.1 Composite materials in deployable space struc-

tures

Composite materials are defined as those made from at least two or more constitutive

materials which remain distinct at the microscopic level, as opposed to homogeneous

combinations, such as alloys. The constituents are usually chosen so that the composite

exhibits the best quality of each one. In practice, composite materials usually consist of a

soft constituent, known as matrix or binder, and a reinforcement material which increases

the overall stiffness of the composite.

Several materials found in nature are in fact composites. Wood, composed of cellulose

fibers in a matrix of lignin, is probably the best known example, and many biological

tissues consist of collagen fibrils embedded in a very soft hydrated-matrix. Man-made

composite materials are also common in engineering applications. Examples of composite

materials used in industrial applications include: concrete, the graphite-reinforced rubbers

used to make tyres, and fiber composites, which are possibly the most widely used form

of composite materials.

Fiber composites are composite materials in which the reinforcement component are

fibers, embedded in a matrix of polymer, usually epoxy. Several type of fibers are used,

the most common one being carbon fibers. The strength-to-weight and stiffness-to-weight

ratio of carbon fiber composites make them very attractive to aerospace applications, to

the point that the fuselage of the new Boeing 787 Dreamliner and Airbus A350 XWB will

be mainly made of composites. Besides being used as rigid structural components, fiber
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composites also play an important role in the design of deployable space structures.

Most space structures include elements that are deployed after launching. This can

be achieved with two different types of architecture. The first one is based around stiff

structural members connected by mechanical joints to allow their relative motion. An

example of this approach is the deployable mast in Figure 1.1. The main limitations to

these structures are their complexity, weight, and the fact that they need to be externally

actuated.

Figure 1.1: An artist’s concept of the NuSTAR telescope showing the deployed mast,
taken from NASA Science News (January 7 2010)

More recently, joint-less architectures have been proposed. In this case large relative

motions between different parts of a structure are achieved by allowing the connecting

elements to deform elastically. These designs are comparatively lighter, simpler, and do

not require external actuation, since they use the stored strain energy of the structure to

activate deployment. Some examples can be seen in Figure 1.2.

In this type of architecture it is common to use very thin elements, such as tape

springs, working as hinges. These components become highly compliant when folded, and

much stiffer when they are deployed. The maximum curvature of the folded hinge cannot

exceed a limiting value that is related to the failure strain of the material. This is the main

limitation on how tightly one can package structures based on this type of architecture.

New designs have appeared in recent years for structures that require hinges that can

achieve high curvatures and recover elastically (Mejia-Ariza et al., 2006; Rehnmark et al.,

2007; Mejia-Ariza et al., 2010b). A possibility is the use of fiber composites with a very
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a

b

c

Figure 1.2: Examples of deployable space structures: (a) DLR-CFRP boom, German
Aerospace Center (Leipold et al., 2005), (b) Northrop Grumman Astro Aerospace Flat-
tenable Foldable Tubes for the Mars Express (Adams and Mobrem, 2009), and (c) Boeing
springback reflectors on the Mobile Satellite System (Tan and Pellegrino, 2006)

soft hyperelastic matrix, such as silicone or rubber. These composites can be folded to very

high curvatures while retaining their high tensile stiffness. The plot in Figure 1.3 shows the

areal density vs. failure curvature for thin shells of different materials, usually considered

in the design of deployable structures Mejia-Ariza et al. (2010b). The thickness of each

shell is calculated so that all of them have the same stiffness under tension, 10 kN/mm.

It must be noted that Figure 1.3 does not present a complete characterization of

the materials. The analysis only considers unidirectional stiffness, while considering an

isotropic shell would benefit alloys over composites. Also, important aspects such as

compression stiffness are omitted, and would greatly depend on the geometry of the

complete structure. However, it shows the potential of deployable structures based on

fiber composites with a soft hyperelastic matrix.

1.2 Motivation

This thesis focuses on the mechanics of composites made with carbon fibers embedded

in a silicone matrix. Fiber composite materials in which the fibers are bonded by a

soft hyperelastic matrix, such as silicones and elastomers, are an attractive alternative
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Figure 1.3: Areal density vs. failure curvature for thin shells with 10 kN/mm tensile
stiffness: Torayca M60J carbon fiber composite, Hexcel IM7 carbon fiber composite,
Hexcel AS4 carbon fibers in vinyl-ester resin at 50% fiber volume fraction, AGY S2
glass fiber composite, spring steel (ASTM A228), 304 stainless steel, superelastic nickel-
titanium, HTS40 carbon fiber in epoxy at 60% fiber volume fraction, HTS40 carbon fiber
in silicone at 30% fiber volume fraction. Material data taken from Mejia-Ariza et al.
(2010b), except carbon fiber in silicone, for which the model in Chapter 6 has been used
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for the design of deployable structures. Such materials can be folded to a much higher

curvature than composites made with traditional epoxy. The reason is the capability of

the fibers to move within the matrix. In particular, the fibers in the compression side of

the material can buckle without breaking (see Figure 1.4). This process acts as a stress

relief mechanism during folding (Campbell et al., 2004; Murphey et al., 2001; Francis

et al., 2006; Francis, 2008).

Figure 1.4: Bent elastic memory composite sample showing microbuckling of initially

straight fibers. Taken from Francis (2008)

This new type of composite has already been used to build models showing excep-

tional folding capabilities (Datashvili et al., 2010; Mejia-Ariza et al., 2010a), such as the

reflector shown in Figure 1.5. However, the micromechanics of the fibers are not properly

understood yet. There are no numerical or analytical models able to predict the strain

in the fibers, and therefore estimate the failure curvature. The mechanical response of

the material has also not been studied. There is a particular need to analyze the bending

stiffness, and the nonlinearities due to fiber microbuckling. Finally, even if these compos-

ites are able to undergo extreme folding deformations without catastrophic failure, some

non-critical damage might be taking place in the material. These questions need to be

addressed before this type of composite can be used in the design of space structures.



6

Figure 1.5: SMART demonstrator with an umbrella-like deployment scheme, folded and

deployed (Datashvili et al., 2010)

1.3 Outline

The layout of the thesis is as follows. Chapter 2 reviews the relevant background to the

problem studied. Special attention is paid to three different topics: mechanics of fibers

in a hyperelastic matrix, fiber microbuckling, and stress softening of filled rubbers. The

most relevant theories are presented, and their relation to the present work addressed.

Chapter 3 describes the materials used in this study, and the specimen fabrication

techniques. Special care is taken to produce a proper characterization of the fiber dis-

tribution within the material, since it will be used to build the finite element model of

Chapter 4. The experimental results are then presented. The response to tension in the

direction along the fibers is dominated by the fiber’s properties, and does not differ from

traditional composites with epoxy matrix. The situation is different when bending or

tension perpendicular to the fiber direction is applied. In this case, the material shows a

highly nonlinear behavior, as well as stress softening.

Chapter 4 presents the finite element models used to study the micromechanics in the

material: a three-dimensional model for folding, and a two-dimensional model to study the

loading transverse to the fibers. Both of them use representative volume elements (RVEs)

with periodic boundary conditions. Three different types of fiber arrangements have been

used: a hexagonal lattice, a purely random arrangement, and a random arrangement

based on the fiber distribution observed in micrographs of the material, created with a
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reconstruction algorithm. A parametric study of parameters such as the size of the RVE

and the mesh refinement is also presented.

Chapter 5 contains the numerical results. In the case of bending, the material presents

a good quantitative prediction in the case of low fiber volume fractions. When the vol-

ume fraction is high the model captures the qualitative behavior, but overestimates the

stiffness. The two-dimensional predictions for loading transverse to the fibers provide a

good approximation of the linear stiffness. Cohesive elements are introduced to capture

the strain softening due to fiber debonding. This makes it possible to model also the

nonlinear response after the initial regimen.

Chapter 6 presents an analytical study of the bending properties of the material. This

work extends some of the results presented in Chapter 2 to the particular case of very

thin fiber-reinforced hyperelastic solids.

Chapter 7 presents a discussion on the results, as well as concluding remarks. Finally,

Appendix A details some of the options used in the numerical simulations, and Appendix B

contains a detailed analysis of the fiber folding test in Section 3.1.1.
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Chapter 2

Background

There are three main differences between epoxy and silicone fiber-reinforced composites

that will be addressed in this work. This chapter will provide a review of relevant studies

regarding the three of them.

The first difference is the nonlinear behavior of finitely deformed fiber composites. Sev-

eral large strain models have been used to study the mechanics and stability of composites

under large deformations.

The second one is the fact that the low elastic modulus of the silicone allows the fibers

to microbuckle without breaking, as they do with epoxy matrix. In particular, the fibers

are able to buckle when the material is folded. This stress relief process has been studied

in the case of elastic memory composites, but the mechanics are not properly understood

yet, especially regarding the nonlinear post-buckling behavior.

Finally, fiber-reinforced rubbers present stress softening, commonly known as Mullins

effect. This is a progressive damage process typical of particle-reinforced rubbers, which

reduces the stiffness of the material as the applied strain is increased.

2.1 Large strain mechanics of fiber-reinforced com-

posites

There are several large strain formulations for fiber reinforced composites. Several of

them make use of the work of Spencer (1972), who showed that for an elastic material

without internal constraints the most general strain-energy function for a homogenized

transversely isotropic nonlinear elastic solid depends only on the first five invariants. The
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first three, I1, I2, and I3, are the usual invariants of C = FTF, where F is the deformation

gradient

I1 = trC (2.1)

I2 = I3tr(C
−1) (2.2)

I3 = detC . (2.3)

The other two invariants, I4 and I5, are defined using the unit vector A, which defines

the direction of anisotropy given by the fiber reinforcement in the undeformed configura-

tion

I4 = A(CA) = aa (2.4)

I5 = A(C2A) = aBa (2.5)

where a = FA, that is, the direction of fiber reinforcement in the deformed configuration.

It is clear from the definition that I4 is the square of the deformation in the direction

of the fiber, i.e., the stretch of the fibers. I5 does not have a clear physical meaning, but

it can be shown that

I5 = I1I4 − I2 + A(C∗A) (2.6)

where C∗ = I3C
−1 is the adjugate of C. The final term in the equation can be interpreted

as the square of the ratio of deformed to undeformed surface area, for an area element

normal to A.

This formulation was used by Triantafyllidis and Abeyaratne (1983) to study the ma-

terial and geometric instabilities of unidirectional fiber-reinforced elastic materials under

large deformations. In order to do so, the energy of the material was defined as the sum

of an isotropic component and an anisotropic term taking into account the contribution
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of the fibers

W = Wiso(I1, I2, I3) +Waniso(I4) . (2.7)

The fiber contribution is modeled with the so-called standard reinforcing model

Waniso(I4) = α (I4 − 1)m (2.8)

where the anisotropy parameter α is positive, and the exponent m is usually particularized

to 2.

This model was used to predict surface bifurcations due to compression in plane strain

conditions, and it showed that the presence of fibers can weaken the material with respect

to its stability. However, some of the results are not applicable to carbon fiber composites,

since the values of the stretch used are well beyond the critical elongation of the fibers.

A similar approach was used by Merodio and Ogden (2002) to extend the analysis to

instabilities different from fiber kinking, such as debonding, splitting, and matrix failure,

using the result of Geymonat et al. (1993) relating macroscopic instabilities to the loss of

ellipticity of the homogenized constitutive relationships. Two different ways to model the

effect of the fibers were used by Merodio and Ogden: the standard reinforcing model, as

well as an energy term function of I5. The matrix was modeled as incompressible, which

allowed simplification of the kinematics of the material. The work was extended to the

case of a compressible matrix in Merodio and Ogden (2003).

Several biological materials fit the description of stiff fibers in a very soft matrix,

and several models have appeared based on Spencer’s approach. Holzapfel et al. (2000)

modeled arterial walls as a combination of layers, each of them with two different sets of

fibers, with initial direction given by the unit vectors A1 and A2. For this reason, the set

of additional invariants required is now
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Ī4 = A1(C̄A1) (2.9)

Ī5 = A1(C̄
2
A1) (2.10)

Ī6 = A2(C̄A2) (2.11)

Ī7 = A2(C̄
2
A2) (2.12)

Ī8 = (A1 ·A2)A1 · C̄A2 (2.13)

Ī9 = (A1 ·A2)2 (2.14)

where the Ī9 is a constant defining the initial geometry, and C̄ is obtained through the

multiplicative decomposition into volumetric and deviatoric components

F =
(
J

1
3 I
)

F̄ (2.15)

C = FTF = J
2
3 C̄ = J

2
3 F̄

T
F̄ . (2.16)

In this case the energy term due to the presence of the fibers is

Waniso(Ī4, Ī6) =
k1

2k2

∑
i=4,6

(
ek2(Īi−1)

2

− 1
)

(2.17)

where k1 > 0 is a stress-like material parameter and k2 > 0 is a dimensionless parameter.

The same procedure has been applied to model the cornea (Pandolfi and Manganiello,

2006), and modified to include the spatial dispersion of collagen fibril orientations (Pan-

dolfi and Holzapfel, 2008) by defining the energy as

Waniso(Ī4, Ī6) =
∑
i=4,6

k1i

2k2i

(
ek2i(κiĪ1+(1−3κi)Īi−1)

2

− 1
)

(2.18)

where κi ∈
[
0, 1

3

]
is a parameter modeling the dispersion, and k2i > 0 and k1i > 0 are

dimensionless and stress-like parameters, respectively, to be determined from mechanical
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tests.

A different approach used to study fiber-reinforced hyperelastic materials is based on

the second-order homogenization theory developed by Ponte Castañeda (2002). The re-

sults are still in development, see for example Lopez-Pamies and Ponte Castañeda (2006),

Agoras et al. (2009), and Lopez-Pamies and Idiart (2010). This theory has been compared

with numerical results in Moraleda et al. (2009a).

In all these studies, the loading is two dimensional, usually under the assumption of

plane strain. This is due not only to the extreme complexity of the models, but also to

the intended applications, mainly filled rubbers such as tires and biological materials. In

particular, there is no analysis of behavior under bending.

2.2 Fiber microbuckling

The first analysis of fiber microbuckling is due to Rosen (1965), who used Timoshenko

and Gere’s solution for the buckling under compression of a beam on an elastic foundation

(Timoshenko and Gere, 1936). It models the composite as a two-dimensional succession

of fibers of thickness d at a distance 2c from each other. The analysis equates the change

of strain energy of the material, ∆U , with the external work, ∆T

∆U = ∆Uf + ∆Um = ∆T (2.19)

where ∆Uf and ∆Um are the strain energies per unit width in the fibers and the matrix.

Each fiber is assumed to buckle in a sinusoidal pattern. The deflection v in the y

direction, defined in the centroid of a fiber, is expressed as

v = a sin
(x
λ

)
(2.20)

where λ is the wavelength.

Neglecting the shear and normal terms, the strain energy of the fibers can be expressed
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as

∆Uf =
πEfd

3a2

48λ3
(2.21)

where Ef is the elastic modulus of the fibers and the second moment of area of the fibers

have been calculated per unit width.

Regarding the matrix, Rosen considered two options, the so called extension mode, in

which the fibers buckle alternatively out of phase, with the matrix deforming in extension,

and the shear mode, in which the fibers buckle in phase, shearing the matrix between them,

see Figure 2.1.

a b

Figure 2.1: Schematic of fiber microbuckling: (a) extension mode and (b) shear mode

The shear mode is the one that requires lower energy, and so it is the one detailed

here. The shear is assumed to depend only on the longitudinal coordinate x, which gives

the form

γxy =
∂v

∂x
+
∂u

∂y
=

(
1 +

d

2c

)
dv

dx
(2.22)

where the factor h
2c

takes into account the thickness of the fibers in the shearing deforma-
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tion of the matrix, and the derivative dv
dx

is again taken in the axis of the fiber.

The strain energy of the matrix is therefore equal to

∆Um =
1

2

∫
V

τxyγxydV = Gmc

(
1 +

d

2c

)2
πa2

2λ
(2.23)

where Gm is the shear modulus of the matrix.

Finally, the external work can be expressed as a function of the load carried by every

fiber, σf , and the fiber deflection as

∆T =
1

2
σfd

∫ λ

0

(
∂v

∂x

)2

dx =
σfdπa

2

4λ
. (2.24)

Combining the three equations together, the critical stress is equal to

σfcr =
Gm

Vf (1− Vf )
+
Efd

2

12λ2
(2.25)

where Vf is the fiber volume fraction, Vf = d
d+2c

.

The critical stress is minimized then the wavelength λ is much larger than the fiber

diameter d, with an asymptotic value of

σfcr =
Gm

Vf (1− Vf )
. (2.26)

The homogenized critical load for the material as a whole is then equal to

σcr =
Gm

1− Vf
. (2.27)

In his extensive work on composite failure, Fleck (1997) gives a value of the critical

stress equal to

σcr = G+
π2d2E

3λ
(2.28)

where E and G are the axial an in-plane shear moduli of the composite.
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Fleck also establishes that the experimentally observed compressive strength is ap-

proximately equal to σcr = G
4

. The reduction is due to imperfections, pre-existing fiber

waviness, and plastic kinking.

The approach of treating the fibers as beams on an elastic foundation has been used in

several other works that refined the approach of Rosen, studying the effect of factors such

as material thickness, fiber volume fraction, and the type of load applied to the material

(Drapier et al., 1996 1999 2001; Parnes and Chiskis, 2002).

The influence of fiber microbuckling for the flexural properties of a composite was stud-

ied by Marissen and Brouwer (1999). They calculated the reduction of flexural strength as

a function of the ratio of tensile strength to critical buckling stress in the composite. Their

work focuses only on the ultimate strength, since microbuckling is a failure mechanism in

traditional composites, see Figure 2.2.

Figure 2.2: Micrograph of a unidirectional polyamide 66 glass-fiber composite, exposed to
flexural creep load at enhanced temperature and humidity, provided by Jan van Lochem
from KEMA Inspection Technology. Taken from Marissen and Brouwer (1999)

The situation is different if the matrix is soft and elastic enough to allow the fibers

to deflect without breaking. Microbuckling can then act as a stress relieving mechanism,

as it has been shown for the case of thermoplastic and elastic memory composites (Gall

et al., 2000; Murphey et al., 2001; Campbell et al., 2004; Lan et al., 2009). Figure 2.3

shows a sketch of the process. When the folding starts, the bending stiffness is constant

throughout the thickness of the material, and the neutral axis lies in the middle plane.

As the fibers in the compression side reach the critical buckling load, their stiffness is

reduced, according to the post-buckling mechanics of the fibers. This produces a bilinear
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constitutive model, shifting the neutral axis from the middle surface to the tensile side of

the laminate. This effect reduces considerably the maximum strain in the fibers, allowing

for a much smaller radius of curvature. It should be noted that the buckling deflection has

been depicted as out of plane for a better visualization. Experimental observations show

that it occurs within the plane of the material, that is, parallel to the axis of rotation.

l r=π

l r to = +( )π 2

l r ti = −( )π 2

l l
l

r t r t
r

t
r

o i=
−

=
+( )− −( )
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π π

π
2 2 ts

Compressive
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Tensile
Stresses

Neutral
Axis

Stress Profile

Figure 2.3: Fibre microbuckling and stress profile in a heavily bent laminate, taken from
Murphey et al. (2001)

This effect has been studied by Francis (Francis et al., 2006; Francis, 2008), with

an analysis similar to that of Rosen. The main difference is that the fiber deflection is

not uniform through the material. Instead, it depends on the position of the fiber with

respect to z, defined as the coordinate through the thickness. In order to calculate this

dependence, it is assumed that the homogenized strain along the direction of the fibers, ε̃x,

varies linearly through the composite thickness as a function of distance from the neutral

surface according to Kirchoff’s hypothesis. It can therefore be calculated with the usual

expression

ε̃x = −κ(z − zn) (2.29)

where κ is the applied curvature and zn the position of the neutral strain surface.

It is then assumed that the fibers stretch in the tensile side, while on the compression

side the homogenized strain is accommodated by the fiber purely by microbuckling, with

no fiber extension or compression. In this case, the strain needs to be expressed as
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a function of the end shortening of a sinusoidal wave with constant arc length. The

calculation involves an elliptic function of second order, but a good approximation is

given by

ε̃x = −
(πa

2λ

)2

. (2.30)

Assuming that the wavelength λ is constant through the material, the sine amplitude

a can be expressed as

a =
2λ

π

√
−εx =

2λ

π

√
κ(z − zn) . (2.31)

The dependence of a with respect to z introduces a new shear component in the

matrix, γyz. This deformation is produced by the difference in deflection of fibers with

two different values of the z coordinate, and it can be approximated as

γyz =
∂v

∂z
=

κλ

π
√
κ(z − zn)

sin
(x
λ

)
. (2.32)

The total strain energy in the material can now be expressed as

∆U = ∆Ux + ∆Uxy + ∆Uyz + ∆Uf (2.33)

where ∆Ux is the strain energy of the unbuckled material (fibers and matrix), ∆Uxy and

∆Uyz are the strain energy terms of the matrix, and ∆Uf is the strain energy of the

buckled fibers. Every energy term has a different dependence with respect to the buckle

wavelength λ

∆Uxy ∝
1

λ
(2.34)

∆Uyz ∝ λ (2.35)

∆Uf ∝
1

λ3
. (2.36)

Following the procedure of Rosen, the critical buckling stress will have, as before, a
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constant component (due to ∆Uxy) and a component proportional to 1
λ2 (due to ∆Uf ),

but also a term proportional to λ2 (due to ∆Uyz).

Therefore the case of non-homogeneous buckling differs from that studied by Rosen in

the presence of an additional term in the expression of the critical stress, which increases

with the fiber wavelength. The wavelength will be the value that minimizes the sum of

all the terms, which is now finite. The value given by Francis is

λ =
π

2

 9Vf t
2d2Ef

8Gm ln

(
6t
d

√
Vf

π

)


1
4

(2.37)

where t is the thickness of composite plate being bent. Once the wave-length has been

calculated, the amplitude of the buckled fibers can be calculated using Equation 2.31.

The strain in the fibers can then be approximated as

εf =
d

2
κf =

d

2
v′′ =

daπ2

2λ2
(2.38)

where εf is given as an absolute value.

Similar studies have been performed with composite materials in which the matrix

is silicone or very soft epoxy (Lopez Jimenez and Pellegrino, 2009; Mejia-Ariza et al.,

2010a), always under the assumptions of linearized kinematics and linearly elastic material

behavior for both fiber and matrix.

2.3 Stress softening in filled rubber

Experimental observations show that when a rubber filled with reinforcing particles is

loaded in simple tension, unloaded, and then loaded again, the stress required on reload-

ing is lower than that required on the initial loading. This stress softening is usually

called Mullins effect, due to the extensive early measurements by Mullins. It is shown

schematically in Figure 2.4. If a virgin material sample is loaded to the strain level (1),

it follows the path (a), known as the primary loading curve. Subsequent unloading and
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loading to state (1) will follow the path (b). The material has been weakened by the

initial loading process, and its stiffness is reduced. If the strain exceeds (1), path (a) is

followed again. If unloading from a higher strain level (2) occurs, it will create a new path

(c) with a greater loss of stiffness.

Figure 2.4: Typical schematic of cyclic tension demonstrating Mullin’s effect. Taken from

Govindjee and Simo (1991)

The process described above is the usual idealization of the phenomena observed ex-

perimentally, in which a reduction of stress takes place on each successive loading and

unloading cycle. The reduction is largest between the first and second cycle, and it be-

comes very small after a few cycles, a process known as preconditioning. After those initial

cycles, the stress-strain response is essentially repeatable. Representing the loading and

unloading path as the same is also an idealization. There are large differences in the stress

in both states, even in rubbers not showing hysteresis before being reinforced. All these

phenomena depend on the concentration of particles in the rubber. In particular, both

the softening and the hysteresis increase with the filler content. The experimental data

in Figure 2.5 shows all these effects. Stress softening is not exclusive of rubbers, and can

be found in other applications in which a reinforced matrix undergoes large deformations,

such as discontinously reinforced metal-matrix composites and rocket solid fuel.
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Figure 2.5: Periodic uniaxial extension tests of a particle-reinforced dumbbell specimen

with 60 phr of carbon black with maximum stretches of λ = 1.5, λ = 2, and λ = 2.5.

Taken from Dorfmann and Odgen (2004)

Several physical explanations have been proposed, including debonding, molecules slip-

ping, rupture in the filler particles, disentanglement of polymer chains, or crystallization

of rubber due to stress concentrations. See Diani et al. (2009) for a review on different

failure mechanisms, as well as the types of model proposed, some of which are presented

here.

Govindjee and Simo (1991) presented a homogenized model in which damage is incor-

porated through statistical mechanics of polymer networks, applied in this case to carbon

black filled rubbers. It makes use of the phenomenological damage models proposed by

Simo (1987), and shows good agreement with experiments.

Ogden and Roxburgh (1999) proposed a pseudo-elastic model in which the potential

energy of the rubber, which is usually defined as a function of only two of the three

principal stretches, λ1, λ2, with the third stretch expressed in terms of the other two due
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to incompressibility, is now given by:

W (λ1, λ2, η) = ηW̃ (λ1, λ2) + φ (η) (2.39)

where W̃ is the potential of the virgin material, η is a scalar variable that keeps track of

the damage in the material, and φ, known as the damage function, is a correction to the

potential.

In a primary loading, that is, when the applied strain is increasing, η = 1 and φ(1) = 0.

Otherwise 0 < η < 1 and φ needs to satisfy the conditions:

φ′ (η) = −W̃ (2.40)

φ′′ (η) < 0 . (2.41)

The functions chosen by Ogden and Roxburgh are:

η = 1− 1

r
erf

(
1

m

(
Wm − W̃

))
(2.42)

and

−φ′(η) = m erf−1 (r (η − 1)) +Wm (2.43)

which does not need to be integrated explicitly, and wherem and r are positive parameters,

and Wm is the maximum value of W̃ , that is, the value for which η = 1. The values of

m and r do not have a physical interpretation, and should be obtained by fitting to

experimental data.

This model is implemented in Abaqus as one of the available hyperelastic potentials.

It was modified by Dorfmann and Odgen (2004) to include permanent deformation, in-

troducing an additional scalar η2. This approach is similar to the one followed by Beatty

and Krishnaswamy (2000).
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Bergström and Boyce (1998) provided test of filled rubbers in compression, in which

the time-dependent behavior of the material was studied combining loading tests with

different strain rates, and stress relaxation tests. The tests showed a clear viscoelastic

behavior. They also presented a large strain model in which a decomposition analogous

to the Standard Linear Solid is used. The model provides good agreement with the

experimental data. However, the test showed that the behavior is also present in unfilled

rubber, so it is not clear if the observations would apply to rubbers whose unfilled behavior

is closer to the hyperelastic idealization. The time-dependency is usually neglected in

other works.

Even if there is extensive work on the subject, the case of filled silicone rubbers has

barely been addressed. Machado et al. (2010) presents experimental testing, as well as

an analysis on the ability of different models to describe the materials’ behavior. The

work shows how models based on strain energy produce better results than those using

elongations as variables to model the damage evolution. It should be noted that silicone

rubber often does not show hysteresis or softening in the unfilled state (Meunier et al.,

2008), and so some of the physical explanations proposed for the Mullins effect could not

apply in this case.

Stress softening is observed in other materials with two or more components, such as bi-

ological tissue, particle-reinforced polymers, or pocket solid fuel. Tong and Ravichandran

(1994) and Ravichandran and Liu (1995) provide expressions for the elastic properties

of particle composites undergoing damage by dewetting. The results are in those cases

limited to the linear response of the material.

Debonding has also been introduced in finite element analysis of the micromechanics of

elastomeres reinforced with particles (Zhong and Knauss, 1997 2000) and fibers (Moraleda

et al., 2009b). The results show good qualitative agreement with the behavior observed

experimentally.

Stress softening is also common in biological materials (Fung, 1972). It has been

observed in different kind of tissues, such as blood vessels (Holzapfel et al., 2000) and

the mussel byssus (Bertoldi and Boyce, 2007), which can be described as fiber-reinforced

composites. This effect is attributed to a change of properties in the material when it

is prepared for testing, and it is often eliminated by preconditioning the material, in an
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attempt to reproduce the behavior the material would exhibit in vivo.

There are differences with engineering materials. While the response of fiber compos-

ites in the direction along the fiber is dominated by the fiber behavior and does not show

stress softening, this is not the case in the case of biological materials, where the fibers

can undergo much larger deformation. Several causes have been proposed to explain this

effect, from plastic deformation of the fibers to the effect of the fiber microstructure, none

of them applicable to carbon fiber composites.
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Chapter 3

Experiments

There are not many experimental studies of carbon fiber composites embedded in a hyper-

elastic matrix. The few works providing quantitative results focused on the capabilities

of the material to be folded without catastrophic failure, as well as small strain testing of

the tension and bending stiffness (Francis et al., 2006; Francis, 2008; Mejia-Ariza et al.,

2010a).

This chapter presents experimental testing of a composite material consisting of uni-

directional carbon fibers embedded in a silicone matrix. The specimen fabrication and

characterization process is detailed. The tests study the large strain behavior of the com-

posite material under bending and tension, both along and transverse to the fibers. The

response to tension in the direction along the fibers is dominated by the fiber’s properties,

and does not differ from traditional composites with epoxy matrix. In the other two cases

the properties of the composite are dominated by the matrix (tension perpendicular to the

fibers) or the interaction between fiber and matrix (bending). The behavior is then very

different from that traditionally observed in fiber composites. In particular, the material

shows a highly nonlinear behavior, as well as stress softening. This is in contrast with the

linear behavior of traditional composites.

3.1 Materials

This section provides a description of the materials used during this study. The silicone

has been characterized experimentally, while in the case of the fibers the only property

calculated experimentally has been the failure curvature.
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3.1.1 Fibers

The fibers used in this study are HTS40-12K, produced by Toho Tenax (retrieved Au-

gust 2010). They were provided by Itochu Corporation, which processed the initial tows

(bundles of continuous filaments) by spreading them. This produces a continuous layer

of unidirectional fibers, called a ply, that is then rolled around a cylinder, from which it

can be unrolled and cut in the required size. The surface density of the ply is equal to

40 g/m2. This implies that the fibers corresponding to the original tows are spread on

a region of approximately 20 mm width, although after the spreading the original tows

cannot be distinguished. The properties of the fibers provided by the manufacturer are

summarized in Table 3.1. No value was specified for the transverse elastic modulus or the

Poisson’s ratio of the fibers.

Fiber properties

Diameter 7 µm
Tensile modulus 240 GPa
Density 1.77 g/cm3

Failure strain 1.8 %

Matrix properties

Viscosity (part A) 1300 mPa s
Viscosity (part B) 800 mPa s
Density 0.96 g/cm3

Tensile modulus 0.8 MPa
Elongation at failure 100%

Table 3.1: Material properties according to the suppliers

The failure properties of carbon fibers are highly dependent on the existence of flaws

(Donnet et al., 1998). The tensile strength shows variation along and between different

filaments, and it is usually described with a Weibull distribution. The value of 1.8% for the

critical elongation should only be used in the case of pure tension. In the case of bending,

brittle materials can achieve higher maximum strains than in pure tension (Ashby and

Jones, 1986). In order to characterize the failure curvature, tests were performed using the

rig in Figure 3.1. A loop is formed with a bundle of about ten fibers, and then attached to

the rig. The glass covering the fibers ensures that the loops do not transform. Rotating

the screw increases the curvature in the fibers, until they break. The test is performed

under a Nikon Eclipse LV100 microscope with a Nikon DS-Fi1 digital camera. A video of
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the process is recorded, and then used to calculate the curvature of the fibers before they

break.

ScrewScrew

TapeTape

Glass coverGlass coverBundle of fibersBundle of fibers

Figure 3.1: Rig used to measure the fiber curvature failure. The tape on the sides prevents
the covering glass from touching the bottom surface, therefore allows the fibers to move
freely

Figure 3.2 shows one of the frames recorded during the test. The portion of the fiber

between Points A and B is assumed to be a cylindrical helix. The different out-of-plane

coordinate at both points can be calculated by focusing the microscope at each point.

The resulting geometry is a helix, with curvature

κ =
R

R2 +
(
H
π

)2 (3.1)

where R is the curvature of the projected helix, and H the difference in height between

points A and B. There is also a torsion component, given by

τ =

(
H
π

)
R2 +

(
H
π

)2 . (3.2)

The torsion is at least one order of magnitude lower than the curvature in the fibers

considered, and it is neglected.
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A B

Figure 3.2: Bundle of looped fibers under the microscope, showing the two points A and
B limiting the portion of the fibers considered in the analysis

An analysis of the stress conditions in the fiber has been performed using Euler’s

elastica theory, and can be found in Appendix B. It shows that the average axial strain

is less than 0.002%, and so the fibers can be considered as being loaded in pure bending.

The effect of friction can be neglected, since the region of the fiber with highest curvature

is not touching the surfaces constraining it.

The test has been performed in several bundles, for a total of 105 fibers. The resulting

curvatures are plotted in Figure 3.3. The vertical lines in the plot show the curvature

for given maximum strains in the fibers. This result is important in cases when the fiber

strain is mainly due to bending, such as fiber microbuckling.

3.1.2 Matrix

The matrix used is CF19-2615, produced by NuSil Silicone Technology (March 2007).

It is a two-part, optically clear silicone. It has low viscosity (see Table 3.1), which fa-

cilitates its flow within the fibers. The modulus and elongation properties provided by

the manufacturer were verified experimentally through uniaxial testing in a Instron 5569

testing machine with a 10 N load cell. The specimens were cut with a dog-bone shape to

ensure that failure occurs away from the grips. The strain was measured with an Epsilon

LEO1 laser extensometer. Two different sets of values were found (see Figure 3.4). For

specimens cured in the autoclave, failure typically occurs at stretches λ = 2.2− 2.4, with
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Figure 3.3: Probability of fiber failure as a function of curvature

a value of the Cauchy stress of approximately 1.25 MPa. For specimens cured in an oven,

the values are λ = 2 − 2.2 and 1.7 − 2 MPa, respectively. There are several factors that

could affect or even poison the curing of the silicone. It is believed that in this case the

reason for the difference in stiffness is the presence of epoxy residue in the autoclave,

where traditional composites are often cured.

Figure 3.5 and Figure 3.6 show the results of a test conducted on two different sets

of silicone, with the stress plotted as a function of stretch and time. The tests are a

combination of cyclic and relaxation loading, showing negligible hysteresis or viscoelastic

effects. This agrees with testing results of silicone rubber found in the literature (Meunier

et al., 2008).

No failure criteria for silicone rubber under multi-axial loading conditions has been

developed yet. There is also no information about cavitation, a failure process consisting

of the sudden appearance of internal flaws, first described by Gent and Lindley (1959),

which has been extensively studied in the case of filled rubbers (Gent, 1980; Gent and

Park, 1984; Cho et al., 1987; Cho and Gent, 1988). For this reason, the value of the

stretch at failure can not be readily applied to other loading conditions, but it will be

used as an indication in the following chapters.
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Figure 3.4: Uniaxial stress-strain relationship of CF19-2615 silicone. The two specimens
are taken from the same batch of silicone, the only difference being the curing
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Figure 3.5: Uniaxial stress-strain and stress-time relationship of CF19-2615 silicone on a
test consisting on cyclic loading with holding periods. Silicone cured in autoclave
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Figure 3.6: Uniaxial stress-strain and stress-time relationship of CF19-2615 silicone from
a test consisting of cyclic loading with holding periods. Silicone cured in oven

3.2 Specimen fabrication

In the fabrication process, the two parts of the silicone are mixed, and vacuum is applied

to extract air bubbles. The mixture is then poured over the fibers, previously placed on a

Teflon-coated tray or a PTFE sheet, in order to avoid adhesion. The material is cured for

30 minutes at 150 ◦C, in either an oven or an autoclave. In the latter, the specimens are

vacuum bagged, and internal vacuum and up to 85 psi (0.586 MPa) of external pressure

were applied. This technique is able to vary the fiber volume fraction between 25% and

55% (see Figure 3.7). Holding the specimen under vacuum is the main contributor to

achieving high quality specimens. Increasing the pressure differential has the advantage

of better consolidating the fibers and also achieving a more homogeneous distribution of

fibers in the matrix.
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Figure 3.7: Average fiber fraction in the material vs. differential pressure applied during

curing

The fiber volume fraction is fairly independent on the amount of silicone applied

before curing. In composites cured in the autoclave, the differential pressure is enough to

evacuate the extra silicone through a perforated release film. In specimens cured in the

oven it is possible to decrease the volume fraction even further by applying an excess of

silicone, but this does not result in a homogeneous distribution of the fibers. An extreme

case (less than 10% volume fraction) can be seen in Figure 3.8; note that all the fibers

are concentrated in a narrow section of the material and are surrounded by pure silicone.

The local fiber volume fraction in the region containing the fibers is approximately 25%.

3.3 Specimen characterization

The simplest characterization of the microstructure of the composite is given by its fiber

volume fraction, defined as

Vf =
Af
A

(3.3)

where Af is the cross-sectional area of the fibers and A is the total area of the cross section,

both as observed in the micrographs. However, additional information is necessary to
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Figure 3.8: Example of specimen with different global and local fiber volume fraction

describe a particular fiber arrangement.

The real distribution of the fibers is different from the regular lattices that are some-

times used as an idealization in finite element and analytical modeling. In order to

incorporate the random microstructure, it is necessary to use a fiber distribution that

allows the simulations to capture the main behavior observed in the experiments.

The first step in this process is to obtain micrographs of the material cross section. This

requires a very flat surface, which is traditionally achieved by embedding the specimen in

epoxy, and then polishing it. However, this is not possible with a composite consisting of

a very soft and highly elastic matrix. Instead, the material was cut with a razor and then

placed directly under a Nikon Eclipe LV100 microscope with 50x amplification and a Nikon

DS-Fi1 digital camera. The surface obtained this way is not sufficiently flat to lie entirely

within the depth of field of the camera. In order to solve this problem, several pictures of

the material are taken at different focus distances. The images are then processed with

the focus stacking capabilities of Adobe Photoshop CS4 (Adobe Photoshop CS4, 2008),

producing micrographs in which all regions are focused (see Figure 3.9).

The second and main step is then to obtain a function that characterizes the fiber

distribution in the material with more detail than the volume fraction. Several studies

have proposed parameterizations based on the Voronoi tessellation of the fibers (see Fig-

ure 3.10). The segments of the Voronoi diagram are all the points in the plane that are
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Figure 3.9: Original micrograph and final micrograph after stacking six images
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equidistant to the two nearest fibers. Therefore, every cell contains all the points that

are closer to the same fiber than to any other. The main limitation is that, in the case of

thin composites, the Voronoi cells corresponding to fibers near the surface of the material

extend to infinity.

50 m

Figure 3.10: Micrograph showing the Voronoi tessellation of the fibers, obtained with the
voronoi command in Matlab, with the centroid of the fibers given as an input

Davy and Guild (1988) used the distance from each fiber to the closest Voronoi segment

as a measure to describe the fiber distribution obtained through a Gibbs hardcore process.

Note that this is equivalent to using the distance to the closest fiber, which is just twice

the value of the distance to the cell.

Pyrz and Bochenek (1998) employed the topological entropy of the Voronoi tessellation

of the fibers as a function to describe the microstructure. It is defined as

S = −
k∑

n=1

pn log pn (3.4)

where pn is the probability of finding a n-sided polygon.

The Voronoi tessellation can also be used to study with more detail the volume fraction.

In particular, the difference between global and local volume fraction can be established

by calculating the volume fraction of each of the Voronoi cells. Figure 3.11 shows its his-

togram, with the vertical line marking the average value (55%, for a three-ply specimen),

which agrees with the value obtained from weight measurements. The figure shows how



35

the most common value of the volume fraction is in the 60%−65% range. The peak at

very low volume fractions corresponds to fibers next to the surface of the material, which,

as previously mentioned, have Voronoi cells that extend to infinity.
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Figure 3.11: Histogram of the volume fractions of Voronoi cells produced from micro-

graphs. The vertical line marks the average

Other works have modeled the properties of the microstructure using functions based

on the position of the inclusions, such as the power spectral density of the indicator

function (Povirk, 1995), an approach that has been followed to reconstruct microstructure

which irregularly shaped inclusions. Rintoul and Torquato (1997) proposed the use of the

radial distribution function (RDF), with basically measures the probability, given the

position of a fiber, of finding another fiber in an annulus of radius r and r+dr centered in

the first one. The RDF is normalized so that it tends to one as the distance r approaches

to infinity. This is not the case in the example presented here, since the fiber distribution

only extends in one direction, due to the finite thickness of the specimen.

The function used in this work is the second-order intensity function K(r) (Pyrz,

1994ab), defined as the average number of fibers expected to lie within a radial distance

r from an arbitrary fiber, and normalized by the overall fiber density. If a section of area
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A with N fibers is considered, K(r) is calculated as:

K (r) =
A

N2

N∑
k=1

wk
−1Ik (r) (3.5)

where Ik (r) is the number of fibers inside a center of radius r centered in the k-th fiber,

and wk is a factor introduced to correct for edge effects, equal the proportion of that circle

contained in the area A. In practice, only the fibers sufficiently far away from the ends

of the micrographs are considered, and so wk = 1.

The second-order intensity function is proportional to the integral over the radius

of the RDF, and so they provide the same information. Figure 3.12 shows the average

number of neighbor fibers as a function of distance for samples with two different values

of the fiber volume fraction, as well as the corresponding second-order intensity function.
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Figure 3.12: Statistical description of micrographs: (a) Average number of fibers as a

function of distance to a given fiber and (b) second-order intensity function K(r). The

measurements are taken on one-ply specimens

The second-order intensity function will be used to produce finite element models

with a fiber arrangement based on those of the real material, as detailed in Chapter 4.
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This allows a more realistic comparison between experimental and numerical results.

Five different sets of specimens were carefully characterized, in order to be used in both

experiments and simulations: two one-ply set of specimens for the bending tests, with

volume fractions equal to 30% and 55%, and three three-ply set of specimens for testing

transverse tension, with volume fractions of 65%, 50%, and 22%. Note that the total

amount of fibers per ply is the same in both cases. This means that, for a given number

of plies, specimens with lower volume fraction have a higher thickness, but also lower

homogenized longitudinal stiffness.

Figures 3.13 and 3.14 show the bending specimens. The fiber distribution is very

regular in the material with 55% fiber volume fraction, while the specimens with 30%

volume fraction show a combination of dense fiber clusters and large silicone areas.

Figure 3.13: Specimen for bending tests, 30% volume fraction. The average thickness is

75 µm
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Figure 3.14: Specimen for bending tests, 55% volume fraction. The average thickness is

45 µm

The specimens used for loading transverse to the fiber direction have more than one

ply. This achieved by applying silicone on one ply, and then extending the additional

plies on top of the first one, making sure that the fibers of the two are aligned. It might

be necessary to apply extra silicone, according to the initial quantity of uncured silicone

applied, and the number of plies. Figure 3.15 and Figure 3.15 show micrographs of the two

extreme cases used for loading transverse to the fibers, meaning those with 65% and 22%

fiber volume fraction, respectively. The fiber distribution in the latter is very irregular,

with high fiber clustering. Chapter 5 will show how this has an important effect on stress

and strain concentrations.
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50 m

Figure 3.15: Specimen for transverse loading tests, three plies, 65% volume fraction. The

average thickness is 150 µm
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50 m

Figure 3.16: Specimen for transverse loading tests, three plies, 22% volume fraction. The

average thickness is 300 µm

3.4 Tension along the fibers

The response to tension along the fibers is completely dominated by the fiber properties,

and does not show significant differences with the response expected for composites with

epoxy matrix. After an initial straightening, the elastic modulus of the composite can

be predicted by adding the stiffness of all the fibers involved. This can be calculated

since the number of fibers per unit width is known. The stiffness is independent of the

fiber volume fraction, and the presence of the matrix can be neglected. Figure 3.17 shows

the results of four load-unload cycles to increasing maximum strain. No change in the

stiffness was observed between the cycles.
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Figure 3.17: Stress vs. strain along the fibers. One-ply specimen, 50% volume fraction

The material could not be tested to failure due to the difficulty of holding the specimens

properly. The grips used to test until failure have a saw pattern in the area of contact

with the specimens, in order to provide the sufficient friction. This is enough to break

specimens so soft in the direction perpendicular to the fibers as the ones studied here.

In the case of epoxy composites, the standard practice consists of gluing metal tabs to

protect the specimen. In this case, however, the tabs can not be attached firmly to the

silicone. Testing was possible using grips with a flat surface of contact with the specimen,

but the specimen started slipping before failure took place. An alternative able to reach

higher strains consisted of using the grips with saw pattern, protecting the specimens

with a layer of emery cloth. This allowed reaching a strain of approximately 1% before

slipping started, as seen in Figure 3.17. The material is expected to fail when it reaches,

at most, the failure stretch of the fibers, established by the manufacturer at 1.8%.

It is also difficult to observe the complete stiffness of the material early in the test. Due

to the low transverse stiffness of the specimens it is not possible to make sure that they

are completely flat at the beginning of the test. The stiffness increases asymptotically as

the specimen straightens (see Figure 3.17).
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3.5 Bending

3.5.1 Folding test

In order to observe the material while being folded, several specimens were held in a

90◦ kink angle, with a radius of curvature of approximately 2 mm. Figure 3.18 and

Figure 3.19 show the tension and compression side of specimens with 30 and 55% fiber

volume fraction, respectively. Micro buckling can be observed in both cases, although it

is more regular and noticeable in the case with lower volume fraction. The buckles appear

in both compression and tension side, although the amplitude is higher in the compressed

fibers. This agrees with the simulation results shown in Chapter 5. The existence of

buckled fibers on the tension side is typical of very thin composites, and does not happen

in the case of thicker specimens (Francis, 2008).

a b
1 mm

Figure 3.18: Specimen folded 90◦ with a 2 mm radius and 30% volume fraction: (a)
tension side and (b) compression side
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a b
1 mm

Figure 3.19: Specimen folded 90◦ with a 2 mm radius and 55% volume fraction: (a)
tension side and (b) compression side

3.5.2 Bending test setup

Standard methods to measure the bending stiffness, such as the four-point bending test,

are limited to relatively stiff specimens that undergo only small curvatures. In order

to measure the nonlinear moment-curvature relationship at larger curvatures a different

technique is required. In the method used in this study, the moment-curvature relationship

was obtained from the post-buckling behavior of specimens under compressive load.

9-to-15 mm-wide composite specimens were sandwiched between 0.6-mm-thick aluminium-

alloy plates. The plates were glued to the specimens with Instant Krazy Glue, leaving

a 4 mm distance between the two pairs of plates, see Figure 3.20. The sandwiched ends

of these specimens are much stiffer than the composite-only strip in the middle and they

can therefore be idealized as rigid.
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aluminum plates

specimen

Figure 3.20: Specimen preparation for bending test

The plates are then connected with Scotch Magic Tape to the axial testing machine

(INSTRON 5569 with a 10 N load cell), see Figure 3.21. The specimen does not touch

the testing machine in any point of the test; instead, it rests solely on the tape. This is

necessary to reduce the effect of friction and contact. The bending stiffness of the tape

is much lower than that of the specimen, and it has therefore been treated as a perfect

hinge, see Figure 3.22

Figure 3.21: Moment-curvature experimental setup
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a b
Figure 3.22: Moment-curvature experimental setup: (a) initial state and (b) post-buckled

configuration

The load due to the specimen’s weight, approximately equal to 0.01 N, was measured,

in order to take into account its effect. A schematic analysis of the test is shown in

Figure 3.23. It is performed controlling the vertical displacement, equal to 2L + b − 2h,

and measuring the vertical force F . Assuming a constant curvature in the specimen, the

main geometric parameters can be expressed as:

κ =
2θ

b
(3.6)

h = L cos θ +
b

2θ
sin θ (3.7)

d = L sin θ +
b

2θ
(1− cos θ) . (3.8)

The curvature can then be calculated with the vertical displacement, measured by the

Instron.
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Figure 3.23: Analysis of the test setup: geometry and force equilibrium

The assumption of constant curvature implies constant moment within the compliant

part of the specimen, equal to:

M =

(
F − W

4

)
d (3.9)

where F is the applied force and W the weight of the specimen, including the aluminium-

alloy plates. This result is valid when the length of the composite-only strip is small

compared to the length of the end plates, b << L; in the present case b = 4 mm and L =

25.4 mm. The assumption was checked comparing the results to the solution of the Euler’s

elastica, in which the curvature was not assumed to be constant. No difference could be

observed. Photos of the specimens during the tests also showed uniform curvature.

Table 3.2 summarizes the typical dimensions of the specimens used during the tests.

Length, b 4 mm
Width 9 – 15 mm
Thickness — 55% Vf 45 µm
Thickness — 30% Vf 75 µm

Table 3.2: Dimensions of bending test specimens
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3.5.3 Bending test results

The test results are shown in Figure 3.24. Both specimens present a linear response for

low curvatures. At approximately 0.07 mm−1 the stiffness starts decreasing, and for high

curvatures the slope becomes negative.
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Figure 3.24: Moment-curvature relationship: for experiments with (a) 55% volume frac-

tion and (b) 30% volume fraction

The tests were performed at three different speeds: 0.25, 0.5, and 1 mm/min of vertical

displacement. Note that a linear vertical displacement does not translate into linear

increase in curvature, nor in strain in the matrix and fibers, due to the complicated

stress state in the matrix. No significant difference was found between them, and rate-

dependance effects are therefore neglected.

If more than one loading-unloading cycle is applied, the specimens show strain-induced

stress softening, also known as Mullins effect. The moment-curvature relationship ob-

tained from a test with a single specimen can be seen in Figure 3.25. The material was

folded in three sets of four cycles, each one with increasing maximum curvature: 0.22,

0.30, and 0.36 mm−1. The stiffness decreased after each cycle, the difference being higher

between the first and the second cycle of each set. The same specimen was tested again

24 hours after the first test. The damage was not recovered, and the stiffness was ap-
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proximately the same as at the end of the previous test. Both the permanent loss of

stiffness and the cycle hysteresis are less pronounced in the specimens with lower volume

fraction. This agrees with the typical behavior of particle-reinforced rubbers explained in

Section 2.3.
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Figure 3.25: Moment-curvature relationship showing Mullins effect. Volume fraction 55%
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Figure 3.26: Moment-curvature relationship of a 30% specimen under cycling loading: (a)

initial test and (b) test repeated on same specimen after 24 hours

3.6 Loading transverse to the fibers

The main interest of testing the material with loading perpendicular to the fiber direction

is to analyze the damage process taking place. In the bending experiments the combina-

tion of geometrical and material nonlinearities make this analysis more difficult, while in

this case all possible sources of nonlinearity are due to the material response.

The results of this section will be presented as average Piola-Kirchhoff stress σ̄y, ob-

tained dividing the load F by the initial cross section A

σ̄y =
F

A
(3.10)

and average engineering strain ε̄y, obtained by dividing the displacement δ by the length
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of the gauge section L

ε̄y =
δ

L
(3.11)

Attempts to test the transverse response of the material in specimens with only one

ply were unsuccessful. It is common for the composite to have some regions in which the

fibers split, with only silicone remaining. Those sections break under a very low applied

load. Instead, specimens with three and four plies were prepared. The specimens were

tested using an INSTRON 5569 testing machine with a 10 N load cell. The strain was

measured using a laser extensometer as the distance between two reflecting tapes, placed

at a typical initial distance of 25 mm. The width of the specimens is 25 mm, and the

total length is 90 – 100 mm, see Figure 3.27.

Loading
direction

Fiber
direction

y
x

Figure 3.27: Loading transverse to the fibers experimental setup



51

The average stress and strain for a given specimen is shown in Figure 3.28. It was tested

on three cycles, with a maximum strain of 2.5% for the three of them. The response is

highly nonlinear, with a very high stress softening and hysteresis. It also shows significant

permanent deformation.
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Figure 3.28: Stress vs. strain under transverse loading, three cycles with the same maxi-

mum strain. The specimen has four plies, 50% volume fraction

The behavior under this loading case is much closer to the typical Mullins effect

observed in particle-reinforced rubber. Figure 3.29 shows the response of a specimen

subjected to three cycles of increasing maximum strain (0.01, 0.02, and 0.03, respectively).

Each cycle consists of three loops. The main drop in stiffness is observed after the first

loop to a given maximum strain, although there is a slight drop in the rest of the cycle.

The same specimen was tested again after 24 hours, showing no signs of recovery.
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Figure 3.29: Stress vs. strain under transverse loading: (a) untested specimen and (b)

same specimen after 24 hours. The specimen has four plies, 50% volume fraction

Figure 3.30 shows the response of four nominally identical specimens, subjected to

three cycles of increasing maximum strain followed by further extension until failure. The

maximum strains applied on the cycles correspond to 0.01, 0.02, and 0.03 for the whole

specimen, controlled by the testing machine, and translates into approximately the same

values for the range over which the laser extensometer takes measurements. The responses

of the four specimens are similar for the first two cycles, which is the point at which

failure typically starts appearing, and vary widely after that. In the second specimen

(Figure 3.30 b), the material was so damaged that the third cycle could not take place.

The other three specimens completed the three cycles, although with noticeable damage

in the case of the fourth specimen, as seen by the much higher strains. In the case of

the first and fourth specimens, the material failed after the three cycles. The different

response for those two specimens is explained by the position of the main crack producing
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failure, which was inside the laser gauge for the first specimen, and outside for the fourth

one.
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Figure 3.30: Stress vs. strain under transverse loading for four different specimens of

three plies, 55% volume fraction. The specimens were tested until failure, taking place:

(a) after the cycles, inside the laser gauge, (b) during the second cycle, (c) after the cycles,

outside of the laser gauge, and (d) after the cycles, with noticeable damage during the

third cycle

The variability of the failure behavior shows an essential difference between composites

with a silicone matrix vs. those with a standard epoxy matrix. In the latter case failure
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is sudden. Instead composites with a silicone matrix form stable cracks that need a load

increase to grow. Hence this material often retains much of its stiffness even after visible

cracks have formed; physically this behavior can be explained by a small misalignment

of the fibers that results in a few fibers going across the path of the crack tears. These

fibers are able to rotate, aligning with the loading direction. Since the fibers are much

stiffer than the matrix, even a small number of fibers is able to sustain the same loads as

the rest of the specimen.

In the case of specimens with lower volume fraction, the lower stress concentrations in

the fibers reduce the nonlinearity and the stress softening. The behavior is approximately

linear for a much larger range of strains, and the hysteresis is very low. These specimens

also reach a much higher strain at failure, see Figure 3.31.
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Figure 3.31: Stress vs. strain under transverse loading, three cycles with the same maxi-

mum strain. The specimens have three plies, 22% volume fraction
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Chapter 4

Finite Element Model

A numerical study of the composite material used in the experiments was performed in

the package Abaqus/Standard (ABAQUS/Standard, 2007). It is common to model com-

posites using homogenization techniques, as a single material in which the fibers introduce

anisotropy. In this case, the properties of the material depend on the microscopic non-

linear behavior of the fibers. In order to model this effect, it is necessary to study the

micromechanics of the material, and how the fibers move while buckling. The simulations

presented here model in high detail a representative volume element (RVE) of the mate-

rial containing a limited number of fibers, in which both matrix and fibers are modeled

with solid elements. Attempts to model the fibers with 1D beam elements did not pro-

duce coherent results. The reason is that the use of 1D elements make it impossible to

correctly model the volume fraction in the material. This affects the stress distribution in

the matrix. The use of solid elements is required to preserve the geometry of the problem.

This chapter discusses the finite element model used in this study. The layout is

as follows: First, the model geometry and the boundary conditions will be explained in

Section 4.1. Particular attention is paid to the differences for the cases of bending and

tension transverse to the fibers. The fiber arrangement will be discussed next. Three

different options have been used: a regular lattice, a random arrangement, and a random

arrangement based on the real microstructure observed in micrographs of the material.

The next section studies the influence of the parameters used to construct the models,

such as the minimum distance between fibers, or the mesh size. Finally, the material

models and elements used for fibers, matrix, and their interface are detailed in Section 4.4.

More specific details regarding numerical instability, and the particular Abaqus options



56

used, can be found in Appendix A.

4.1 Model geometry and boundary conditions

Two different models have been used, a 3D one to study the folding behavior, and a

generalized plane strain model for the loading transverse to the fibers. There are several

differences between the two.

First, in order to study bending, the RVE must extend through the whole thickness of

the tow, as seen in Figure 4.1. This is due to the fact that buckling will induce a different

behavior in the fibers in the compression side than those in the tension side. Defining

x as the direction of the fibers and y as perpendicular to the plane of the tow, we will

consider the strip resulting from cutting the tow with two planes parallel to the xy plane,

as seen in the figure. The piece has length L, width W , and height H, as defined in the

figure.

Fiber

Matrix

RVE

x

yz

W

H L

Figure 4.1: Representative volume element

The boundary conditions on the faces of this RVE must ensure that the piece of

material modeled is periodic in the z direction. Since the meshing of the two faces is
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identical, the conditions can be applied directly on the nodes using the EQUATION

command in ABAQUS. The displacement components in the x and y directions (u and

v, respectively) of every node are forced to be equal to those of the corresponding node

in the opposite face.

u(x, y, 0) = u(x, y,W ) (4.1)

v(x, y, 0) = v(x, y,W ) . (4.2)

The difference of displacements in the z direction (w) between every pair of nodes has

to be same. This implies that the width of the material might change with respect to the

undeformed configuration, but it has to be constant through the model.

w(x1, y1, 0)− w(x1, y1,W ) = w(x2, y2, 0)− w(x2, y2,W ) (4.3)

In order to achieve that, the only boundary condition applied in the end cross section

is the requirement for the nodes to remain in the same plane. The relative position within

the plane is unconstrained, including the displacement in the z direction. That plane is

connected to a dummy node, one for each face. Equal and opposite rotations about z, of

magnitude θ, are applied to each dummy node. One of the dummy nodes is constrained

against translation in all directions, while the other one is free to translate along the x

axis, in order to eliminate the rigid body motions. The faces perpendicular to the y axis

are left free.

In the case of the 2D RVE used to study loading transverse to the fibers, it is not neces-

sary to model the whole thickness. Instead, the model uses periodic boundary conditions

in both the y and z directions:

v(y, 0) = v(y, L2) (4.4)

w(y1, 0)− w(y1, L2) = w(y2, 0)− w(y2, L2) (4.5)
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w(0, z) = w(L1, z) (4.6)

v(0, z1)− v(L1, z1) = v(0, z2)− v(L1, z2) (4.7)

where v and w are the displacements in the y and z direction, and L1 and L2 are the

dimensions of the 2D RVE. This boundary conditions imply that the dimensions of the

RVE might change with respect to the undeformed configuration, but they have to be

constant through the model. The loading is imposed as a prescribed relative displacement

between two faces. No constraint on the relative position of the other two faces is applied.

4.2 Fiber arrangement

In the case of the folding simulations, the first analysis performed modeled the geometry

of the fibers as a hexagonal grid of cylindrical rods. The number of fibers used matches

the observations from the micrographs. The width of the RVE is such that it contains a

column of complete fibers, as well as two columns of half fibers (Figure 4.6). The distance

between the fibers, as well as the rest of the geometric properties of the RVE, depend

only on the fiber radius and the number of fibers per unit width and the volume fraction,

which can be obtained from measurements on the material (see Table 4.1).

Volume fraction 55 % 30 %

Number of fibers 9 13
Distance between fibers 8.99 µm 12.17 µm
Height (H) 40.4 µm 79.1 µm
Width (W) 15.6 µm 21.1 µm

Table 4.1: Dimension of the RVEs for the folding simulations

The hexagonal lattice is a common idealization of fiber distributions, but micrographs

of the material show it is an unrealistic one. Since the fibers are expected to undergo very

high deflections, the strain energy in the matrix will greatly depend on the spacing between

fibers. This will be analyzed in more detail in Section 4.3.1. In order to produce more
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accurate simulations, the RVEs should be based on the real fiber arrangement observed

in micrographs of the material.

As explained in Section 3.3, the variable chosen to describe the microstructure is

the second-order intensity function K(r). Then an algorithm to reconstruct the random

microstructure is required. In this work, the Random Sequential Adsortion algorithm

by Rintoul and Torquato (1997) has been followed. It is an iterative process that tries

to minimize a potential E that describes the difference between the goal and current

configurations of the system. E does not need to have a physical meaning, and is usually

defined using the parametrization function f (r) as E =
∑

k (f (rk)− f0 (rk)), where f0 (r)

is the value of the function for the reference configuration, and the sum is made over the

bins used to discretize the functions in r. The potential is therefore a measure of the

distance between the current configuration and that observed in the micrographs, and

the goal of the algorithm is to reduce it.

In every iteration a fiber is then picked randomly, and a random displacement is

applied. The potential E ′ is calculated for this new configuration. The displacement is

accepted according to the the probability P , defined as

P =

1 if ∆E ≤ 0

e
−∆E

A if ∆E > 0

(4.8)

where ∆E = E ′ − E and A is a parameter that controls how fast do the system evolves

(a value of 0.05 has been used in this work). This means that the algorithm would accept

some of the displacements in which the energy increases slightly, but almost none implying

a large increment. The iterations are repeated until the system converges to a stable value

of E. Note that the displacement applied to the fibers will respect the periodic boundary

conditions of the RVE.

Two different potentials have been used in this work, and the algorithm finally imple-

mented is detailed in the following subsections.
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4.2.1 Initial mesh

First, the fibers are randomly distributed with a hard-core process. This is a Poisson

random process in which a limitation on the minimum distance between the center of

fibers is introduced. In the cases of high volume fraction, not all the fibers can be located

randomly. The jamming limit is given by Tanemura (1979) as 0.547. This value is lowered

if the distance imposed is higher than the fiber diameter, as it is the case here. In practice,

jamming is observed in cases with 50% volume fraction or higher. If after 1000 attempts

a fiber has not been accepted, it is located even if it overlaps with other fibers. In those

cases, the Random Sequential Adsortion algorithm is used, with the potential energy

E =
∑
i

∑
j

((
100

dij
+ 10

)
δij + 100δi

)
(4.9)

where dij is the distance between two fibers, δij is equal to one if the distance between

the i-th and j-th fibers is less than the minimum imposed and zero otherwise, and δi is

one if the i-th fiber is closer to the edges of the RVE than a specified value and zero

otherwise. The factors multiplying δij and δi are weights without a physical meaning.

The minimization of this potential will ensure that the geometric rules are satisfied.

This process only depends on the overall volume fraction assigned to the RVE, and

the geometric conditions imposed to avoid defective meshing, see Section 4.3.1.

4.2.2 Reconstruction of real microstructure

Once an initial mesh has been obtained, the next step is to make it evolve to a configura-

tion that is statistically equivalent to the real microstructure observed in the micrographs,

defined as having the same K(r). It is now that the second-order intensity function K(r)

is used, in a potential of the form:

E =
∑
k

(
K (rk)− K̃ (rk)

)2

+
∑
i

∑
j

((
100

dij
+ 10

)
δij + 100δi

)
. (4.10)

The high values assigned to the weights in the terms enforcing the minimum distance

between the fibers (see Section 4.3.1) make sure that fulfilling the geometry requirements
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is dominant over a reduction of the term depending on K.

a

b

Figure 4.2: Fiber distribution in a 50-µm-square RVE with 50% volume fraction: (a)

original random arrangement and (b) subsequent reconstruction of the microstructure

observed in micrographs
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This process leads to two different types of random RVEs: obtained purely through

the hard-core process, and reconstructed from the micrographs. Only the reconstructed

arrangements, along with the hexagonal lattices, will be used in the folding simulations.

However, both types will be used when studying the response to transverse loading. The

distinction between “purely random” and “reconstructed” will be made explicitly in each

case.

4.3 Model convergence

This section presents a study of the influence of the parameters used to create the model,

such as the size of the RVE, or the level of mesh refinement. In the case of the bending

simulations, it was not possible to perform a detailed parametric study due to the intrinsic

computational cost of the model. Even with a RVE containing very few fibers, and a

coarse mesh, the complete models have in the order of 100,000 to 150,000 nodes. The

two-dimensional models are, however, much less computationally expensive, and a more

detailed convergence analysis could be carried out. Note that this is based on the linear

stiffness, defined as dσ̄y

ε̄y
at ε̄y = 0.

4.3.1 Minimum distance between fibers

The minimum distance between the fibers is obviously a very important parameter in the

process described above. It affects the jamming limit at high volume fractions, but it also

has a great influence on the second-order intensity function of the initial configuration.

Figure 4.3 shows the linear stiffness obtained from random models in which the distance

varies from 0.1 µm to 1 µm. Five different cases were considered for each distance. The

minimum stiffness is approximately the same for all distances, while the maximum stiffness

increases as the distance decreases. A minimum separation of 0.25 µm was chosen during

the rest of the simulations, in order to facilitate meshing. It represents a 3.5% of the

fiber distance. The same distance was introduced as a prescribed distance to the periodic

ends of the unit cell. This condition does not have a physical interpretation; it has been

included only to avoid particularly hard-to-mesh regions.
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Figure 4.3: Linear stiffness under transverse loading for different minimum distance be-

tween the fibers. Purely random RVEs, 50% volume fraction, and the sides are 50 µm

long

Unless stated otherwise, a value of 0.25 µm was used to produce the results presented

in this study for the 2D analysis, and 1 µm for the 3D models.

4.3.2 Mesh size

The mesh size is another essential parameter in the model. Due to the incompressible na-

ture of the matrix, very coarse meshes introduce very high stress concentrations, including

check-board pattern due to the effect of the hydrostatic pressure.

In the case of the bending simulations, the results obtained with the standard mesh

were compared to those obtained with a much finer mesh, showing very good agreement,

both in macroscopic (wavelength, moment-curvature relationship) and microscopic (strain

localization) features (see Figure 4.4).
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Figure 4.4: Maximum principal strain for two different meshes of the same model, showing

convergence of the microscopic fields

In the the case of 2D simulations, a more detailed analysis was carried out. The usual

procedure to study mesh size convergence is to analyze the evolution of the stress at a

given point with respect to the mesh size. In this case, it is very hard to choose a suitable

point, since the most unfavorable point will change as the mesh is refined. It is better

to study the stress concentrations at all points, defined as a local stress divided by the

average stress. A mesh is considered acceptable if the maximum stress concentration is

the same for a finer mesh. In practice, extreme stress concentrations are avoided if there

are at least two elements between each fiber. It is also possible to study the evolution of

the overall response of the model, as characterized, for example, by the initial stiffness.

However, meshes with a stress concentrations of up to two orders of magnitude only show

a 10% increase in the global stiffness (see Figure 4.5). The results presented in this thesis

use meshes in the 50,000–70,000 nodes range, unless stated otherwise.
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Figure 4.5: Effect of mesh size on transverse loading simulations: (a) linear stiffness and

(b) stress concentrations. The RVEs have the same fiber distribution, purely random,

with 50% volume fraction

4.3.3 Influence of RVE size

Müller (1987) showed that the use of a RVE does not ensure finding the solution in

problems of nonlinear elasticity, such as buckling. Instead, all possible combinations of

RVEs must be considered and analyzed. The solution would be the one providing the

lowest energy in the system. This implies that the use of a RVE will neglect all possible

instabilities larger than the size of the cell. This is particularly important in the case of

the folding simulations, whose behavior strongly depends on the fiber buckling. In the

two-dimensional simulations, in which instabilities are not so important, the main concern

is to make sure that the RVE contains enough fibers to provide a good approximation of

the material behavior.

4.3.3.1 Unit cell size of 3D model

The main concern in the folding simulations is to make sure that the length of the RVE is

enough to capture the instabilities in the material. This would be a problem if the wave
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length observed in the simulations was equal the length of the model, that is, the case

in which the model presents only one instability. In that case, it would be possible that

using a larger model would result in a longer wave length. However, the results presented

in Chapter 5 show that the models used here are able to capture at least half a sinusoidal

buckle. Since the minimum instability is a quarter of a buckle, this means that the length

of the model is not affecting the response. Values of 1 mm were used for most of the

simulations, and convergence with models using 1.5 mm was observed.

The height of the RVEs is given by observations on the real material, and the width

was chosen in the initial simulations with hexagonal fiber arrangement so that it contains

a column of complete fibers, as well as two columns of half fibers (see Figure 4.6), for

convenience to apply the periodic boundary conditions. The dimensions of the RVEs are

shown in Table 4.2.

Volume fraction 55 % 30 %

Number of fibers 9 13
Distance between fibers 8.99 µm 12.17 µm
Height (H) 40.4 µm 79.1 µm
Width (W) 15.6 µm 21.1 µm

Table 4.2: Dimension of the RVEs with hexagonal arrangement
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a b c

Figure 4.6: Examples of sections of three-dimensional RVEs with Vf = 55%: (a) hexagonal

pattern; (b) random RVE with same width as (a); and (c) random RVE with 1.5 times

width of (a)

In most of the simulations using a fiber arrangement based on micrographs, the same

width was used, although the dependance was studied using RVEs 1.5 times wider. In

the case of 55% volume fraction, no dependance on the size of the RVE was observed.

In contrast, the width of the specimens was important in the case of the low volume

fraction. The reconstruction process tends to group the fibers in clusters, leaving big

sections of pure silicone. The reconstruction process might produce an RVE such as the

one in Figure 4.7b. The periodic boundary conditions imply that for that particular RVE

there will be a section with no fibers extending through the whole material. It is possible

to produce RVEs with the same size that do not present such a problem (Figure 4.7c),

although the process has a better outcome with wider RVEs (Figure 4.7d).
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a b c d

Figure 4.7: Examples of sections of three-dimensional RVEs with Vf = 30%: (a) hexagonal

pattern, (b) unrealistic random RVE with same width as (a); (c) realistic random RVE

with same width as (a); and (d) realistic random RVE with 1.5 times width of (a)

Possible instabilities dependant on the z coordinate are neglected due to the small

width of the model, but those have not been observed experimentally, and therefore it is

unlikely that the model is neglecting an important deformation mechanism.

4.3.3.2 Unit cell size of 2D model

Finally, the size of the RVE is another parameter that was investigated, since the RVE

needs to include enough particles to capture the behavior of the material (Monetto and

Drugan, 2004). Figure 4.8 shows the linear stiffness for four different values of L1 = L2.

For each size five different fiber arrangements were produced. The smallest RVE shows a

wider range of values, while the other cases show very similar behavior. The transverse

stiffness in both x and y directions can also be compared, to assess wether the RVE

generated is orthotropic; the differences are usually on the order of 0.2%, even for L1 =

L2 = 25 µm. Unless stated otherwise, a value of L1 = L2 = 50 µm is used during the rest
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of this study.
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Figure 4.8: Linear stiffness for different length of the side of a square RVE. Purely random

distribution, 50% volume fraction

Unless stated otherwise, a value of 50 µm is used during the rest of this study, except

on the cases with very low volume fraction (under 30%), in which a value of 75 µm was

used, to increase the number of fibers in the model.

4.4 Material modeling

4.4.1 Fibers

The fibers have been modeled as a linear elastic material, since the strain observed during

the simulations is lower than 1%. The material is defined as isotropic. Toho Tenax does

not provide a full orthotropic description of the fibers. A folding simulation was repeated

modeling the fibers as orthotropic, using 20 GPa for the transverse stiffness. This value

is typical of carbon fibers where no specific data could be found. The only difference

observed with respect to the simulation with isotropic fibers was a small reduction in

bending stiffness. The response of two-dimensional simulations was found to be same for
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a using the longitudinal or the transverse stiffness of the fibers.

In the 3D elements, the elements used are triangular prisms C3D6. In the case of

plane analysis, the elements are CPE3 for plane strain and CPEG3 for generalized plane

strain.

4.4.2 Matrix

The matrix is modeled as a hyperelastic solid using the potential provided by Gent (2005).

It was implemented in ABAQUS as a user-defined material, using the user subroutine

UHYPER. The potential is given by:

W = −C1Jm ln

(
1− J1

Jm

)
+ C2 ln

(
J2 + 3

3

)
(4.11)

where

J1 = λ2
1 + λ2

2 + λ2
3 − 3 (4.12)

J2 = λ−2
1 + λ−2

2 + λ−2
3 − 3 (4.13)

and C1, C2, and Jm are parameters to be determined. The parameters were obtained

by fitting data to the uniaxial tests described in Section 3.1. The values obtained are

C1 = 0.1015 mJ, C2 = 0.1479 mJ, and Jm = 13.7870 for the specimens cured in the

autoclave and C1 = 0.1303 mJ, C2 = 0.1345 mJ, and Jm = 6.3109 for those made in

the oven (see Figure 3.4). It must be noted that the strain energy tends to infinity when

J1 = Jm. In a uniaxial tension state, and for the values used in this work, this happens for

a value of the elongation well beyond the failure stretch. However, failure in the silicone

is not implemented in the model, and even if those values are not reached, the program

might need to use them while calculating equilibrium. In order to prevent numerical

errors, the first term in the strain energy equation is substituted by its quadratic Taylor
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expansion on J1. The complete expression is then continuous up to the second derivative:

W = −C1Jm ln

(
1− J1

Jm

)
+ C2 ln

(
J2 + 3

3

)
if J1 ≤ 0.9Jm (4.14)

W = −C1Jm ln(0.1) +
C1 (J1 − 0.9Jm)

0.1
(4.15)

+ 0.5
J1 (J1 − 0.9Jm)2

0.01Jm
+ C2 ln

(
J2 + 3

3

)
if J1 > 0.9Jm .

The material was modeled as incompressible, so hybrid elements are required. Square

bricks (C3D8H) and square elements (CPE4H and CPEG4H) were used. Attempts to

use triangular prisms or triangular plane elements resulted in lack of convergence due

locking for the first-order elements (C3D6H and CPE3H) and checker-board patterns

stress distributions for the second-order elements (C3D15H and CPE6H), even for very

fine meshes. High-order square elements provide coherent results for a fine enough mesh,

but the linear version of the elements show better results for the same number of nodes.

4.4.3 Fiber-matrix interface

In an initial set of simulations, the interface between fibers and matrix was considered

as perfect, which in practice is enforced by making the elements in both sides of the

interface share the common nodes. As it will be shown in Section 5.1.2, this sometimes

creates unrealistically high strain and stress values in regions of the matrix between two

close fibers. In addition, the stress softening seen in the experiment hints at debonding

between fibers and matrix.

In order to capture this effect, cohesive elements are introduced between the fiber and

the matrix elements. The cohesive elements used are COH2D4. The behavior of the

elements is described in Figure 4.9. The element keeps its initial stiffness until a traction

t0 is reached, corresponding to a separation δ0. The material then reduces its stiffness

until it reaches a value of zero for a deformation δf . The profile of the damaged material

can follow a straight line, as in the figure, or an exponential. In the case of unloading, the

profile follows a straight line to the origin. The options used in this study, as well as the
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specific values, are discussed in Section 5.3. The element always retain its initial stiffness

in compression.

traction

separation

t0

0 f

Figure 4.9: Typical traction-separation response in a cohesive element

This approach has been followed used in previous works (Zhong and Knauss, 1997 2000;

Moraleda et al., 2009b) to model strain softening in particle- and fiber-reinforced solids,

showing good qualitative agreement with the typical behavior observed in experiments.
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Chapter 5

Finite Element Results

This chapter presents the results of the finite element simulations performed to study the

behavior of the composite under bending and loading transverse to the fiber direction.

The models used allow the study of not only the microscopic response of the material,

but also a detailed analysis of the micromechanics of the matrix and the fibers.

Section 5.1 contains the results of the folding simulations. Two different materials

have been modeled. Both of them have one ply, with 30% and 55% fiber volume fraction,

respectively. In both cases, two different sets of RVEs are used, the difference being the

fiber arrangement: a hexagonal grid or a random fiber arrangement based on micrographs.

One of the main conclusions on this section is that the strains in the matrix are too high,

meaning that neglecting any failure process in the material is unrealistic.

In order to do so, the case of transverse loading to the fibers is analyzed, since it allows

a clearer study of the damage mechanism. Section 5.2 and Section 5.3 show the results of

the two-dimensional models used to study the response under loading transverse to the

fiber direction. In this case, the fiber arrangements used are all based on micrographs.

Three different sets of specimens are used, with 22%, 50%, and 65% volume fraction. The

results in Section 5.2 focus on the initial linear response, and Section 5.3 offers the results

of simulations in which cohesive elements were introduced to capture the subsequent

nonlinear behavior.

Finally, Section 5.4 presents a study of the differences in transverse stiffness between

traditional composites and those made with an epoxy matrix. In this case, purely random

fiber arrangements are used to construct the RVEs.

Unless stated otherwise, the stresses in the fibers and matrix obtained in the simula-
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tions are Cauchy stresses, and the strains are logarithmic strains. The stress and strains

calculated with the global response will be referred to as average strains and stresses, as

was done with the ones obtained experimentally in Chapter 3.

5.1 Folding

5.1.1 Geometry

Figures 5.1 and 5.2 show different views of one of the simulations (hexagonal pattern,

55% volume fraction), in which the overall geometric characteristics are present: buckling

of the fibers within the plane, large fiber deflections, higher buckle amplitude in the

compression side, very uniform curvature. These features are common to all the cases,

regardless of fiber arrangement and volume fraction.

a

b

Figure 5.1: Views of deformed configurations of model with hexagonal fiber arrangement,

Vf = 55% and L = 1 mm subject to a 0.7 mm−1 curvature: (a) side view and (b) top

view
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Figure 5.2: Front view of model showing longitudinal stress field. Volume fraction 55%,

hexagonal fiber arrangement, 1 mm length, 0.7 mm−1 curvature

It must be noted that the wavelength (defined as covering π radians of phase) is limited

by the length of the RVE, which is 1 mm in all the cases considered. A slightly longer

or shorter RVE would probably have the same number of waves, and therefore a different

wave length. This effect would be minimized using a model several times longer. However,

this could not be done due to the already high computational costs.

The range of wavelengths predicted by the simulations contain those observed in the

experiments for Vf = 30%, but is too short for Vf = 55% (see Table 5.1). Analytical

results in Francis (2008) (detailed in Section 2.2) and Lopez Jimenez and Pellegrino

(2009) (detailed in Chapter 6) show that as the wavelength increases, the strain energy

of the matrix does the same, while the strain energy of the fibers decreases. The results

are therefore an indication that the matrix of the model is stiffer than that of the real

material.



76

Volume fraction 55 % 30 %

Simulations 0.33–0.5 mm 0.5–1 mm
Experiments 0.55–0.70 mm 0.6–0.65 mm

Table 5.1: Comparison of wavelength in simulations and experiments

5.1.2 Strain

The evolution of the largest principal strains in the fibers with the applied curvature can

be studied with these models, see Figures 5.3 and 5.5. The maximum strains are higher

for random fiber arrangements.
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Figure 5.3: Maximum and minimum principal strains in fibers, for a model with Vf = 30%

Since the fibers are mainly subjected to bending in the post-buckled state, in this

case the maximum and minimum principal strains give a very good indication of the

possibility of failure in the material. The failure elongation of the fibers provided by the

manufacturer is 1.8 %. One of the analyses with Vf = 30% and random fiber arrangement

was continued until 1.8% was reached (see Figure 5.4). However, Section 3.1.1 showed
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how the fibers are able to undergo higher strain under bending. It is useful then to

decompose the axial strain in the fibers in an average axial component, plus a variation

due to bending. Doing so, the strain in the fiber with highest compressive strain can be

decomposed in -0.58% due to axial strain and ±1.13% due to bending. Since fibers are

expected to fail in tension, and the main strain component is due to the fiber curvature,

the simulations show how compressed fibers are not expected to break. For the fiber

with highest tensile strain, it is 1.1% axial strain and ±0.7% due to bending. In this

case the axial component is still lower than the failure strain, 1.8%, although the bending

component should not be completely neglected. In order to be able to accurately predict

failure, it would be necessary to develop a failure criteria that combines axial and bending

strain.
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Figure 5.4: Maximum and minimum principal strains in fibers: (a) Vf = 55% and (b)

Vf = 30%

The strain state in the matrix is much more complex, and no failure criteria for silicone

under multi-axial loading has been established. For these two reasons, the comparison

of principal strains in experiments and simulations can only be used as an indication.

It is clear, however, that they are too high, since the numerical values (see Figure 5.5)

are much higher than the failure strains observed in the experiments, which are 120% to

140% at most. The matrix would be expected to present some form of failure (fracture,
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debonding from the fiber, cavitation) before reaching such high strains.
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Figure 5.5: Maximum and minimum principal strains in the matrix: (a) Vf = 55% and

(b) Vf = 30%

The fact that the maximum principal strains are similar in the matrix for both hexag-

onal and random arrangements does not mean that the strain states are similar in both

configurations. Figure 5.6 shows the values of γyz for two cross sections in models with

Vf = 55%. Both sections are taken at the point of maximum deflection of the buckle,

with curvature 0.35 mm−1. In the case of hexagonal pattern all fibers buckle in the same

way, the only difference being the amplitude, which is higher for the fibers in the com-

pression, leading to the shearing in the y − z plane. This shear strain is particular of

buckling under bending, since in pure compression the amplitude will be the same for all

the fibers. The strain pattern in the matrix is very regular. The randomly arranged fibers

create a more complex strain state, with very high positive and negative strains within

the same section. In this case the amplitude of the buckle is practically the same through

the whole thickness. This produces higher strains in both matrix and fibers.
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Figure 5.6: γyz strain field for Vf = 55%: (a) hexagonal pattern and (b) random pattern

In the case of lower fiber volume fraction the results are similar, but the difference

between the random and regular fiber arrangements is less marked (see Figure 5.7). In

particular, the dependance of the buckling amplitude with respect to the thickness is

similar for both arrangements, unlike the previous case.
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Figure 5.7: γyz strain field for Vf = 30%: (a) hexagonal pattern and (b) random pattern

5.1.3 Moment vs. curvature

The higher strains observed in the cases with random fiber arrangement result in a stiffer

model, as can be seen studying the moment-curvature relationship. In all plots, the

curvature is assumed to be uniform through the material, and it is therefore calculated by

dividing by L the rotation applied at the ends. Figure 5.8 shows the moment-curvature

relationship of the simulations with Vf = 55%. The cases with random fiber arrangement

show some variation with each other, but they are clearly stiffer than the case with a

hexagonal pattern. An analysis with linear geometry for the hexagonal pattern is also

plotted for comparison. It coincides, as expected, with the initial response of all cases.

Once the fibers have buckled, the stiffness of the regular pattern is roughly 20% of the

initial, and 60–75 % in the case of the randomly arranged fibers.
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Figure 5.8: Moment vs. curvature for simulations with Vf = 55%. The plot shows

the results from the simulation with hexagonal fiber arrangement, four simulations with

random fiber arrangement, and a linear analysis for reference

In the case of lower volume fraction (see Figure 5.9) the response of the regular and

random fiber arrangements are much closer to each other, and both of them are much

softer than the linear prediction. The sudden drop in stiffness is due to a not-smooth

transition from the initial state to the post-buckled state, which produces a discontinuity

in the first derivative of the strain energy. This is not likely to occur in the real material,

due to the presence of imperfections, which will produce a smooth transition. The effect

can be reduced by introducing waviness in the model, but it is not always possible to

make it disappear completely.
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Figure 5.9: Moment vs. curvature for simulations with Vf = 30%. The plot shows the

results from the simulation with hexagonal fiber arrangement, three simulations with

random RVE, and a linear analysis for reference

The results of the finite element analysis and the experiments are compared in Fig-

ure 5.10 and Figure 5.11, where the area enveloped by the simulations with random fiber

arrangement has been shaded in grey. In the first case, Vf = 55%, the prediction is much

stiffer than the actually measured behavior. This is due to the damage taking place in

the material. This is indicated not only by the presence of strain softening, but also by

the unrealistically high strains observed in the matrix, see Figure 5.5.
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Figure 5.10: Comparison of moment vs. curvature in simulations and experiments for Vf =

55%. The plot shows the results from the simulation with hexagonal fiber arrangement,

the range spanned by the simulations with random RVE, and five experiments. A linear

analysis has been added as a reference

In the case with 30% volume fraction, the test results lie within the region predicted

by the simulations. The model provides a good prediction of the initial stiffness, as well as

the curvature marking the transition to the nonlinear regimen. The post-buckled behavior

is again stiffer in the finite element model. Although the conditions on the matrix are

not as extreme as in the material with Vf = 55%, strain softening is also present, which

means that damage is taking place in the material.
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Figure 5.11: Comparison of moment vs. curvature in simulations and experiments for Vf =

30%. The plot shows the results from the simulation with hexagonal fiber arrangement,

the range spanned by the simulations with random RVE, and four experiments. A linear

analysis has been added as a reference

5.2 Transverse tension—Perfect bonding

The linear responses of several RVEs have been calculated, for both purely random and

reconstructed fiber distribution (see Figure 5.12). Five different cases have been studied

for each one of the three fiber volume fractions considered. The average linear response

is similar for the two sets of RVEs.
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Figure 5.12: Linear stiffness obtained in simulations with purely random and recon-

structed RVEs

The result of the simulations with reconstructed RVEs and the experiments are com-

pared in Figure 5.13. The experimental results show an elastic modulus about 25%

higher than those of the simulations for the same volume fraction. The difference can

be attributed to the presence of misaligned fibers. Such fibers would carry part of the

load in the longitudinal direction, increasing the overall stiffness in the material. Exper-

imental observations of the material after failure suggest the presence of such fibers, see

Section 3.6.
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Figure 5.13: Linear stiffness obtained in reconstructed simulations and experiments

The simulations allow the study of the local stress and strain fields within the material.

The strain field remains basically zero in the fibers, but very high strain concentrations

in the matrix, particularly between very close fibers. There are several regions where the

stress is between 10 and 50 times higher than the macroscopic applied strain for the case

with Vf = 65% (see Figure 5.14).
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Figure 5.14: Maximum principal strain under 1% applied deformation. Reconstructed

RVE, Vf = 65%: (a) complete 50x50 µm RVE and (b) close up
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Figure 5.15 shows the differences between a reconstructed and a purely random RVE

with the same volume fraction. In the case of the RVE based on the micrographs the fibers

tend to cluster more than in the purely random distribution, in which the distribution is

more regular. This produces a higher strain concentration between the fibers, leading to

a higher overall stiffness.
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Figure 5.15: Maximum principal strain under 1% applied deformation. Reconstructed

RVE, Vf = 50%: (a) reconstructed RVE and (b) purely random RVE
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Figure 5.16 shows the stress in the y direction in the case with Vf = 65%, that is,

the direction in which the average deformation is applied. In this case the plot shows

the load transmission path, and the high stress concentration in the matrix between very

close fibers due to incompressibility.
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Figure 5.16: Stress in the loading direction under 1% applied deformation. Reconstructed

RVE, Vf = 65%

The simulations are unable to capture the behavior once the nonlinearity begins (see

Figure 5.17). In order to capture this effect, as well as the stress softening, cohesive

elements are introduced between fibers and matrix.
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Figure 5.17: Stress vs. strain under transverse loading: experiment and simulation (re-

constructed RVE, Vf = 65%) with perfect bonding

5.3 Transverse tension—Debonding allowed

Cohesive elements are introduced in the model to model the debonding between fibers

and matrix. In order to reduce the influence of the cohesive elements before damage

takes place, their initial stiffness is set to 100 GPa (five times the transverse stiffness of

the fibers), which guarantees almost perfect bonding between matrix and fibers before

damage takes place.

The failure behavior of the cohesive elements available in ABAQUS have three main

parameters: the condition for damage initiation, the separation δf at which the stiffness of

the cohesive element is equal to zero, and the damage evolution. In this work, the condi-

tion for damage initiation in the cohesive elements was given as a quadratic combination

of the tractions, that is, damage will occur when:

(
tn
tn0

)2

+

(
ts
ts0

)2

= 1 (5.1)

where tn and ts are the normal and shear components of the nominal traction stress

vector and tn0 and ts0 are two normalizing factors. In the results presented here, the

same factor was used for all tractions, tn0 = ts0 = t0. However, different values were
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used in preliminary analysis, with the goal of finding out the relative importance of every

stress term. It was found that tn is the leading term regarding damage initiation. Models

considering only tn showed no difference in damage initiation than those that take into

account the two stress components. However, the part of the simulations concerning

damage growth is numerically more stable in the second case, meaning that ts plays a

more important role in the evolution of damage once it is initiated.

Regarding the separation δf , two main behaviors were found. The first one corresponds

to separations ranging from 1 µm to values higher than the fiber diameter, such as 100 µm.

In this case, the response of the system is fairly independent of the actual value used (see

Figure 5.18). The reason is not only that the cohesive elements introduce a limit in the

stress in the material, but also that a very small opening between fibers and matrix is

able to relax the constraints in the material due to the matrix incompressibility. When

the value of δf is small compared to the fiber radius, the reduction is much larger. In

this case, the opening taking place between fiber and matrix is enough to produce a large

decay in the stress, and in some cases result in complete debonding.
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Figure 5.18: Stress vs. strain under transverse loading for different values of δ0, recon-

structed RVE, Vf = 65%
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The model shows a better agreement with the experimental results with low values of

δf . In that case, the dependance of the solution with respect to t0 is shown in Figure 5.19.

As expected, an increase in t0 delays the start of the nonlinearity, and lowers the total

stress.

The simulation with t0 = 0.1 MPa shows a decrease in stress for strains higher than

0.015. This can be used as an indication of the initiation of failure in the composite,

which, as was seen in Section 3.6, is not an instantaneous process.
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Figure 5.19: Stress vs. strain under transverse loading for different values of t0, recon-

structed RVE, Vf = 65%

Finally, the damage evolution in ABAQUS can be linear or exponential with respect

to the separation. The previous results were produced with models with linear damage

growth. Using an exponential did not change the results.

All the previous results have been obtained with the same mesh in the same RVE.

Figure 5.20 shows a comparison between experiments and simulations, all of them with

Vf = 65%, and fiber arrangements obtained from micrographs. The numerical results

provide a very good approximation of the test results. The response in the simulations is

not completely smooth due to the reduced number of fibers: when one of them debonds,
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the stiffness of the material drops, and then it rises again as more strain is applied. This

effect will be reduced using a much larger RVE, where the effect of the debonding of a

single fiber will be much less.
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Figure 5.20: Stress vs. strain under transverse loading for experiments and simulations

using different reconstructed RVEs, Vf = 65%

If a loading-unloading cycle is applied, the model shows permanent damage, due to

the degradation of the cohesive elements (see Figure 5.21). There are several differences

with respect to the experiments, mainly due to the fact that, as long as no damage is

being generated, the cohesive elements behave elastically. Therefore there is no hysteresis,

nor permanent deformation, and the unloading-reloading path is basically a straight line

until new damage occurs. The model is still able to provide a very good prediction of the

experimental behavior.
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Figure 5.21: Stress vs. strain under cyclic transverse loading for experiments and simu-

lations using different reconstructed RVEs, Vf = 65%

If the same cohesive elements are applied to the model with Vf = 22%, the behavior

observed is very different, as it was in the experiments. The nonlinearity appears at

a much higher strain, and the hysteresis is very low. Figure 5.22 shows a comparison

of numerical and experimental results. The initial stiffness obtained with the model is

about half of the test results, which explains the disagreement. The qualitative behavior,

however, is well captured.
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Figure 5.22: Stress vs. strain under cyclic transverse loading, Vf = 22%

The simulations can be used again to look at the microscopic stress and strain fields.

Figure 5.23 and Figure 5.24 show the maximum principal strain and the stress in the

loading direction when cohesive elements are introduced in the simulations presented in

Figures 5.14 and Figure 5.16 in the case of perfect bonding. The same scale has been kept

for an easier comparison. The strains have approximately the same values, although the

distribution is different. The corresponding stresses are much lower, as is to be expected

with the inclusion of the cohesive elements.
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Figure 5.23: Maximum principal strain under 1% applied deformation. Reconstructed

RVE, Vf = 65%, cohesive elements introduced between fibers and matrix
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Figure 5.24: Stress in the loading direction under 1% applied deformation. Reconstructed

RVE, Vf = 65%, cohesive elements introduced between fibers and matrix

The stresses are not only lower, but they follow a much different distribution than

in the simulations with perfect bonding. If the scale is changed according to the new

stress levels, Figure 5.16 shows that the highest stress no longer take place between the

closest fibers, since the corresponding cohesive elements have degraded more than those

in regions where the fibers are more spread out.
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Figure 5.25: Stress in the loading direction under 1% applied deformation. Reconstructed

RVE, Vf = 65%, cohesive elements introduced between fibers and matrix

As it was stated in Section 3.1 and Section 5.1.2, no failure criteria for silicone rubber

under multi-axial loading has been created, and key failure processes in rubbers, such as

cavitation, have not been studied for silicone rubber. However, the values of the principal

strain observed in the simulations are well beyond the failure point observed in uniaxial

testing. Although these results cannot be used to assess the integrity of the material, it

suggests that the debonding mechanism reduces the strain in the matrix to acceptable

levels.

5.4 Comparison with traditional composites

The behavior of composites with silicone matrix differs from traditional epoxy composites

in the loading modes in which the behavior of the fibers is not dominant. If tension along

the fibers is applied, no difference can be observed. In the case of bending, composites
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with epoxy show linear stiffness until failure occurs, without the nonlinearity due to fiber

microbuckling that takes place in composites with a soft matrix. In both cases, however,

the initial linear stiffness is the same, given mainly by the stiffness of the fibers.

The situation is very different for tension transverse to the fibers, where the matrix

behavior is what determines the average response of the material. This can be observed

by comparing the linear stiffness with the predictions obtained with traditional compos-

ite theory. There exist several approximations for the transverse stiffness of composite

materials (Jones, 1999). The rule of mixtures provides the most basic one, as it treats

the fiber and the matrix as two solids which are in parallel in the case of tension along

the fibers, and in series in the case of loading perpendicular to the fibers. This gives a

transverse stiffness of

E2 =
E2fE

′
m

VmE2f + VfE ′m
(5.2)

where Vf and Vm are the fiber and matrix volume fractions, E2f is the transverse stiffness

of the fibers, and E ′m is equal to

E ′m =
Em

1− νm
(5.3)

where Em and νm are the properties of the matrix, which is assumed to be isotropic.

This analysis largely neglects the geometric complexities of the material, and serves

as a rough lower bound. A much closer approximate can be obtained through the Halpin-

Tsai equations (Halpin and Kardos, 1976), which constitutes a series of semi-empirical

estimates for the properties of composites. In the case of stiffness transverse to the fibers,

the expression provided is

E2 = Em
1 + ηξVf
1− ηVf

(5.4)
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where the parameter η is defined as

η =
E2f − Em
E2f + ξEm

(5.5)

and ξ is a parameter to be fitted experimentally, whose value usually ranges from 1 to 2.

In order to study the validity of those approximations in the case of composites with

hyperelastic matrix, Figure 5.26 shows the comparison between numerical results, the

rules of mixtures, and the Halpin-Tsai prediction. The value used for the matrix stiffness

is the initial tangent modulus of the silicone under uniaxial tension, Em = 6C1 + 2C2 =

0.9048 MPa, and the Poisson’s factor is that of incompressible materials, νm = 0.5.

In order to increase the number of values of the volume fraction for which numerical

results are available, the simulations were produced with purely random RVEs, i.e., no

information from the micrographs was used. The simulations were repeated using the

same fiber arrangement and mesh, but modeling the matrix as a typical epoxy usually

used in composites, with Em = 4.5 GPa and νm = 0.35. In both cases the response is

normalized by the elastic modulus of the matrix.
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Figure 5.26: Transverse stiffness of a composite. Simulations with random RVEs and

analytical predictions for composite with: (a) silicone matrix and (b) epoxy matrix

The results show two main differences. The first is the value of the increase in stiffness

with respect to the matrix values, and its dependance with respect to the volume fraction.

The normalized stiffness of the composite with silicone matrix reaches a value of more

than 20, and it grows much more rapidly with respect to the volume fraction. This

behavior is also very different from the Halpin-Tsai prediction. Attempts to increase the

value of ξ were still not able to reproduce the dependance on volume fraction observed in

the simulations.

The second difference is the much greater spread in stiffness in the simulations with

silicone matrix than in those with epoxy. In the case of 60% volume fraction the extreme

values differ up to 20% in either direction of the mean value of the five simulations. It must

be noted that the same RVEs and meshes have been used in the two sets of simulations.

Even if the spread is much smaller, the simulations providing a higher stiffness in the case

of silicone matrix also present a higher stiffness when the matrix is epoxy (see Table 5.2).

There are two possible explanations for this difference of behaviors: the extreme dis-
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Case Silicone Epoxy
Mesh 1 11.31 2.25
Mesh 2 8.29 2.19
Mesh 3 8.24 2.19
Mesh 4 7.97 2.18
Mesh 5 9.55 2.21

Table 5.2: Linear stiffness for silicone and epoxy simulations, normalized by the Young’s
modulus of the matrix. Volume fraction 55%, purely random fiber arrangement

parity of stiffness between fiber and silicone matrix, and the incompressible nature of the

silicone. In order to study both options, two new sets of simulations was produced using

the same RVEs and different matrix properties (see Figure 5.27). The first one models

the matrix as a linear material with νm = 0.35 and stiffness equal to the tangent modulus

of the silicone, Em = 0.9048 MPa. In this case the material could be fitted with the

Halpin-Tsai equation using ξ = 1.5, which lies in the usual range of the parameter. In the

second case the matrix retains the elastic modulus of epoxy, Em = 4.5 GPa, but adding

incompressibility. In this case the stiffness gain is much higher than in the case of com-

pressible epoxy, and the Halpin-Tsai equation with ξ = 2 produces a poor prediction. If a

value of ξ = 25 is used, the prediction is much better, and able to capture the dependance

on high-volume fractions. It should be noted, however, that the value is well beyond the

usual range.
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Figure 5.27: Transverse stiffness, simulations, and analytical stiffness. Matrix properties:

(a) Em = 0.9048 MPa, νm = 0.35, and (b) Em = 4.5 GPa, νm = 0.5

Therefore, incompressibility alone is enough to produce some deviation from the usual

behavior of composites, but the effect is much more important when combined with a

matrix that is several orders of magnitude softer than the fibers. In particular, the large

spread in the response is only seen when both effects are present.

Finally, the simulations can be also compared to the Hashin-Rosen bounds (Hashin

and Rosen, 1964), an application for the case of fiber composites of the Hashin-Shtrikman

bounds to heterogeneous materials. The bounds use the bulk modulus of the matrix as

a parameter. Several values have been calculated using the linear stiffness of the silicone

and different values for the Poisson’s ratio (0.4, 0.49, 0.499, and 0.4999). The upper

bounds are highly dependent on the value of νm, although it shows convergence for values

very close to the incompressibility limit. The lower bound, on the other hand, shows no

dependency on νm. The values obtained for Poisson’s ratios higher than 0.49 work as

bounds for the numerical results (see Figure 5.28). However, the disparity between higher

and lower bounds is too high to be used in the design of a structure using fiber-reinforced
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rubbers.
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Figure 5.28: Transverse stiffness, simulations, and Hashin-Rosen analytical bounds. The

stiffness used for the matrix is Em = 0.9048 MPa, and the Poisson’s ratio is specified in

the figure
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Chapter 6

Analytical Model

This chapter presents an analytical study of the bending mechanics of a thin fiber com-

posite with a very compliant matrix, with the goal of creating tools to be used in the

design of structures using this type of composite. It is a linearized model similar to the

works of Rosen (1965) and Francis (2008). Even if this model makes several simplify-

ing assumptions, it captures a qualitative description of the material behavior, and it is

useful to understand the mechanics involved in the process. Quantitatively, the model

provides a better approximation in the case of low-volume fractions, as with the numerical

simulations.

6.1 Model geometry and kinematics

A thin composite material is considered. It has the form of a thin plate of thickness t,

extending in the x − y plane, with the fibers aligned in the x direction. The fibers are

assumed to be perfectly parallel, and homogeneously distributed though the material.

This composite is then folded around the y axis. It is assumed that the curvature is

uniform through the material. The neutral surface coincides with the middle surface until

buckling in the compressed fibers appears. This buckling will take the form of buckles in

the y direction, with a wavelength λ. The expression of the buckles is then:

δ = a(z) sin
πx

λ
(6.1)

where a(z) is the amplitude of the sine for a given value of the through-the-thickness
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coordinate z.

It is assumed that the buckled fibers are not stretched or compressed. As detailed in

Chapter 2, Francis (2008) gave an approximation of the required sine amplitude:

a(z) =
2λ

π

√
−εx =

2λ

π

√
κ(z − zn) (6.2)

where εx is the homogenized strain and zn is the position of the neutral axis.

Not all the compressed fibers need to buckle. In particular, the coordinate zb marks

the position of the first buckled fibers. The buckled material is then divided into three

areas: straight fibers under tension, straight fibers under compression, and buckled fibers.

The position of zn and zb needs to be calculated during the analysis, as discussed in

Section 6.3

6.2 Pre-buckled configuration

In the pre-buckled configuration it is possible to model the material as a homogenized

material using the rule of mixtures:

Ex = VfEf + VmEm (6.3)

where Ef and Vf are the elastic modulus and volume fraction of the fibers, and Em and

Vm are the same properties for the matrix.

The moment M applied on the material is then given by

Mpre = EIκ =
1

14
Ext

3κ . (6.4)

This state will apply as long as the material strain energy Wpre, with expression:

Wpre =
1

2
Mκ =

1

2
ExIκ

2 =
1

24
Ext

3κ2 (6.5)

is lower than the energy of the buckled configuration.
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6.3 Buckled configuration

The first step to analyze the buckled configuration of the material is to obtain all the

relevant strain energy terms. Once the total strain energy of the material Wpost has been

obtained, the moment can be calculated as:

Mpost =
∂Wpost

∂κ
. (6.6)

6.3.1 Material with straight fibers

This region of the material can still be modeled using the equations described in Sec-

tion 6.2. The strain energy is then equal to:

Wstr =
Exκ

2

6

(
(zb − zn)3 +

(
t

2
+ zn

)3
)
. (6.7)

6.3.2 Buckled fibers

The energy per unit length of a single fiber buckled following the sinusoidal kinematics

described in Section 6.1 will have strain energy:

W1f (z) =
π4EfIfa

2(z)

4λ4
(6.8)

where Ef and If are the elastic modulus and second moment of inertia of the fibers.

The distribution of fibers is assumed to be homogeneous through the material. The

fiber density is then equal to:

ρf =
Vf
πr2

f

(6.9)

where rf is the fiber radius. The strain energy per cross-section unit due to the buckled

fibers is then equal to:

Wf,area =
π3EfIfa

2(z)Vf
4λ4r2

. (6.10)
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Integrating over the region in which fibers are considered buckled, the total strain

energy of the buckled fibers is then:

Wf =
π2EfIfVfκ

2λ2r2

((
t

2
− zn

)2

− (zb − zn)2

)
. (6.11)

6.3.3 Strain energy of the matrix

The are two shear strain terms in the matrix, γxy, which is created when the matrix shears

between two fibers with the same deflection (i.e., the same z coordinate), and γyz, due to

shearing between two fibers with different deflection (different value of z):

γxy =
∂δ

∂x
=
a(z)

λ
cos
(x
λ

)
(6.12)

γyz =
∂δ

∂z
= a′(z) sin

(x
λ

)
=
λ

π

√
κ

z − zn
sin
(x
λ

)
. (6.13)

The strain energy due to γxy is equivalent to the one given by Rosen (1965):

Wxy =
VmGmκ

2

(
1 +

r

h

)2
((

t

2
− zn

)2

− (zb − zn)2

)
(6.14)

where h is the distance between two fibers. The value corresponding to a hexagonal

distribution has been used during this analysis.

The strain due to γyz is a term that only appears in cases where the buckling is not

homogeneous, such as bending, as noted by Francis (2008).

Wyz =
VmGmκλ

2

π2
log

( t
2
− zn

zb − zn

)
(6.15)

6.3.4 Jump condition

The deflection of the fibers is not continuous, since δ(z) goes from zero to a finite value

at zb. An additional strain term has been introduced to penalize this jump. It takes into

account the shear of the material due to the discontinuity in δ, defined over the inter-fiber
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distance h:

Wjump =
4GmVmλ

2

π2h
(zn − zb) . (6.16)

6.3.5 Total energy

The total strain energy of the buckled configuration is formed by adding all the previous

terms:

Wpost(λ, κ, zn, zb) = Wstr +Wf +Wxy +Wyz +Wjump . (6.17)

The energy then needs to be minimized with respect to the variables λ, zn, and zb.

The moment is then calculated using Equation 6.6. The expression of the total energy

will be the minimum between Wpre and Wpost, and the moment will the combination of

the corresponding moments:

M =

Mpre if Wpre ≤ Wpost

Mpost if Wpre > Wpost .

(6.18)

Note that the expression obtained for W is not convex, and so the moment will have

a discontinuity.

6.4 Results

This section presents the application of the model previously described to the two spec-

imens used during the experimental testing: unidirectional one-ply specimens with Vf =

30% (approximate thickness 80 µm) and Vf = 55% (approximate thickness 40 µm).

Figure 6.1 shows a comparison of predicted and experimental moment vs. curvature

relationships for the specimen with Vf = 30%. The model clearly overestimates the

stiffness of the specimens, including the initial linear stiffness. This is due to the fact that

the homogenization technique used assumes that the fibers are distributed uniformly,

which is unrealistic: large sections of pure silicone can be observed at the top and bottom

surfaces of the composite. Since this section of the material will have a larger contribution
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to bending, assuming that fibers are present will greatly increase the overall stiffness. This

effect is of particular importance in the case of very thin composites, such as the ones

studied here.
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Figure 6.1: Comparison of analytical and experimental moment vs. curvature for Vf =

30%

In order to correct this effect, the thickness considered in the analytical model has

been reduced to match the thickness of material in which fibers are present, as observed

in the micrographs. In the case of Vf = 30%, this represents a 25% reduction, going from

80 µm to 60 µm. The results are shown in Figure 6.2. The model still overestimates the

stiffness of the material, but the results are much closer now. It also provides a good

estimation of the curvature in which the nonlinearity starts taking place.
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Figure 6.2: Comparison of analytical and experimental moment vs. curvature for Vf =

30%. Corrected thickness

The discontinuity observed in the moment, similar to the one observed in the numerical

results in Chapter 5, is due to the non-convexity of the strain energy. This situation does

not happen in reality, since waviness and imperfections ensure a smooth transition to the

post-buckled state. It can be fixed by choosing not the state with lower strain energy, but

the state with lower moment. This produces an earlier transition to the buckled state,

as seen in Figure 6.3. The moment curve is still not differentiable, but it resembles the

experimental results much more closely.
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Figure 6.3: Comparison of analytical and experimental moment vs. curvature for Vf =

30%. Corrected thickness, transition to buckling controlled by minimum moment

The specimens with Vf = 55% present much smaller silicone sections, and a reduction

of only 90% in thickness (from 40 µm to 36 µm) has been applied in this case. As happened

with the finite element results for these type of specimens, the predicted moment roughly

doubles that obtained in the experiments, see Figure 6.4.
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Figure 6.4: Comparison of analytical and experimental moment vs. curvature for Vf =

55%. Corrected thickness, transition to buckling controlled by minimum moment

The wavelength provided by the model is 0.45 mm for Vf = 30% and 0.39 mm for

Vf = 55%. In both cases the values are lower than those observed experimentally, 0.6–

0.65 mm and 0.55–0.7 mm, respectively, which implies that the energy contribution of the

matrix has been overestimated.

The model also allows the analysis of the position of the neutral surface, and the

surface in which buckling starts. Figure 6.5 shows the position of the neutral and buckling

surfaces as a function of the applied curvatures. As expected, when the curvature is low,

the neutral surface coincides with the geometric centroid, and the buckling surface with

the surface with the material in the compression side, that is, there is no buckling. Once

the instability appears, both surfaces move towards the tension side. The material then

presents a tension region, a very small linear compression region, and the post-buckled

region, taking most of the thickness.
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Figure 6.5: Position of the neutral and buckling surfaces as a function of the applied

curvatures. The surfaces delimitate the three regions in the material: tension, linear

compression and the buckled region in compression. Vf = 0.3

The model can be used to calculate the strain of the fibers, which for every region is

expressed as:

εf,tension = κ

(
t

2
− zn

)
εf,compression = κ (zb − zn) εf,buckled =

daπ2

2λ2
(6.19)

where the amplitude of the sine, a, is calculated as

a =
2λ

π

√
−εx =

2λ

π

√
κ(z − zn) (6.20)

as it was detailed in Chapter 2.

Figure 6.6 shows the absolute value of the maximum fiber strain for the fibers in

tension, as well as the maximum strain produced by the microbuckling waviness. The

strain obtained with a linear Kirchhoff’s linear theory. It corresponds to the strain in

a composite with epoxy matrix, which would prevent microbuckling. The slope of the



116

strain decreases as the applied curvature increases, and at κ = 2 mm−1 the strain has not

reached yet the failure value given by the manufacturer, 1.8%. As a comparison, failure

will be reached at κ = 0.6 mm−1 if the behavior of the material is linear. The reason for

the saw pattern observed in the figure is the fact that the displacements of the neutral

and buckling surfaces towards the tension side is not smooth.
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Figure 6.6: Absolute value of the maximum fiber strain for fibers in tension and buckled,

as well as a linear case added for comparison. Vf = 0.3, 138 µm thickness

In addition to the reduction in maximum fiber strain due to microbuckling, it is

important to also take into account how brittle fracture affects the maximum strain of

carbon fiber and bending, as opposed to pure tension, as described in Section 3.1.1.

Figure 6.7 shows the strain in the fiber, as well as the two lines showing the strain at

which a fiber will break in pure tension (1.8%) and when 5% of the fibers will break in

pure bending (2.9%), according to the results shown in Figure 3.3. This increases the

failure curvature from κ = 0.26 mm−1 for the linear case, to κ = 5.5 mm−1, which takes

place in the fibers under tension, even if the maximum strain is higher for the buckled

fibers.
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Figure 6.7: Absolute value of the maximum fiber strain for fibers in tension and buckled,

as well as a linear case added for comparison. Vf = 0.3, 138 µm thickness. The two

horizontal lines show the strain at which a fiber will break in pure tension (1.8%) and

bending (2.9%)
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Chapter 7

Conclusions

This thesis has presented a study of a composite material consisting of unidirectional

carbon fibers in a silicone matrix, which is several orders of magnitude softer than the

fibers. This type of composite can be folded to very high curvatures, due to the fiber’s

ability to microbuckle without breaking. This property makes it of interest in the design

of stored-energy deployable structures, where the main limitation to the packaging factor

is the curvature failure of the material.

The fabrication process used in this work has been presented, as well as a method

to characterize the fiber arrangement with micrographs of the cross section. These mi-

crographs show a very irregular fiber distribution, with clustering of fibers in specimens

with low volume fraction. The fiber arrangement was taken into account during the finite

element modeling of the material. The simulations show not only the importance of tak-

ing into account the actual fiber distribution, but also that the mechanics of the material

would benefit from a regular fiber distribution. Fiber clustering, in particular, results in

very high stress concentrations in the matrix. Efforts to improve the fabrication technique

should focus on achieving a more homogeneous fiber distribution in the material.

The composite was then tested experimentally. The behavior under tension along the

fiber direction is dominated by the fiber properties, and thus it does not differ from the

typical behavior of fiber composites with epoxy matrix. The stiffness is linear, and about

5% to 10% lower than the approximation provided by the rules of mixtures. The reason

is the initial waviness in the fibers, and it is likely to be reduced in thicker specimens.

The behavior under bending, however, is very different from traditional composites. The

composite can not only be folded to virtually zero radius of curvature, but it also presents
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a very nonlinear moment vs. curvature relationship: after an initial linear stage, fiber

microbuckling greatly reduces the stiffness of the material. At high curvatures, the in-

cremental stiffness reaches negative values. The experiments also show stress softening

under cyclic loading, similar to Mullins effect. It produces a decrease in stiffness, hys-

teretic behavior, and permanent deformation. It is more marked in specimens with higher

fiber volume fraction.

In order to study the bending behavior, a finite element model was created in the

commercial package ABAQUS/Standard. It uses a representative volume element (RVE)

containing a small number of fibers, with periodic boundary conditions. It allows the study

of not only the macroscopic response of the material, but also the microscopic fields. The

fiber arrangement was modeled using two different approaches: a regular hexagonal lattice,

and a random process based on the distribution observed in the material micrographs.

The model is able to capture the fiber microbuckling, and shows how it greatly decreases

the strain in the fibers when the material is folded. The model can therefore be used to

predict the curvature at which fiber failure will take place, which is much higher than

in the case of composites with an epoxy matrix, in which microbuckling does not take

place. This research has also shown how fiber failure occurs in the tension section in the

material, even if the maximum strain observed is higher in the microbuckled fibers, due

to the flaw dependent nature of brittle failure. A complete characterization of fiber failure

could be used to implement a probabilistic failure criteria in the 3D simulations.

The simulations can also be used to calculate the moment vs. curvature relationship.

In specimens with low fiber volume fraction (30%), the simulations provide a good ap-

proximation, although they overestimate the stiffness after buckling. In cases with high

fiber volume fraction (55%), the simulations predict a much stiffer response than that ob-

served experimentally. The reason are the idealizations in the modeling of the material.

In particular, it has been assumed that the bonding between fibers and matrix is per-

fect, and no failure mechanism for the matrix has been included, neglecting mechanisms

like fracture in the matrix, debonding, or cavitation. The finite element results show very

high strains in the matrix (more than 200%), which suggest that some damage mechanism

would have taken place before. This explains the disagreement with the experiments.

There are two other main limitations to the model. The first is the assumption that all
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fibers are parallel and perfectly straight. This will produce a model with an initial stiffness

higher than that observed in the experiments, and with a less smooth transition to the

post-buckled state. However, this should not affect the postbuckled behavior, when the

waviness of the fibers due to the buckling is much higher than initially. A slight waviness

was introduced in some simulations, which smoothed the buckling process, producing a

better agreement with the experimental results. However, the introduced waviness was

the same for all the fibers. A more realistic analysis will require introducing misalignment

between the fibers in the same RVE, and studying its influence on the results.

The second limitation is the small size of the RVE used. This limit was imposed by

the high computational cost of the simulation. The implication of using a small RVE to

model a problem with instabilities is that all possible solutions neglect instabilities whose

representative size (such as the wavelength for a beam buckling problem) is larger than

the RVE. The only instability observed in the experiments was the fiber microbuckling,

which was captured by the model. Therefore, the results provided by increasing the size

of the RVE are not likely to be very different from the ones presented here. However,

the buckling pattern observed in pictures of the material was not perfectly homogeneous

across the width of the specimens. Using a wider RVE might help to capture the different

buckling wavelengths observed experimentally and study how they interact with each

other.

In order to understand the effect of the damage in the matrix, the material was tested

under loading transverse to the fiber direction. This experiment still shows strain soften-

ing, but it does not include the additional geometric nonlinearity due to microbuckling,

and that isolates the effect of the material damage. The behavior is again very nonlinear,

with an initial linear response that changes to a region in which the average stress in the

material remains basically constant when the applied strain is increased. Strain softening

is very important in specimens with high fiber volume fraction, while it has almost no

effect in specimens with low volume fraction, due to the lower stress concentration.

The behavior under transverse loading was studied with a two-dimensional simulation,

under plane strain assumption. Attempts to use generalized plane strain, leaving the out-

of-plane coordinate free, produced the same results. This is due to the high stiffness of

the fibers, which prevents strain in their longitudinal direction. The fiber arrangement
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was constructed using the same procedure as the previous models, and in this case the

model uses a RVE with periodic boundary conditions on both sides. Assuming perfect

bonding leads to an almost linear response that greatly overestimates the stresses observed

in the experiments. In order to capture the nonlinearity and strain softening due to fiber

debonding, cohesive elements have been introduced between the fibers and the matrix.

This allows the two-dimensional model to replicate the non-linear behavior, as well as the

damage under cyclic loading. The simulations are still not able to capture the hysteresis

or the permanent deformation, since the unloading-reloading behavior of the cohesive

elements is elastic. The model still neglects failure within the matrix, such as cavitation.

No failure models specific for silicone rubber were found in the literature, so it is not

possible to do a proper analysis, especially when multiaxial loading states are involved.

However, the microscopic strains observed in the 2D simulations are well below the failure

point observed in the experiments, which indicates that neglecting the matrix failure and

focusing on debonding is a reasonable hypothesis.

The transverse loading test provides two important results. First, it can be used as

a measure of damage, comparing the experimental results with the simulations obtained

assuming perfect bonding. This technique can be used to compare different types of sili-

cones (with special interest in space-qualified silicones) or fiber sizing, in order to find the

best combination of materials. Second, the cohesive elements can be calibrated with the

transverse simulations, and then used in the analysis of more complicated loading cases,

such as bending or biaxial tension. In particular, cohesive elements could be introduced

in the 3D bending simulations, but it is computationally very expensive. The numerical

model could even be used to predict complete failure in the material if a mechanism for

matrix failure is introduced. This can be achieved by introducing cohesive elements within

the matrix elements. In this case, the parameters controlling the damage initiation of the

cohesive elements will be given by the critical stretch of the silicone.

An additional result found is the fact that the transverse stiffness of composites with a

silicone matrix is much higher than what would be predicted using traditional tools, such

as the Halpin-Tsai equations. The simulations have shown that the primary source of dis-

agreement is in the incompressibility in the silicone matrix, by using the numerical model

to perform a parametric study varying the properties of the matrix. In particular, the
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simulations modeling the matrix as epoxy show good agreement with the corresponding

Halpin-Tsai predictions.

In addition to the simulations, a homogenized model of the material has also been

created. It provides a good qualitative description of the material behavior, and it helps

understand the mechanics that take place, such as the equilibrium of energy terms leading

to a finite wave length, as opposed to microbuckling under compression. It also shows how

the microbuckling greatly reduces the strain in the fibers. However, it overestimates the

effect of the matrix, leading to very short fiber wavelength, as well as a stiffer response than

that observed in the experiments. Before it can be used as a design tool, this analytical

model needs to be improved to accurately predict the moment vs. curvature relationship,

as well as the failure parameters, such as strain in the fibers. Possible modifications

include using a large strain formulation, as well as a geometrical description that allows

the buckles to extend into the tension side, as it is observed in the real material. An

accurate analytical model will also be useful in the analysis of thicker composites, for

which a finite element model like the one presented in this work might be computationally

too expensive.

Such an analytical model will greatly benefit from the numerical models used in this

work, in order to incorporate the effect of the microstructure on the matrix stiffness. In

homogenized composite models it is common to use a description for the matrix that

matches not the behavior of the pure material, but the behavior including the effect of

the stress concentrations. This is usually done by fitting experimental data, although the

use of a finite element model like the one presented here could skip that step, at least in

the initial stage of the design process, especially when considering that a wide range of

volume fractions and types of matrix would make testing prohibitively expensive.

The present study has been performed on unidirectional thin composites since it is

easier to focus on the mechanics of the fiber microbuckling. However, the work needs

to be extended to thicker specimens, and composites with more than one fiber direction,

both in the case of specimens with several plies of unidirectional fibers and those with

woven composites. These are more interesting cases from an engineering point of view,

and so it is important to study the interaction between the different fiber directions. Such

specimens could also be tested in other load cases, such as compression and shear, for
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which the very thin unidirectional specimens are too fragile.

From this research, there is enough information to provide various conclusions regard-

ing the use of this type of composite in the design of space structures. Specimens with

low volume fraction show better behavior, including less strain softening, higher bending

stiffness, and larger failure strain, when loaded in the transverse direction. The main

drawback is the same as with traditional composites, the fact that for a given maximum

axial load, composites are lighter when they have a high fiber volume fraction. Weight

is great concern in the design of space structures, and so it will be important to modify

the fabrication process to obtain specimens with high volume fraction and low damage

in the matrix, especially if a large structure is to be designed with composites with a

hyperelastic matrix. However, if the composite with a soft matrix is only going to be used

in a small region, such as a hinge that is part of a larger structure composed of traditional

composites, the improved mechanical properties might compensate for the extra weight.

In a design with more than one type of matrix, it will also be necessary to study the

interaction between regions with epoxy and silicone matrix in the same composite.
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Appendix A

ABAQUS Details

This appendix offers some specific details regarding the finite element model, including

information on the numerical stability of the problem, as well as on the specific commands

used in ABAQUS to model the boundary conditions.

A.1 Stabilization and increment control

In the case of unstable problems, ABAQUS offers the possibility of stabilizing the problem

with the addition of numerical damping to the model. The viscous forces have the form:

Fv = cM∗v (A.1)

where M∗ is an artificial mass matrix with unit density, c is the damping factor (which can

be constant or vary during the analysis), and v = ∆u
∆t

is the vector of nodal velocities, which

may or may not have a physical meaning. The option is activated with the command:

*Static, STABILIZE

This introduces damping so that a fraction to that the ratio between energy lost to

the fictitious viscous forces and total energy does not surpass a given value. The default

value is 2 · 10−4, but it can be specified using:

*Static, STABILIZE = 2e-4

However, the two previous statements are not equivalent. If a value is specified,

ABAQUS obtains an estimate of the damping factor c using the first increment of the step,
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and it maintains it during the whole step. In the other case, this initial estimate can change

during the analysis. This is important when the first increment is not representative of

the subsequent ones, as is the case here. The adaptive automatic stabilization scheme can

be activated when the the stabilization factor is directly prescribed using the ALLSDTOL

command. However, it was found easier to use the default setting of the stabilization,

and just reduce the initial increment of the step until sufficient convergence was achieved

The simulations are also dependent on the minimum step, even if it is never reached. The

most probable reason is that it is also used to calculate the damping coefficient, although

this is not specified in the manual. A value of 0.01, equal to the initial increment, was

used in most simulations.

It is often the case that the size of the increments need to be reduced suddenly,

once the simulation reaches a bifurcation point. By default, ABAQUS halves the size of

every subsequent attempt to solve an increment, and stops the simulation due to lack

of convergence if a solution is not found after five attempts, or when more than 100

increments are required. This can be changed with the option:

*Step, nlgeom=yes, INC = 4000, name=StaticLoad

*Static, STABILIZE

0.01,1,1e-15,0.01

* CONTROLS, PARAMETERS = TIME INCREMENTATION

,,,,,,,20,,,,

which in this case sets the total number of increments in the step to 4000, and makes it

possible to have 20 consecutive attempts to solve a given increment.

Figure A.1 shows a typical evolution of the analysis with respect to the number of

increments, showing how it is common to have a large number of very large increments

to later recover stability.
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Figure A.1: Typical simulation progress vs. number of increments. The simulation is a

3D folding simulation, 30% volume fraction, hexagonal fiber arrangement

The automatic stabilization is usually required in the 3D simulations. It might be

omitted if the imperfection seeded into the system leads to a smooth transition to the

buckled state. However, the stabilization scheme is required in most cases, and it is

able to stabilize the simulations even in cases in which a wrong wave length is used for

the imperfection. In that case there would more than one jump in the transition to the

buckled state: one to the wrong wave length, and the second to the correct number. This

second stiffness agrees with the one obtained introducing the correct wave length in the

imperfection, see Figure A.2.
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Figure A.2: Moment-curvature for different options of applied stabilization and seeded

imperfections. The simulation is a 3D folding simulation, 30% volume fraction, hexagonal

fiber arrangement

In the case of the 2D simulations with perfect bonding the stabilization is not re-

quired, but including it does not affect the simulations, since with the adaptive automatic

stabilization scheme the damping is only noticeable in the case of poor convergence.

A.2 Boundary conditions

Two main boundary conditions are applied in the simulations: periodic boundary condi-

tions, and a rotation at the ends of the model for the folding simulations. In both cases,

the boundary conditions require most of the nodes in the boundary to be connected to

dummy nodes with the commands Kinematic Coupling and Equation. ABAQUS tends

to eliminate all the degrees of freedom of nodes that are already a slave of another node,

even if that particular degree of freedom was not included in the relationship. For that

reason, extra dummy nods need to be included in some cases, in order to apply all the

required conditions.
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A.2.1 Three-dimensional simulations

Regarding the ends of the model, that is, the intersections with the planes x = L
2

and x =

−L
2

, all the nodes are coupled to two reference nodes, node_x_plus and node_x_minus,

respectively. For most of the nodes, only the displacement in the x direction is coupled.

That forces the node to lie in a plane with moves as the dummy nodes rotate, but they are

free to move within the plane. One additional node in each face, node_center_x_plus and

node_center_x_minus, have additional degrees of freedom couple, in order to eliminate

the rigid body motions in the material.

* Kinematic Coupling, REF NODE=node_x_minus

nodes_face_x_minus, 1, 1

node_center_x_minus, 1, 3

* Kinematic Coupling, REF NODE=node_x_plus

nodes_face_x_plus, 1, 1

node_center_x_plus, 1, 2

The faces in which boundary conditions are applied need to be connected with each

other. The displacement in the x and y connections is made equal in both faces, while

the difference of displacements in the z direction is made equal to the displacement of the

dummy node node_z_plus, whose boundary condition will be to have zero force applied.

This gives the model constant width, but does not impose a particular value.

* EQUATION

2

nodes_face_z_plus, 1, 1, nodes_face_z_minus, 1, -1

* EQUATION

2

nodes_face_z_plus, 2, 1, nodes_face_z_minus, 2, -1

* EQUATION

3

nodes_face_z_plus, 3, 1, nodes_face_z_minus, 3, -1,

node_z_plus, 3, -1
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The final boundary conditions applied on the dummy nodes are:

*Boundary

node_x_minus, 1, 5, 0

node_x_plus, 2, 5, 0

node_z_plus, 1, 2, 0

node_z_plus, 4, 6, 0

*Boundary, TYPE=VELOCITY

node_x_minus, 6, 6, -1.745329e-001

node_x_plus, 6, 6, 1.745329e-001

The boundary conditions in velocity are more convenient in the case of nonlinear

deformations, specially in cases with more than one step.

A.2.2 Two-dimensional simulations

In this case, periodic boundary conditions were applied in the four sides of the model.

This is achieved in all the nodes that are not in the corners of the RVE with the equation

command, making distance between faces equal to the displacements of the dummy nodes

node_z_plus and node_y_plus.

* EQUATION

2

nodes_face_z_plus, 1, 1, nodes_face_z_minus, 1, -1

* EQUATION

3

nodes_face_z_plus, 2, 1, nodes_face_z_minus, 2, -1,

node_z_plus, 2, -1

* EQUATION

3

nodes_face_y_plus, 1, 1, nodes_face_y_minus, 1, -1,

node_y_plus, 1, -1

* EQUATION
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2

nodes_face_y_plus, 2, 1, nodes_face_y_minus, 2, -1

In the case of the nodes of the corners, it is necessary to first connect them to specific

dummy nodes

* EQUATION

3

nodes_y_plus_z_plus, 2, 1, nodes_y_plus_z_minus, 2, -1,

node_z_plus_corners, 2, -1

* EQUATION

3

nodes_y_minus_z_plus, 2, 1, nodes_y_minus_z_minus, 2, -1,

node_z_plus_corners, 2, -1

* EQUATION

3

nodes_y_plus_z_plus, 1, 1, nodes_y_minus_z_plus, 1, -1,

node_y_plus_corners, 1, -1

* EQUATION

3

nodes_y_plus_z_minus, 1, 1, nodes_y_minus_z_minus, 1, -1,

node_y_plus_corners, 1, -1

that are the ones that move according to the displacement applied on the main dummy

nodes:

* EQUATION

2

node_y_plus_corners, 1, 1, node_y_plus, 1, -1

* EQUATION

2

node_z_plus_corners, 2, 1, node_z_plus, 2, -1
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The strain is applied through the displacement boundary conditions in the dummy

node node_z_plus. Additionally, all the displacements of a node in the center of the RVE

are made equal to zero. This is necessary to eliminate rigid body motions, since the rest

of the boundary conditions are only applied as difference in displacements.

*Boundary

node_z_plus, 2, 2, 1.000000e-003

node_center, 1, 2, 0

A.3 Hyperelastic model

The user-defined material subroutine UHYPER was used to incorporate the hyperelastic

Gent potential into the model. The subroutine requires the definition of the strain energy,

as well as its first and second derivatives with respect to I1, I2, and the volumetric

component Jel. The latter are zero due to the incompressibility assumption. The code

used is:

SUBROUTINE UHYPER(BI1,BI2,AJ,U,UI1,UI2,UI3,TEMP,NOEL,

1 CMNAME,INCMPFLAG,NUMSTATEV,STATEV,NUMFIELDV,FIELDV,

2 FIELDVINC,NUMPROPS,PROPS)

C

INCLUDE ’ABA_PARAM.INC’

C

CHARACTER*80 CMNAME

DIMENSION U(2),UI1(3),UI2(6),UI3(6),STATEV(*),FIELDV(*),

2 FIELDVINC(*),PROPS(*)

REAL*8 C1,C2,Jm

C ENERGY

IF (BI1 .LE. (PROPS(3)*0.9 + 3.0)) THEN

U(1) = -PROPS(1)*PROPS(3)*LOG(1.0-(BI1-3.0)/PROPS(3)) +

1 PROPS(2)*LOG(BI2/3.0)
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ELSE

U(1) = -PROPS(1)*PROPS(3)*LOG(0.1) +

1 (PROPS(1)/0.1)*(BI1 - 0.9*PROPS(3) - 3.0) +

2 0.5*(PROPS(1)/0.1/0.1/PROPS(3))*((BI1-0.9*PROPS(3)-3.0)**2.0)

3 + PROPS(2)*LOG(BI2/3.0)

END IF

U(2) = 0.0

C FIRST DERIVATIVE ENERGY

IF (BI1 .LE. (PROPS(3)*0.9 + 3.0)) THEN

UI1(1) = PROPS(1)/(1.0 - (BI1-3.0)/PROPS(3) )

ELSE

UI1(1) = (PROPS(1)/0.1) +

1 (PROPS(1)/0.1/0.1/PROPS(3))*(BI1 - 0.9*PROPS(3) - 3.0)

END IF

UI1(2) = PROPS(2)/BI2

UI1(3)= 0.0

C SECOND DERIVATIVE ENERGY

IF (BI1 .LE. (PROPS(3)*0.9 + 3.0)) THEN

UI2(1) = (PROPS(1)/PROPS(3))/((1.0-(BI1-3.0)/PROPS(3))**2.0 )

ELSE

UI2(1) = (PROPS(1)/PROPS(3))/(0.1**2.0 )

END IF

UI2(2) = -PROPS(2)/ (BI2**2.0)

UI2(3)= 0.0

UI2(4)= 0.0

UI2(5)= 0.0

UI2(6)= 0.0

C THIRD DERIVATIVE ENERGY

UI3(1)= 0.0

UI3(2)= 0.0

UI3(3)= 0.0
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UI3(4)= 0.0

UI3(5)= 0.0

UI3(6)= 0.0

RETURN

END
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Appendix B

Fiber folding test

This appendix presents an analysis of the loads in the looped fiber used in Section 3.1.1

to calculate the failure curvature of fibers. The fiber would be modeled as an inextensible

and unshearable elastic rod using Euler’s elastica. The configuration considered is shown

in Figure B.1. The problem is modeled as 2D, so the torsional component is neglected.

As boundary conditions, it is assumed that only an axial force F is applied. In order to

do so, it is important to find a relationship between the load applied and the geometry of

the problem.

F F

H R

Figure B.1: Schematic of looped fiber used in folding test

First, by applying symmetry the problem can be reduced to the configuration seen in

Figure B.2. The coordinate s describes the arclength of the rod, with origin at x = y = 0.
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Figure B.2: Analysis of the looped fiber test after symmetry is applied

The differential equations modeling the tangent vector t are

dt1
ds

= κt2 (B.1)

dt2
ds

= −κt1 (B.2)

where ti is the i-th component, and κ is the curvature.

The curvature is calculated with

κ =
M

EI
=
F (H − x)

EI
. (B.3)

The differential equation can be expressed in the coordinate system x− y as

x′′ = A (H − x) y′ (B.4)

y′′ = −A (H − x)x′ (B.5)

where A = M
EI

, with boundary conditions
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x (0) = 0 y (0) = 0 (B.6)

x′ (0) = 0 y′ (0) = 1 (B.7)

x′′ (0) =
FH

EI
y′′ (0) = 0 (B.8)

x (∞) = H y (∞) = −∞ (B.9)

x′ (∞) = 0 y′ (∞) = 1 (B.10)

x′′ (∞) = 0 y′′ (∞) = 0 . (B.11)

This can be solved with a shooting method, iterating in F . The solution has been

used to produce Figure B.1. However, the value of the load can be found analytically.

The second equation can be integrated, which gives

y′ = −AHx+
Ax2

2
+ C . (B.12)

The boundary condition on y′ (0) makes C = 1. The second boundary condition

(s = ∞), gives an equation that relates the values of H and the maximum radius of

curvature at s = 0, Rmax

H = 4Rmax . (B.13)

This provides a relationship between the applied force and the maximum curvature

F =
κ2
maxEI

4
. (B.14)

Assuming that the analysis is performed on a fiber of radius r, then the normal average

strain can be expressed as a function of the maximum curvature

ε =
κ2I

4A
=
(rκmax

4

)2

. (B.15)

The average axial strain for the curvatures observed in the test is shown in Figure B.3.

The analysis shows that the axial loading can be neglected, and the fibers considered in

pure bending.
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Figure B.3: Axial strain as a function of maximum curvature in the curvature test
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