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Ae  SUMMARY

Twe new fields of applicaticn of the hot-wire

anemoeter are nron

. the appropriate respounse
equations and measuring procedures are developed.

The first analysis leads to a method for the
mesgurenent of physicelly significant statistical
gquantities in a turbulent flow with hest tranmsferi: for
example, the turbulence levels, the teumperature fluctue
ation level, the turbulent heat transfer coefficient,
the veloeity scale, the tempersture scale and some
spectra.

The second aswalysie invelves the use of the
hot=wire in the turbulent isothermel mixing of two

ppropriately different geses. If the thermel con-
ductivity of the mixture is known and is & monobonric
funetion of the relative concentration, it is possible
to measure the mean velocity and mean concentreation at
any poeint. If no dets are avallable on the thermal cone
ductivity of the mixture, this additionsal urknown can be
deterrined by an additional messurement. Furthermore,
it is alsc possible 1o measure the various statistical
functions of the fluctuebting velocities and the local
concentration fluctuation, provided, ageain, thaot the
thermal conduetivity is a known monotonie function of

the concentration.



Although the detalls of the present anslysis
are dependent upon the accursey of King's equation for
the rate of heat logs from fine wires, the genersal
approach is equally valid for auny (possidly more accurate)

equation thet may be deduced.



B, _INTRODUGTION

The hot=wire anemometbsr hay heen used for many

vears in the measurement of the mean velocities of flow

!l‘g
' Rk g .
ing gases and, more recently, in the measurement

Foie

of varlous statistical guantities associated with the
random velocity fluctuaticuns occurring in turbulent

R
flow (2, 3, 4, 6, 6, 7 and Othﬁfs’. T4 has also besn

used ag a microphonse <8}. This anemometler consists
eszentially of an electrically heated wire of extreunely
small mass, whose Lenpsrature varies in responss to rapid
changes in the instentaneous flow {cooling) velocity.

If the heating current is maintained constand, the res=
ulting voltage fluctuations, whose intensity is express—
ible as a function of the velocity fluctuatlons, may be
amplified and measured. Attenvation and phase lag, due

to the nonezero heat capacity of the wire and the finite

d

ste of electrical heating, mey be compensated by a

witable network betwsen two of the aumplifier stages.

5]

The egsentials of the techmique are aduirebly described in
reference {(2).

In o deteiled consideration of turbulesnt fluid
flow, there are severel statistical functions of the rane
domly fiuctnﬁtiﬂg velocitien that rre of importence. The

gimplest of these are the following:
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(b)

(a)

(£)

he three components of the turbulence level or

0 ] t
intensity, % s %Lf- and —% which, squared and

edded, give the retic of kinetic energy of randon
fluctuation to directed kinebic enersy.
the double correlation functions, i.e., the

gtatisticel correlation betwesn two components at

§ ¢
« Von Karman (9*10}

W, Ua,

w'u,

separate points, e.g., Ry
and Howerth (10) have shown that only twoe of these
functions are independent for isotropic turbulence.
the energy spectrum of the turbulent fluctustions.
Taylor (1) has denonstrated that this is the Fourier
transfoms of one of the two principal components of
the correlation tensor.

(12}

the scale of turbulencs, defined by Taylor for
isotropic turbulence as the integral of ons of the
double correlation functions, e.g., L = Soﬁz(ﬂ)dw
the micro=geales of turbulence, idenbtified with the
rate of dissipation of turbulent energy into heat,
the size of the mmallest eddies, was also defined by

(12}

Taylor s who showed this to be the sbeissa inter—

cept of the vertex~tangent parabola of the R,(Y)

curve in isotropic turbulence.

the turbulent shear stress, T =—f:EV was

first identified by Osborne Reynolds in his clasgie

formuletion of the eguations of wotion for turbulent
(13}

flow . This stress is, of course, a measure of

the laberal rate of nomentum transfer or diffusion.



A1l of the above functions have been measured for
various turbulent flows (7, 14, 15, 16, 17, 18, 19, 20 and cthers}s
principally with the hot=wire technique, although the most
detailed measursments have of necessity been confined to ine
vestigations of the Yisotropic" turbulence far behind grids
placed in sn wniforms airstress.

There are other kinesatic quantities of considerable
interests

(g) Batchelor and Townsend (21) have recently measured thres

statistical functions of the time derivatives of the

velocity fluctuation, G%%;y— T (2:;)1 ( )

These enter iute bterus desoribing the time rate of
change of vorticity in isotropic turbulence.
(n) +the rate of lateral kinematic diffusion of turbulent

W) has

ensrgy in a turbulent shear flow (-~ @
apparently not been measured yet, although suitable
technigues are fairly well kumown.
(1) +the pressure fluctustion diffusion term (ﬁ‘ﬁ?V)
in the turbulent energy equatienih&s not bheen aessured,
due prinecipelly to the difflculty of obtaining an
ingtrumnent that responds to static pressure fluectustions
independently of veloelty fluctuations.
In & detailed consideration of turbulsnt motion,
it is of interest to obtain information on the heat and
material diffusion coefficients as well as the momentun and
energy’diffusian already mentioned. In fact, this in-
formation should be useful both as an end in itself, and as

additional evidence to be applisd in obltaining a betier



wnderstanding of the nature of turbulence.

Consequently, it seemed worthwhile to investigate
the pessibilities of exploiting the hot-wire beyond the
ginple anemometric applicatiouns.

The rate of cooling of a body immersed in a fluid
stream clearly depends upon {a) the stream velocity, (b) the
temperature difference, (¢) the physicel constants of the
fluid and (d) the physical constants of the wire. For the
simple hot-wire anemometer, (b}, () and {(d) are effectively
fixed, and the ingtrunent response measures (a). Changes in
stresm tempersture certainly involve changes in (b) and
possibly in (c). Thus the instrument responds to temperature
changes or fluctuations.

Changes in the relstive concentration of a flowing
mixture of twe fluids with different physicel constants lead
to variations in (c), and, in principal, the hot=wire inste
rument responds to concentration changes or fluetuations.

Considerations of algebraic and experimental
complication have restricted the present treatment to cases
in which fluctuations in velocity and only one of the above

wo quantities cosxisgt, although this limitation is not
dictated by principle.

With this experimental technique, the new gquantities
which may be of interest 1o measurse are the temperaturs
fluctuation level —%%L s the spectrun of temperseturse

fluctuation, the heat diffusion (~ V) , the correlation

—iep—

coefficient 42%§%L s and the thermal scale and micro-

scale, snalogous to Taylor's kinematic scales, zs well as



the corresponding statistical functions of the concentration
fluchuation in the turbulent mixing of two gases.
That direct measurement of &V should be
pogsible with a hotewire instrument, has been known for
neny years (see, for exenmple, remarks iu reference 22},
but no actual work appears to have been carried out.
Digtributions of pomentun, heat and material trans-
port coefficients infa shear flow are directly caleulable

from measurements of the mean velocity, tenpersiture end cog=

[4]

centration profiles respectively. At least the first of

; oz‘i
these three has alreedy been done for some specific cases (17i2”’¢

(17,

onY
However, it has been found %0/ that the mean profile is

relatively insensitive to phenomenological assusptions on the
transfer coefficient, =zo that the inverse procedure can best

be regarded as a check on direct measurements of the transfer

or diffusion.
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ingtantaneous ftotal velocity
mean veloelity

inatentaneous velocity fluctuelion in
direction of mean velcelty (-U-U)

normal components of velocity fluctuation
root mean sguare velues
ingtantaneous absolute temperature of gas

mean absclute temperature

instantaneous tempersture fluctuation (s T, -Ta)

root mean square vslue

absolute temperature of reference mediunm
{e.g., the air at rest, for a fres jet).

T, - T.

—

T -1

instentansous concentration of sscondary

4

gas. In the present spplications.

mols ver unit voelume of the secondary ges
& s &

r,
total mols, of alr and gas, per unit volume
¥ k]
mean [

instantanesous concentration fluctuation
root mean sguere value

ingtentaneous resisiance of electrically
heated hob=-wire

mean R

R-R

instantaneous resiztance of unhested hotewire
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Acp

mean ~ Ka

R. - R

{resistance at

LS

instantanecus "equilibrium® hot-wire
resistence, i.e., the resistance the
hot=wire would have at any moment if
it hed zero lag

mean

R,

resistance of wire at at

T

r

resistance of wire at O° Centigrade

heating current

voltage fluctustion zcross hot-wire

hotewire diameter

“hot=wire length

specific resistivity of wire meterial

themal coefficient of change of resistance
of wire material

density of wire material

nass of wire

gspecific heat of wire material

thermael conductivity of
therwal conductivity of
thernal conductivity of
thermal conductivity of
h%- Ra

congtant

conatant

congtant

pressure

Dregsure

fluid at

air

. heat of

heat aof

heat of

heat of

la

fluid at T,

sscondary gas



delle

e = density of fluid at Ta

é : density of fluid et T,
Ca : density of air
Cq . density of secondsry gas
K, ¢, o = fluctuations
Ap : Py = Ca
: heat energy in hot-wirs
2 wire temperature

= time
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D. THE CONVENTTONAL HOT-WIRE ANELOMETER

RESPQNSE_EQUATTONS

Following the approach of Dryden and Kuethe (g)g we
asgune King's semi=empirical form for the rate of heat loss
from & wire immersed in a flowing fluid. Por the time rate of

increase of heat energy in the wire this gives

S UR- (A BT (T-T) (1)

.

vhere the physical meke-up of A  and B’  as deduced by
Ring is
Azatk ; B'= bl [deppl

oo and % will be regarded here as mmerical constants,
although they are dimensionsl, and should show some variation
if & wide enough temperature rarvge iz congidered.

The term A'(T-T,)  presumably represents hest
logs due to free convection and radiation. Therefore, it is
clear that the constent &  must include such phyeicel
quantities as the accelerstion of grevity, the thermal ex-
pansion coefficient of the fluid, the specific heat of the
fluid, e tempereture fuaction, a redistion constent, etc.
The term 8'(T (T-Ta) represents forced convection, and
sfter Rk has been factored out, the term can be written
as proportion to the product of & Reynolds Number and a
Prendtl Nunber.

Bq. (;) can be written as

4.5;:.5 %_% - PR - (A +BAT) (R-RS) (1a)




and if we comsider squilibrium conditions sueh that 4

dt
writing the eguilibrium velue of K asz Re,
i* Re
L X . A+ B(T )
Qe - Qu.

where
Ro o ’ B Qc« CP e

In considerations of avercged or steady chate operation,

Re in Zg. (2) mey be replaced by R , and this ecustion is the
vaual meon velocolty @a.liémmml of the hot-wire.

King deduced his equation for steady state operation, and
& primary assunptien of the hot-vwire snemometer theory is that thic

rate of heat loss ig independent of acceleration.

A convenient elternative form of Hqg. (8) is

i

—-———-—Ll‘z“‘: *Ll-‘- B
et A T

gn

For the measurement of turbulence, vwe are imberested in

the voltage fluctuation set up across the hote-wire due to &
fluetuation in velocity. The analysis for large fluetueticns hes
proved intractable, but, as illustrated in Appendix T of Part II,

the error committed in epplying the swall pertu

pe batmn results in

the messurement of rather large fluctuation levels iz rnot necessa

excesgive.

Letting U= U+rw

where

and substituting these into Hg. (&),

it(Re+r) = A+ Bﬁ(l,%yn
CENTESEn

rily
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Keeping only the linear terms of the sppropricte
binomiel e:x'p ensi ons, otherwise neglecting the squares of small
quantities, and substitubing from Bg. (2) for (A + B JT)

we finslly obtain

R-Re [os . “
= - Q - A R.-Qq_ r = )
¢ 2R = ( 3] 0 (3)

Thus, the coefficient of -%— ig the sensitivity of &
single hot-wire to velocity fluctuations along the mein stream
direction.

8ince the wire hes & non~zero heat aapacity end ounly a

finlte rate of glectrical heoting, there iz & time lag in the

regponse which normelly leads to nn =nwm
het=wire response=vs.-freguency curve above some particular

frequency. The characteristic “time constant,

Z
&
(%
]

L3 L3 3 & 2 A !
approximetely by substituting from Tg. {3) into By. (la)

£

compubed

to obitain

42 ms dR . URa(Re-R)

by

Qom d - Re“Ra_

£
L2
L

Dryden and Kusthe () trapsform this further, but find
no ugeful genersl solution. Therefore, they use the assunption of

all perturbations to justify the replacement of (Re-R) by (R- QW)

'3?

in the depominator of the right side, which leads to the simple

form
dR 4 5. L £8)
a1t 4 M R \Qe &Y
or

4 () + L (@Re) 0

o . 4.2 ms (R~ Q,.)
where the time constant, M = TR Root




is the %ime required for (R-R) to become equal to & times
an original ztep~function difference, say (R{-R) . The
definition of M is, of course, not dependent upon the
asswoption of amall perturbetion. Further details are discuszsed
in reference (2).

Physically, the time constant cen be considersd as
proportionsl to the product of three factors, functions of the

°

wire mat@ria1§ size and operating conditions respect

Mo~ (222) (09) (B2) (5)

The sttenuation and vhase lag in the hot-wire responce

are compensated up to appropriate frequenciss by a suiteble nete
wors between bwe of the amplifier sheges.

The technique for the messurement of specific statistical
kinemetic quantitiss in a turbulent flov need not be discussed in
detail here. Adequate descrintions sre given in other

papers (2, 7, 19 and ethers)@ It w1l

oy

e aufficient Yo point out

that =% is computed directly from & measurement of J&  as

[¥]
’ ’
given in Bg. (3), =% , X and GV are measured with
U U
irectionslly sensitive hot=wirs instruments, customarily in the

form of an X with polar axis perpendicular to the mesn velocity

direction. Hach of the two wires in such sn instrument, being

ot
3
o
bt
R
5
3,
€+
&
gt
fo)
=
[+
£2
=
4
w
[
4]
&
£r
£
b
i)
Booed
v
%]
(’ i
&,Ao
<
Bt
e
i
o}
£
£

3

all<

ey

Thus, for example,

= ,; €. + e

- L~ [ S " o3
for the two wire

\

Qijs
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The correslation between w-luctuations st two d3fferent

pointe iz oblained in the same way as the ghear. Integration of
the correlation curve gives the scale of turbulsnce,

The energy spectrun of turbulence is obleined cone
ventionally with & narrow band-pasg filter.

Some correchions for tho effset of wire

worked out by Skramsted (7}, but further detaliled w
this line is necessary, particularly for the measurement o
correlation functions, shear and durbulence specitra. K. Zebb (83)
has made some approxinate computations for the length corrsciion

’

of X=mebers in v’ unes sur@ueﬂts.



H. MBASUREBVENT CF MEAN VELOCITY AID THVPERATURE

= i

.

In spplications of King's equation for thermal esuilibrium,

N8 - —
-:L—-B;'— = A+ B\ﬁ? {ga
R~ R,
whers
- ol = 5 . bl o
'A'Tf»h $ et L
to the us amrmm‘t of mean veloelty end temperature in flow with &
temperature gradient, the only change from the first part of
Section D is that A and © now vary from point to poiut ir the
flow. Thess varistions are deterumined from the chonges in the
physical constants of the fluid.  The present iunves
regtrictad 1o aﬁmosph%ria air.
Sin@e alr iz very nesrly & perfect gas,-
T (q}
f’" Tc.
where the subseript r corresponds to an appropriste refersnse
temperature.
- s (24} N
From the Internstional Criticsal Tables s The thermal
conductivity of sir can be approximated for tenperatures up to a
few hundred degrees V@ht&grud@ by the espiricsl equation
_ U Y
B, Jevis (™ (e}
e N

R. Tav s

by & gtraight line over o faeirly wid

w2
|
o
£9
g
i
£y
[e1)
3]
5
g
e}
o
»
E,
&
et
17}
[
[

act, the linesr gpproximation will

be used in the next ssciion.

hY

vd



The varietion in (Cp with temperature can be neglected
in the present discussion, from 02 ¢ 4o ebout 300° Q.

Thus

( =
or
-+ 125 <j&)
Ta v 125 e (Q"e

i
)

& {F
o

w]ml

»|ml

¢
JTrf 129 }
o + 25 (

In prectice, it is convenient to have these expressions

B
7l

in terme of wire resistences. With

Ro» R, [ 1+« (Tu-213)]

_ (10}
et RoL1e s (T -213) |
Bg. (9) can be written in the form
— ) - hri El 3/1
A Te + 125 T+ (& e (-2 (5 -1)
Ar  T-+25 +|{ 2+ (Te- Z‘l%)j(t{— ) - T~
(11)
- - Mo o Te +[E e (Te-273 ',2;_) HYa
B { T+ 125 2 { (.,-+l$+ PZT)](‘QF_ { %
B'_ AT\—*(Z.‘B'\‘-!&Q (ﬂ-‘Z"l%)](‘%ﬂ - ‘) T,
For a platinum wire, ® = 0.00371, i— * 210,
and these can be approximeted by
E__‘Truza (g&%—
A~ %«T,_ +125 Re
(12)

- 1, =
L R ‘(;2@)"4
B %.«T,.st Ry

-



and these are presented in Pig. (1), for T, 29% K.
YWk g g

-

With these ve luw of A end B | the mean velocity
is determined just as in the case of the simple anemometer. The
mean temperature T, is, of course, obtained directly from Bq. (10)

3,

which can be combined To give

- "y

T T lxr (- 215)] -1) (13)
t-

vhich, for a platinum wire becomes approximately

It should be ewmphasized that the aceuracy of these results,
as well as all those in the following sections, depends upon the

socuracy of the phyalical foru of the cooling fterms in King'e

-2 . — {2 .
squations. The linear veriation of R with U ~ has been

@,

checked with considerable accuracy by many experimenters; PFig. (2)

is & typleal isothemmal mean veloclly calibretion of & holewirs
anenvnetber.

Howsver, there has apparently been no abtenpt do check

the exponentz of the other physical guantities asg derived by King.

Appendix I contalns e discussion of this problem, zs well asm

some preliminsry experimental results.



F. RESPONSH OF A HOT-WIRE IN AN ATR STREAM WITH

BOTH VELOCITY AND TEMPERATURE FLUCTUATIONS

o

1. The Voliage Fluctuation.
Ia order to deduce am equation amslogous to Hq. (3),

we gtart with King's equation for thermal equilibrium,

UR . el bR (de okU) ™
R-R. Sk (deee ) ()

with smell fluctuations in velocity and air tempercture,

we introduce

R: Q#l"’ U’ﬁ"u
Ra=R v 0 e - €+¢
k: E+« k' Co = Cp

SﬂdL ‘SJCP'—;Q,

go thet Bq. (2) becomes, writing fig—s’?
Ko Rok

Ug - -
'— - e f
L@ pEedy » @ (Frp) (R (T )]
(R-R ) +(r-r0)
Using = binomiel expansion for the denoninator of the
left side, and neglecting products of swell quantities on both

gides,




e

Keeping the linear termg of the binomisal expansion of the lost part,

i

PR, Re - R . G +R
2 Fy (Re-Rur) = P(R.R)

r QRN [y (£ 24 g)]

Clile

In order to get the fluctuation equation, we sublract

the aversged King's equation

(l’ e
L . Q
2R, - PE (prd T)
vhich leaves
o - - . I " ’ ‘Q/ *
Tay ReRe) P+ $(FED(§ £ - 5) (e

and the next step is to express r , k' and p' in terus of the

small terpex ture fluctuetion, & .

Obviousgly,
o Roxd (15)
Ag mentioned in the previous section, the rether
complicated emplrical expression for thw temperature dependence of

over a large temperature range by o single straight line. Hence,
with considersble accuracy, we can write

k'=nd (18)
where n is sensibly constant over o range of o few hundred

degrees centigrade.

o

For the density fluctuation, we sgain consider air as &
erfect gas, and spproximate to the (T) hyperbola in the
P & %

vieinity of T, by its tongent. Th



4 .
¢ -9 = (a7}

he hobewire volbtage fluctuatinn, € = wr , as wall ag the

e,

L 2 2 e 2. -
they will be omitted in the rssb of the

1 amy

B RE




equation., Then, finally,

e- &z&[m iR Re) ]ﬁ _R-R {ﬁ‘z - A(R-R)]
{ Ko e 2

\ . !
{2} when the temperaiure

fluotuation laval gmaller than the velooity

fluctiation level. A from the mean spesd

calibretion of the hobt=wire, cnd, of course —— = —-E- .

2., Tine Constant.

ot the ingbtontansous

P i 7 2
from Tg. (2), we obtain

,
{20}

arence {(2), with the

&

a fluetuating

oter, the general solu

w Y s s . N y oy .
[T N . e’ = g A oy 74 s e it
of Bg. (20) is apparently not expresszivle in any applicable form,

4 fications Tor the rectriction of




23,

Re-Re = (R-RY) +(Re-R) + (Ra- R.)
Then we zee that the last two brackebs are smell coupared with the
first if we use appreciable heating current, In some cagesn, when

1 A1 Y o "3 ke ad
nly the bempeindture fiuctuat

o

T s 2 3 -
n Level lg being nmeasured,

2

little heating current ic ussed. With nezligible sensitiviity to

@

veloeity, it is apparent thot (Re- R = eonsd., and, therefors,

mey be replated by the average, (Re- Ra). However, for small
fluctuntions, R * R, so thet we may replace (Re - R by (R-R)

41 ms dR _ Q&(QG-P) {21)
Row  d (R- R )I

or Ml c% 2 Ke-R {’23"3’:’

where
‘ 4.2 ms (‘2“’2«)
(PR R

. r N 2 A e oled cerd . 4 \
so that Bg. {21a) iz identicel with Dryden and Kusthe's Eg. {15},

N e > 2 2o S
and M = M, the eimple anenoneiric time consltant,
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{.«ai‘;!ﬁ 53)., 9-3.. ;Jra::ﬁ 9.&‘ .3' fStiT R L»‘%AE r”p‘t’r; 3 af:) m t; 'ﬂ,q » %‘ Ni’}g}\? ig
- ¥ 5o i
sried t)igi’ =18 E; uhi,; b

o dd peet som v 4 . L
A more direct comnection eppesrs if we write Bg. {(£2)

o)
Ty

‘. 4.7 ms

M

R.X (A+BJT) (23)

- 3 2
3t (A+BJF) - = R, Ll
( J;;) Qf‘la Q'(Qm

o B

by ooy
il e i&ﬁ}e

[4]

é

M 4.2 ms | \
R  (A-*)+B (T (28s)




3,  MBASUREMENT PROCEDURES

s
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Thiz can be writhen simply as

where (3 and & are funchions of the mean~velocity calibretion

erpendicular ho

From vhich the three

3 om, ” - z . T JUR S |
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In general, due to the rather complicated forms
ng O , these determinonts will be tsdious to evaluste.

the procedure nay be made a bit more convendent by fix

, and setting ur eppropriate caleoulation
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We can fTind what this means in Serms of operating conditions ab
a given point in the flow by replacing the slectrical guanbities
with fluid mechanical quantities asg far as possible. Then the

inequality can be written, after some algebra, as

For the entire range of practicable opsretion, the first
term in the bracsket is lavrger thar the second. Therefore, it is
avident that for a given flow, ﬂ; ie maximized relstive to .é
by winimizing (E;-ai&) , and vice=versa. Whether sither of these
extremes can, in practice, mexe (3>> J or B« S can be checked
mmerically from a typiesl hot~wire calibration.

It will be noted that the first term in the bracket is the

only oro of the thres thet can be varied by changing ihe hotewiys

currert. It turng oub that, when heth @ and U ere 1o
9

feasible ineguality is that obieined by reducing the hesting currsnt

g0 that @ >> 9 3 thig ordinarily G

gimplification,

for the sencitivity of the gimple recigbance thermometer.
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Rs  DISCUSSTION

general, the errors inhsrent in th

Lre snemonster sre the sane as
(2, 27, 28 and others)

5

arizeg glmely from the added complication of many of these

meaguresnents. This influences the resuld in two

=
4
&
o
4]
s

{a) the final numerical result iz obtained f{rom more
separst

B 3
SHSe 1R

I fahle
§£J5 20La0, o

peint in the flow resulds in g

taining the Ysteedy stote” condition of the spparstus,

asrodynanic and electrical.

zinse each ocaoe wust be cowmpubsed form the correlation function

The deballs of the present analvsis assume the

of Bing'z eguation in ite converntional fom, The

agouracy with which this egusation predicts the influence of

velocity changes has been verified countless times; vreliwdinary

atiempta to verify or disprove ths regt of this sequation
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In casting about for pogeible methods of wmaking

direct measurement of the varicus Wlinematic quantities

O YN - N, S S 3 enn e
I o flowirg ges mixiure, wo should not ignore the

. o e} md T 4 ., 0 . R 4 . ] 1 2 e
poessibility of firdirg & palr of zases vhose densitissz,

¢
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o
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@
e
o
fod
&
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gpecific hsats and therwal condustivitiles ¢
that the nebt response to a concenitration fluctuation is

negligible, It can be seen from the rmmerical values in

Appendixz IT that such not beyond the resln

e
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APFENDIX I, REMARKS ON XING!S EQUATION

le General

As pointed out by Mcidams (29), the forced convection
term in King's equation can be written in terms of the product
of a Reynolds mumber and a‘Prandtl number, so that the rate of

heat loss from the wire is

2R = _A(T-T) [“' + L;W] (1)

Inserting an extra d s and introducing a heat transfer

coefficient, h s and the HNusselt number,77’= t!¥ s McAdams

h

writes this in the form
n = Ko * sz (1a)

Conventionslly, the first term in King's equation is
described as including radietion and free convection, while the
second term is due to forced convection; The latter appesrs to
be quite reasonable, but it is apparenmt that free comvection
effects, if appreciable, cannot enter the heat transfer equation
simply additively; the free convection phenomenon is complex, and
in moet current aspplications, the direction 6f bouyancy-induced
velocity is perpendicular to the main flow. The form‘of A s
as given by King, gives no clue as to its physical origin, although
it is physically obvious that radistion must be included. The
question is perhaps further clouded by the fact that measurements
of the ero-velocity peint in constant-resistance hot-wire

calibrations seem to agree rather well with the A obtained by
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the extrapolation of the points measured at relatively large
flow vélocities.

It would seem that, in view of the extended possibilities
of the hot-wire anemometer as described in the present report,
a complete reexamination of the fundamental heat transfer equation
for the flow past s heated cylinder at small Reynolds numbers is
in order, with particular emphasis on explicit inclusiah of all
the significant physical quantities. For example, if A actually
does represent a free convection term, it should inclule s Greshof
number, which generally has a rather complicated variation with
temperature.

For the purposes of the present work, preliminsry
attempts have been made to check the validity of Xing's equation.

These are described briefly below,

2.  Mean Calibration of Hot-Wire in iir at Various Temperatures

Due to the &ifficuity of obtaining a series of velocities
at e2ach of seversl temperatures with the present equipmenx,.single
measurements were made at various velocities snd temperatures,
xeeping (R - R.)=constant. Since King's B is relatively
insengitive to temperature changes, and since this forced con-
vection term seems physically sound, the measured points were
used to compute the intercept, A , on the assumption that the
theoretical variation of 3B (li) is correct. Thus, an A

was computed from each messured point instesd of from & complete

faired calibration curve at each temperature,
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In this computation, the data of Taylor and Johnston (30)
for the thermal conductivity of dry air were used. The sir was, in
fact, fairly humid, but here only the relative values are important,
and an error in absolute magnitude of A would nave no effect. The
specific heat was assumed constant (C,, = 0-24) over the temperature
range, in accordance with the Internatiomal Criticsl Tebles. For
the density variation, the air wus assumed to be a perfect gas.

The results, Fig. (3), show considerable scatter
because this form of presentation imvolves small differences
between two relatively large quantities, ome of which has appreciable
scatter itself. ¥From the figure it appears that A ( ﬁ) probably
varies more slowly than A ( 7-;); however, the large amount of
scatter precludes the deduction of an .alternmative, empiricel
expression., The agreement appéa.rs to be sufficiently good to
justify the use of King's eguation in the present, fairly rough

measurements of velocity and temperature fluctuations in a free jJet.

3, Comparison of Mean Calibrations in Alr and Cuarbon Dioxide
In a further attempt to check King's equation, a hot-wire

was calibrated in both air and carbon dioxide. Then, with the
assumption that the forms of King's 4 and B are correct, the
carbon dioxide calibration was computed from the air calibration.
The curves are given in Fig. (4).

For the computation of A, and B, from A,

2 2

and B‘;r , the thermal conductivities were taken from
references (30) and (31), which correspond to pure gases. The
specific heats and densities were taken from the International

Critical Tables, and both geses were assumed to be perfect gases.
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From the figure it can be seen that, although the
agreement between measured and "computed® 15C°L is good, the
two values of Acoz are relatively far spart.

The principal possible source of error in the
determination of A ami B,  from the sir calibration
is the use of thermal conductivities measured in relatively pure
gases. The laboratory air umdoubtedly contained appreciable
amounts of COp and water vapor (the measurements vwere made on a
cloudy day); the jet CO0p was commercial typre, stated at
994% pure, probably containing air, Ho,0 amd other impurities.
Smell smounts of impurities may have an appreciable effect upon
thermal conductivity, much 1arger, for example, than the effect
upon density end specific heat. Unfortunately, insufficient
experimental data exist on the thermal conductivity of ges mix-
tures, and the theoretical approach has proved to be tremendously
complicated, even the first aspproximation for monatomic gases (25).
Thus, it.would be extremely difficult to estimate the error due
to impurities, even if a quantitative anslysis were available.

It is recommended that the measurements be repeated with pure

gases, or that the actual thermal conductivities be measured,
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APYENDIX I, TYPICAL NUMERICAL VALUES
OR TERMS IN THE RESPONSE ECUATIONS

i, Temperature and Velocity Fluctuations

The complete Eq. {18) can be written in the form

"R = — - ﬁ ‘0‘
7Ry e (A -|—B|)_)(_ E.) rn}2
\————\r—\__/ S——
® @ (18b)
_E_ w
ol 9]

— ———

@

and we are interested in comparing the relative megnitudes of the

2[4t -
o

four terms as indicsted.

issume the following typical mumerical values:

U = jo00 <"/sec. d = o.000611 cm. A = o.0035
8 = jo0 C R,= 1o 1 B = o.000/0
B = s -5 f. 30)
- o = 7.55 x{0 (ref
T; = 290 K [ = o030 cm ,&
“ - . @ = 7.00 x1t0
-—c_;' = 0.20 i = 0.040 am,b'
& 0.20 _ ol . | CP = o0.24
_é: = . of = 0.0037 /aamum n - /.62 -/0_7 (r?v‘.‘“so)
These values give
R, = RO[I + =« (T,—zn)] = 167 L
R =Rt + (il —] = 15762

a

and, from the equation for thermal equilibrium,

= 20.74 2

R = R, +
Q.—. Jﬁ



We now get the following

&

®
®

@

Term © is oniy a little more than 1% of @

5%,

mmericel values for the terms in Eq. (18a):

= Jo.20 ~ 107%
= ;.22 * 10”7
= -0z » 1077
< 36 x 107"

s and 1s epparently

negligible for =11 anticipated operating comditions,

2. Concentratien and Velocity Fluctuations {Air—cgz

Mixture)

Since there is o informaticy available on precise

measurements of the thermal conductivity of air-CO, mixtures,

we shall assume for the purposes of this calculstion that the

variation is linear, i.e., £(1) = " . fThen Eg. (46) can
be written in the form
3 2,_'}2‘\ - (25+§|)_5) (&;) + EJ—U— (;‘;)
(R-R)" RN ' |+ b r
Fahk Mac (46b)
¥—\/"\‘/ ;—‘—Y_"/
® ®
B IO 3 Y
+ g + B =
| Ca (I") /o
~—
© @
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Assume the following typical mumerical velues,

“7 = jooO c“"/.sec, ,2 = 0.30 cm. Pa = Lilbs "ID~3
T = oso L = 0,040 amp. Pq = 1785 = 10”2
T=T = 290 °K =
=T 4 0.0037 ¢, = 0.25
(-9
= = o.20 =
9] A = o.0020 Cp. = 0.199
X = ozo — 9
ﬁ P = 0. 000y O A/k = -2.13 I‘IO-s
d = o.0006// - s10” ¥
-@a = §.43 s10 Ap = ©.6Z0 x 1073
R = (l.o 2 -5
° z’es = 3.80 xlo Ac, = -0.051
These give
@ = -3.4 ="
® = =-o072 ~uwo’
©® - (.33 107"
@ = 316 =07

and none of the terms is negligible.
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APPENDIX ITT: COMPENSATION RESISTANCE FOR GIMPLE

HESISTANCE THERMOMETER

With sppreciable heating current, we can use the ordinary

ancmometric expression for the time constant:

4.2ms (R-Ra)

R, i*R, (1)
which 1s more convenient than the equivslent form

M:

4,2 ms !

M= R« [A-c2+800] (1a)

The compensation resistance is then given by
= L
Rc oM (2)

where L is the inductance of the coil in the compensation network.
However, in order t0 measure tempersature fluctuation level
directly, it is convenient to operate with negligible heating
current, Then (R ~R.) becomes too difficult to messure in a
turbulent flow, and we must go to the limit with Eg. (1) rather

than with Eg. (1). Then

I _ 4z2ms. !
T R [4 +80 ] (&)

where, a5 in Eq. (la), the values of A anmdi B  to be used are the

M

average values corresponding to temperature 1,

a .

In the actual process of measurement, perhaps the shortest
-z—
method is to determine [A +BID] by a measurement of —_ﬁ—%—.g_—

with the wire appreciably heated, since this reading is also

necessary for the determination of mean velocity.
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APFENDIX IV, WNIXTURE OF PERFECT GASES

In vies of the sections discussing measurements in
gaes mixtures, it seems appropriate to include & brief' review
of pertinent relations occurring in the theory of mixtures of
perfect gases. Extensive treatment ic to be found, for

example, in reference (32),

Notation
V' = total volume (for most problems in fluid
mechanics, unit volume is considered)

M; = molecular weight of (*" component
N, = mmber of mols of (" component
p: =  partial pressure of it conpornent
e, = density of i*[‘ component st pressure P!
e = density of i component at rressure p
R = universal gas constant
T = absolute temperature

pe,M = charscteristics of the muxture { M = apparent

molecular weight)

We have immediately,

p= 2k @)
= Ni M".

C: v (®)

e = @ i,:; (3)

Also, the eguation of state is satisfied for euch

component and for the mixture:



or . = —,%LL RT
amd b =ﬁ§l§% RT = Lor7
Since = Zg; s we have EL:% = ;,'l— Zp
so that 2 &
M = :

> m

. 4
L

(4)

(5)

(42)

(5a)

(8)

56,

We are particularly interested in relative concentrations.

- +h
Define the molal concentration of the ¢ F component by

N.
},‘ - L
[ %Nk

But, from Egs. (4) and (5),

P
p A
k
- P
80 that KL —E—

» *
We are intevested in @ (P¢ ¥ ) ; from Ea.

e=Ze = S (of )

or e = Z_(Ffb’i)

For a mixture of two gases, ¥, = !-¥, , and

o= o + lef-p)Y,

(7)

(8)

(3)s

(9)

(10)
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We can also define a mass concentration,

A = -——""—‘PL' = P:.'
i > G e (11)
4 gemeral expression for P (ﬁf) A;) is rather

complex, But we can transform Eq. (11) to

o
A= _Z'E’;YL (12)
K

Specializing at once to a two component mixture,

o = G (12a)

but from Eq. (19),
*
C - ©
[ * *
Pt~Pz
We substitute this into Eq. (12a) and solve for e

*P*
(J = * P' L] * * (15)
ORI (Pl Y ) A'

which may be compared with Eq. (10).
A relation between theze two definitions of concentration

is obtained by equating Egs. (10) and (13):

el n
N o, (12)
or
*
A
¥ = — (142)

! @, +((3:~(-‘,*)A,

The relative significance of these two concentrations
in the field of fluid mechanics merits consideration. In in-
vestigations of mass transfer in gas flow, the mass concentr§tion
would appesr to be the more significant parameter. For example,

in a comperison of latersl rates of diffusion of momentum, heat
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and material in a particular turbulent shear flow, the
A -distribution is to be compared with the veolcity amd
temperature distributions.

On the other hand, a treatment ¢f material diffusicn
prior to chemical reaction would obviously be more concerned
with the mclal concentration.

For hot-wire messurements, the simplicity of Eq. (1C)
relative to Eg. (13) recommends the determination of molal
concentretion and fluctustions first, and, if necessary, the use
of Eq. (14) to obtain mass cencentrstion.

Of course, if @* =t , & case of particular
interest in the investigation of material diffusion in turbulent

flow, the distinction vanishes.
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APPENDIX V: TRANSFER IN TURBULENT SHEAR

FLOW WITH DENSITY FLUCTUATIONS

In the sections on measurement procedures s methods are
given for the determination of shear, heat transfer snd material
transfer by measurement with a directionslly sensitive hot-wire
meter, The procedures given actuslly leed to the guantities

vy , Sv amd V¥V ., These, of course, are
proportional to the respective transfer rates only in cases feor
which the density and specific heat fluctustions are sufficiently

small, in which case the local mean density can be used to give

Sheer: T = -pav
Heat Trensfer: Q = —¢& PV (1)
Material Pransfer: D =-¢ W,

Since the density fluctustions have been taken into
account for the computation of the hot-wire response, it may be

well to investigete the limitations introduced by the use of Eq. (1),

4. Temperature and Veleocity Fluctuations

The genersl expression for turbulent shear is

= — v
¢ © (2)
but
Pp=g+e
U =0 tu
v o= v (3)
© = 6 + &



For turbulent shear flow with temperature gradient, it may

[V &
reasonably be assumed thet = , ‘%?‘ and -2 are all the

U 6
gsame order of magnitude; in fact, in the previous discussion they
are assumed small. We are interested in finding the restriction
on © such that Eq. (1) may be aprlied with at least the

seme accuracy as may be expected from the measuring technique.

With Eq. (3), Eq. (2) becoumes

T = _.(aa'\'r‘-—f?é_';'-(a'uv'
and the third term is clearly negligible,

Since the density fluctustion is due to temperature

fluctuation, from Eg. (17) of the text,

’ —
e = -F° 7
s o+ &2 5y
T=-—eu\/"§‘——:"__‘—- v
Hence, for Eg. (1) to be valid,
av >> éﬁ Sv
l&
av S 3
r = >> = =
o 50 T
uv S v
If O and 55 are the same order of magnitude,
this requires that
8 «
= <«

If this condition is not satisfied with sufficient eccuracy, the

turbulent shear is calculable from Eq. (4) after wv and Bv

60.

(4)

(8)

(8)
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have been obtained in accordance with Eq. (30).

The turbulent heat transfer is

Q = - Cﬁ Psv (7)
but with Eq. (3) and with ¢, = constant,
Q:—Cp§'§7—cpée’w __CP PIé’V
where the third term can be neglected, Substituting for (J/ y
we get '
= 5OV + ¢, 6 E— Iv
Q - Clb P b f) :';i (8)
so that, for Ec. (1) to be valid, we require
8«
‘a (8)
&s before. If Eq. (6) is mot satisfied, the turbulent heat
trensfer is easily calculable from
— e\ —
Q ="Cf=(’<' "'f)‘g" (8a)
after 4V has been obtained from Ea, (30).
B, Concentration and Velocity Fluctuations
With Eq. (2), Eq. (3) and the expression for the
density fluctuation,
e’ = YAp
where [ = C+v » we obtain for the turbulent shear stress,
approximately T=—-guv -Use?v (2)

oV
If Ba. (1) is to be reasonably accurate, and if 5=



6(-0
is roughly equal to LA4

=5 , the following inequality
must be satisfied:
_{_P— << -_L—
G r (10)
If Eg. (10) is not satisfied, W and ¥V can be obtained
from Eqg. (51) in Section J, and Eq. (9), sbove, gives the
shearing stress,
The turbulent material transfer is
D = - (A VA (ll)
Introducing the mean velues amd fluctuations, and neglecting the
triple product of the small fluctuating guantities as before,
"Eq. (11) becomes
L s¥F —F v
p=-pg¥w -0 F° (12)
But @ = ¥4P , so that
D=-(¢ + Top) ¥v (15)
and the condition for the D in Eg. (1) to be valid is again
A ] '
< T——
e T (10)

4s before, Eq. (13) may be used after ¥V has been obtained
from Eq. (51)0
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These gssumptions result in an expression for ths shes

which is identical to the form suggested by Kaman in 16373

In addition, Lin assumes

(4) Vv* and A are constant. This finsl

ssmntion smounds to & conebar

soiution is the sawe es that for a laminar jetl:

Pla
—_—

+

X%

v

i ~ £,
whers 5 x

2. Tewpereture

With the usual boundary layer approximati

sguaticn for the tempersture,

|
]

\Q/

— 7 9 = L
T +rVSFE T T or

[\
X

The same general boundery conditions apply Ho the lemperciure

ag were spplied %o velocity.

{a) Momentan Transfer Theery

Since the above eguetior

: e 7 I .
equation of motion {in U ) corresponding to the
it follows that the temperature diszitridbution

i LT ey
Trepgfer Theory,
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H, DISCUSSION

1. Isothermal Jet (Jet #1)

(a) The Nature of the Flow:

The series of oscillograms in Fig. 15 zs well as the
disappesrance of AV -correlation towerd the edge of the jet
may be considered as proof that the "turbulent™ jet is completely
turbulent only from the axis out to approximately v =1, .
For r>r s there exists first an anoulser transition
region, in wnich the flow &t & point alternates between the
turbulent and leminar regimes. Of course, the fraction of the
total time during which the turbulent state prevalls decreases
as the radisl distance is increased. Near the edge of the jet,
and extending to zero velocity, is what might be termed the
Tlamipnar collar™. 4 prinecipal difference between this lsminar
region and the laminar sublayer in; say, turbulent pipe flow, is
thet here there exists an appreciable radial mean velocity
component, In this way, the csituation probably more closely
resembles tine laminar sublayer along a porous wall with fluid
addition. The other essentisl difference between this "laminer
coller® and a solid-wall sublayer is that here the shear stress
goes to zero.

It will be noted that the genersl location of the

“transition region in the Jet is gbout the same as the location

of the —5— maximum (Fig. 13). This may mean that & pert of
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the “turbulence® is not due to the ususl turbulent velocity
fluctuations, but to actusl differences in local mean velocity
at a point, as the flow oscillates between the laminar and
turbulent stztes. Tﬁis explanation was first given by
Liepmann (45) to sccount for the high apparent turbulence level
in the tfansition region (i.e., from a lsminar boundary layer
to a turbulent one) along a wall, It should be noted, however,
thet no predominantly one-sided bursts were seen here.

The other matter of interest on the general nature of
the flow is the location of the fully developed region of the jet.
4s mentioned previously, apparent similerity of velocity erd
temperature profiles is reached just before %% = fe .

4 more sensitive indication of complete mechanical similarity

should be given by the turbulent motion., Fig. 14 shows very clearly,
by the disappesrance of the central minimum in the %%i dis—
tributions, that in Jet #1 the fully developed region may be
considered toc start between —c-lx- = 15 and 20 , Thst this

velue is not universal for round turbulent jets can be seen from the

25 w!
readings of Kuethe ( ), whose = has lost the central minimum

U
before 4 =/o ., The existence of such a minimum on the axis

is,; of course, a remnsnt of the potential cone.

Arother possible indicator of the condition of the Jet
is the kinetic energy crossing planpes narmal‘to the axis. In the
fuliy developed region it may be expected that the rate of flow
of turbulent kinetic energy will be & fixed fraction of the totsl
kinetic energy flow. Fig. 21 roughly confirms our previous

conclusion. The drop off st 40 dismeters is probably experimental
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scatter; the extremely low mean speeds at this station

reduced the messurement accuracy.

(b) Mean Velocity znd Temperature; Comparison with Theories:

On Fig. 2R there is plotted the resulis of the three
theories briefly discussed in Section G, and the experimentally
observed points. For purposes of comparison, the theories and
experiment have all been matched et v =7v, , This seems to be
an especially suitable abcissa in view of the fzet that this
radius is gpproximetely the boundary of the completely turbulent
jet core.

Since the three theoreticsl anslyses ascsume & turbulent
state scress the full width of the Jet, the degree of agreement
between theory and experiment in the region for r>r, is
evidently of secondary importance, Inspection of the reglion of

r<r, indicates a fairly good check between the observed
points and the curve based upon a constant exchange coefficient,
However, & computation of the exchange coefficient distribution
from the measured turbulent shear {Fig. 23) shows that E
is not actually constant. This is anbther excellent illustration
of the relative lnsensitivity of the mean velocity profile for
showing the detailed mecnanical state of the flow.

The ™mixing length"™ distribution has also been computed
from the shear, and plotted on the seme figure. The mcmentum
and vorticity transport theories both assume ,Z constant scross
a section. The mixing length theories also assume ,ﬂ increasing

linearly with axial distence: .ﬁ =c¢x , 4 calculation of c
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at 20 diameters, based on momentum transport, lesds t©¢ ¢ = oc.o0lbC
Tollmien (39) gives an experimental value of 0.0(58 .

Since Lih’s analysie does not expliditly give the
temperature profile as a function of the velocity profile,
but leaves one constant to be determined by experiment, only
the results ¢f the other two theories have been plotted in
Fig. 24. |

In spite of the considersble scatter, it is evident
that theoretical and experimental tempersture distributions do
not agree if the velocity distributions are matched at r=r]
If, on the other hand, the temperatures had been fitted at the
radius where 8 = 5 6, , then the experimental and
thecretical velocity profiles would show wide divergence, while
the temperatures would check moderately well.

Thus it is evident that mone of the existing theories
gives & satisfactory quantitative relationship between the spread
of heat and of momentum in a round turbulent heated jet.

(¢) Turbulence:

Thevvelecity fluctustions have been discussed at the
beginning of this section. However, a few more specific remarks
may be made. It is interesting to note that the local maxima
in the turbulent velocity distributions (Fig. 14), for —d"— <20
remain at about the same radius, and that this is roughly the
radius of the mozzle mouth., Of course, the rather arbitrary
 curve fairing determines the exact location of the peaks.,
However, this matter is related to the development of a fully
turbulent flow, a problem which still awaits an adequate basic

investigation,



In the computation of the rates of flow of kinetic
energy (Fig. 21), two assumptions have been made: first,
that the ratio of v'-energy to u'-energy is the same at

ail sections as it is at ;"f = 20 4 the only section at

which v ' wss measured; second, that the w—energy at

each section is equal to the v -energy. The figure shows
E
£ , the ratio of the total rate of flow of kinetic
energy past a section to the initiel rate of flew of energy

out of the orifice. It also shows «2’—"— , the retio of
T,

mean flow energy to the initial mean flow energy, which is slso

ETo

£ ,
negligibls, E‘r s the fraction of the totel kinetic

» since the turbulent kinetic energy is initially

4

energy that is contained in the turbulence, is also given.

One other result, shown cleariy by Kusthe (25)

s but
perhaps not emphasized sufficiently in its practical implications,
is the rapid incrzase of turbulence within the petential cone.

1

The sharp rise in g: after 7 = | shows that the disturbance

(-]

propagates from the initial annular mixing region inward at an
angle of nearly 500. The significance of this result &s a
description of the flow in the working sections of open jet wind
tunnels is obvious.

(d) Shear:

The turbulent shear stress is, of course, proportieonal
to the UV - correlation, which is plotted in dimensionless form
in Fig. 16, The corresponding correlation coefficient, R, ,
also plotted in Fig. 16, reaches & meximum value of about 0.4%.
¥, Wattendorf's maximum of 0.33 amxi H. Reichardi's maximum of

(51)

t
0.24, both computed by von Karman for pipe flow, are



uv
values of o+ 1nstead of

|

<
S

u

S

7  « The maximum value of

s

e

u'v

at this section of the jet is 0.%4, in good agreement with

the former. However, it should be mentioned that in a

(13)

single plané mixing region, Liepmanmn and Laufer have

obtained a meximum of about 0.56, while in a tur-

utv!
bulent boundary layer, Schubauer and Xlebanoff (24) recorded
& maximum on the order of 0,50. 1In accordance with a remerk
made in the introduction; it seems reasonable to expect that all
fully developed ﬁurbulent snear flows will have maximum correlation
coefficients of the same order, probably in the fully turbulent
region, "far" from the boundaries. There is still not enough
known about turbulent shear flow to permit a rationslization of
the differences in O?uv—)mq,_given above,

The extreme scatter in R,, at large v is due both
to the transition nature of the flow and to the fact that one factor
in the calculation is a small difference between rélatively large
guantities, each of which already has the ususl amount of experimental
scatter. Theis condition is even more accentuated in the hot jet.

C. Co Lin has given the author a method of calculating
the shear stress distribution at a section from the velocity profile
for the isothermal case. The method, outlined in Appendix II, has
also been used by Squire (46) for several flow configurstions.

A comparison between the dimensionless shear stress com—
puted in this wey, and the directly measured values, is given
in Fig. 26, The curves sagree well in shape; the reason for the
discrepsncy in magnitude is not evident. For this calculation the
mean velocity profile has been corrected for the effect of turbulence

level upon the instrument reading,
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(e) Scale:
; - I3 u’ u
The correlation function ‘2

— between points

tu
symnetrical about the jet axis is guite similar to the corresponi~

ing function as it has been measured in isotropic turbulence.
The scale L s obtained by an integration of the R, curve,
turns out to be approximately 0.23 I, s 1.€., about an
eighth of the diameter of the fully turbulent core or asbout a
thirtieth of what might be called the total jet width.

The microscale, A s is determined crudely by fitting
a perabola at the vertex of the correlation curve. However, it
should be noted that there still exists no analysis giving the
proper correction to the shape of this curve for the mon-zero
hot-wire length, so that the A  value is undoubtedly much too
high. Since A is a function of the smellest eddies, it is to
be expected that the A . length correction will be appreciébly
greater than the L. length correction given by Skramstad (15).
In the single plane mixing region, Liepmann and Laufer (1)
found A effectively constant across a section. If we assume
this to be roughly true for the round jet, and use Taylor's
approximstion 1) for the rate of dissipation of turbulent energy

into heat for isotropic turbulence,

ut
’ dissipation = 15 » *
it is possible to make a rough estimate of the erergy balance across
the jet. Computation of the dissipation terms (in the turbulent

energy equation) involving derivatives of the turbulent energy

shows them to be negligible here. The rate of production of
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turbulent energy from mean flow kinetic energy is computed directly

from the measured shear and mean veloclity

o/
1]

|

production = «v

@
~

Then, the turbulent energy equation reguires that at
each point

diffusion = production - dissipatien.

The sign of the diffusion is chosen so that a positive term
means a net addition of turbulent energy to the region by diffusion.

The result, plotted in Fig. 26, is to be Laken more as
guslitative than guantitative. 4 comperison between this and the
corresponding figure for the half—jet(ls) shows the essential
difference clearl&: in the full jet, the maximum rate of dissipation
occurs in the maximum velocity regién, where the production goes to
zero; in the half-jet, maximum dissipation and preduction occur st
about the szme point, Therefore, in the full jJet there is an
appreciable central region with large peositive diffusion, while the
helf-jet has mo such reglon. 48 seems reasonable, in both examples
the rate of production is & maximum in the vieinity of the inflection

point of the velocity profile.

2, Hot Jet (Jet #2)

is remarked previously, the addition of appreciable hest,
with the resulting change of relative density between jet and receiving
medium does nmot seem to have changed the fundsmental nature of the flow,

(e) Fluctuations:

Although, as far as can be judged with the existing

' v
experimental scatter, the turbulence distributiens, -:— and 5
m

d

n
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in the hot jet at F =15 indicate a fully developed jet, still
the temperature fluctuation shows an sppreciable centrsl minimum,
- Measurements at larger axial distances will be necessary to find
out whether this distribution is characteristic of the fully
developed region.

It may be noted that, just as in the case of the
isothermal jet, v is a bit higher than w’ near the axis,
but considerably lower elsewhere,

Although the curve fairing here, and perticularly in
the correlation distributions, may not follow all of the points,
it should be remarked that conmsiderations of jet symmetry
(and in some cases, correlation anti-symmeiry) were included
in the curve druwing.

Since the mean temperature distribution is appreciably

wider than the mean veloclity distribution, it is not at 2ll

1 {
&5 w

surprising to find concurrently that ‘ Y > = in the
m m

outer portions of the jet, However, the most direct indication
of the difference between turbulent heat transfer and momentum
transfer is given by the correlstions, to be discussed shortly.
(v) Double Correlations:
is was anticipasted, the correlstion between

tenperature fluctuation and axial velocity fluctuation nmaintains
Sy
8,.U..

and of R , , as given in Fig. 19 show this correlation to

the same sign sacross the jet. The numericsl velues of

be appreciably lower than the lateral transport corr:=lations.
It is extremely interesting to note that, consistent

. > . av :
with previous results, the meximum ——  reached in the
u' v



38,

hot jet is about 0.4, On the other hand, the meximum v
appears te be on the order of 0.56,

The experimental scatter, which is extremely
difficult tc avoid in measurements in turbulent flew with
appreciable heating, shows up best in these correlation values,

The extremely tedioué computation has several steps
which involve small differences of relatively large quantities,
each of which has a reasonable amount of experimental scatter
already. A& brief outline of the procedure is given in
Appendix III.

Due to the sppreciable density fluctuations in the
flow, the turbulent sheer stress and latersl heat tran:zfer rate
cannot be expressed simply as L =- p4v and Q@ =~ % B
respectively. Instead, as discussed in Appendix V of Part I,
inclusion ¢f the density fluctuations leads tc the approximate

expressions,

cpﬁméa -7—;

The regults of the application of these equations, given
in Fig. 27, show thet inclusion of the density fluctuations has
not altered the nature of the curves from wha' would have beeﬁ
obtsined by using the constant density form.

The generalization of the method of ippendix IT to the

varisble density csse is essentially more complicated, end has
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not been cerried out,

3. Sources of Error

In gerersl, the sources of error in the present
investigation zre the same as in 81l hot-wire messurements
(see, for example, discussions in references 47 and 48), and
reed not be discussed here,

The principal additional source of error inherent in
the hot jet measurements wes the extreme difficulty of deter-
mining §;, with sufficient accuracy with the present equip-
ment. Since the 19'-sensitivity of & hot-wire is propertional
to (R.-®;) , it can be seen that at the outer edges of the jet,
where the transition nature of the flow already causes insccuracies,
the values are extremely uncertain, These difficulties, plus the
necessity for teking relatively small differences, has led to
occasional wild peints at the outer edge of the correlation
coefficient curves, which fall well outside of the plotted
coordinate rangé. |

Due to the reletively lurge experimental scatter of
these measurements in a turbulent jet, as compared, for example
with isotropic turbulence, it was felt that hot-wire length
corrections were not sprropriste. This was alse true because
of the uncertéinty of the sbsolute value such high turbulence
levels measured by the stenderd hot-wire equations, which assume
small disturbances, and are valid to perhaps é%lié c.15,

However, as indicated in lppendix I, the error in
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turbulence reading due to large levels is mot necesssrily large,
and the investigation can, in any case, be considered to give a
good picture of the turbulent flow field.

It is hoped that in the future & more detsiled com-
parison of temperature and velecity fluctuations in a turbulent
shear flow with heat transfer can be carried out. The particular

new measurements that would seem to be of significance

% G . . X
are: a) ——= correlation curve, for comparison with
e ‘
the “ U curve., This would also permit ceomputation of a

1=

(¥
"thermal scale™ and a "thermel microscale™; b) the spectrum of the

temperature fluctuations, as well as that of longitudinal and

radisl velocity fluctuations.
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APTENDIX I: EFFECT OF TURBULENGE

* ON_INSTRUMENT READINGS

Although no corrections have been made for the
effect of turbulence, except in the case of the shear
distribution computed from the mean velocity profile, it is
well to point out the nature of these corrections.

(2) Total-Head Tube:

If we neglect static pressure fluctuations, and

neglect the effect of lateral velocity fluctuations, the total

dynamic pressure at the tube mouth is

— Tz
P = % (U +u) (1)
Therefore, since Uu <O,
— 2 _77)
P = £ (U +u

and the dynamic pressure corresponding to mesn velocity is

e gt =
=Y (2)

The justification for neglecting v  in the first

approximation is that the secondary increase in P due to
a v or w fluctuetion is at least partially balanced out by
tne directional sensitivity of the instrument.

(b) Hot-Wire: Mean Velocity:

A similar approach té the reading of a hot-wire

anenometer goes as follows: If the total velocity to which



the hot-wire responds is 9 , then

Nﬁf—u]l-l-l/l’ (3)

where w , the component along the length of the wire is

neglected in the first apiroximation by reasoning similér to
the above,

It is desired to 1earn U s but the hot-wire
actually measures' 7 . ‘I;he relationship between them may

be obtained by writing

~|
]
dl
.
N
Clls
-+
U
+
cls

(4)

or, assuming v'= u® for this calculation,

:U}/—+2 _‘_‘_ (42)

z
Expapding the radical out only to terms in ?.‘;—L , on the rough

|

assumption that = <<| , it turns out that

i']:.
_=U[,+__

Q\}r
’4
—

where the average value of the linear term is 2z ero.

Therefore, as an indication of order of magnitude,

z

U = (5)

SIS

l
I+ =

(¢c) Hot-Wire: Turbulence:

Up to the present time there exists mo solution of the



B
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-

hot-wire response equation valid for general large

fluctuations (49) . A& grephical solution has been given by
Mertinelli and Ramdall 90) for periodic fluctustions,

but the application of this technique to a study of random
turbﬁlence does not appear to be feasible. Thus, it appears

that at the present time an experimental approach to this problem
as well as to the one discussed in (b) would be more

fruitful,

Up to the present time mo measurements have been made
et the GALCIT to determins the effect of turbulence upon mean
speed readings, but some preliminary measurements have been
carried out on the effect of turbulence upon hoi-wire readings
of the turbulence,

The procedure was to vibrate a hot-wire sinuseoidally
in the flow direction of a relatively low-turbulence air stream,
The vibrating device was the GALCIT Vibrator, constructed by
F. Knoblock and C. Thiele in 1937 (51) for the purpose of
determining hot-wire time-constants te permit proper compensation
for thermal lag. The hot-wire circuit was properly compensated
and the true turbulence level determined by measurement of the
amplitude and frequency of the oscillation and the speed of the
air stream,

A comparison between the true ani measursd turbulence
levels is given in Fig. 28 for the same hot-wire st three
different speeds. It is surprising to notice that the curve is
concave upward for a range before the main drop-off begins,

The sppreciable deviation of the points at thes highest speed
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indicates that the curve may Le dependent upon the
sensitivity or temperature of the hot-wire; and, of course,
the mpplied compensation for thermal lag was correct only
for relatively low turbulence levels,

It is hoped that tests may be made in the near
future to determine the effects of high turbulence upon the
readings of both mean velocity and turbulence level with the

hot-wire anemometer.
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APPENDIX ITl: CALCULATION OF SHEAR DISTRIBUTION

FROM_VELOGITY PROFILE

Congider the "boundary-layer form" of the Navier-Stokes

eguation in cylindrical coordinstes:

30,520 _ 1L 2 (rT
Tsg¥Yor = er > (r7) (1)

We transform the equation in the conventional fashion,
by assuming similarity, changing to an independent variable n= 5;
and taking & stream function in the form YV =AX F(7) | where
A 1is a constant, The velocity components are then
2 _ Aaf’

g = L3¥ -
r X
7 (2)

7 -k =2

Next, we assume an expression for the shear:
-1
T =Bex" i) (3)
Substituting Egs. (2) end (3) into Eq. (1) and simplifying
the resulting equation, ,
kS ’
A F'L J(F) n-2 o
S - = —F 31\ = BX - f
7,{ 7 il B 5 (7 F) (4)
and we now choose n =-1 go that x disappears from the equation
ani the similarity requirement is satisfied. Combining the two terms

on the left side, and mulitiplying through the eguation by ¢



which immediateldy integrates as
f= AT FF
B 7L
where the constant of integration is zereo.

This gives the shear in simplest form:

T = e .é’_lFF'

r'l_

although for calculation purposes, a more convenient form is

(5)

(8)



47

APPENDIX III: _ PROCEDURE FOR DOUBLE CORRELATION

MEASUREMENT IN HOT JET

The general technique followed in the measurement
of XV and OV correlations is that described in Section G
of Part I. The outline given there assumes a perfectly
symmetricel X -meter. Unfortunately, the measurements in a
flow with both velocity anmd tempersture fluctuations are even
more sensitive to meter unsymmetry than the 4V wmeasurements
in an isothermal flow.

Due to the difficulty of obtaining an instrument
symnetricael with sufficient accuracy, it was necessafy to
compute “V and ©v in the hot jet with no assumptions of
symmetry. Thus, the mean squares of the fluctuating veltages

of the two wires are

er = \3:@:+ 52 (—5—)1 + eg(-c%)L +291$l_§%“_ -2@,.¢, g% - 28.€&, %EL

Since there are two unknowns, readings must be taken
at two different hot-wire sensitivities. Then the two pairs

of differences give



N
&

G- = (o m(f) s (E v ar-e) &)

+2(0,8 - @S, —_——5 + 2(pE,+ .2 ‘);573' 1—2(5‘£,+312,)~L—*5,L-L

e = (e ) - E ) )

80’

+z (@8- 01 5.) 2(?8 e)35 +2(8's'+8,'€ )——-—

‘31\ ??f

Thus, the w'- , v'- and O- sensitivity of each
Ty u\* T~

wire must be determined separate}y. /g) , (’5') and {'(—j— )

are known from previocus measurements, and the sbove pair of

wo

Z‘]_L

linear eguations can be solved simultaneously for
3V

and .

8vu
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Figure 2a: Jet #1, view along axis
into orifice

Figure 2bs Jet #1, close-up showing
traversing mechanism
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Figure 4at Jet #2, general view

Figure 4bs Jet #2, close-up chowing
traversing mechanism
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Pigure 7: Four-wire, two-amplifier
hot=wire set
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FREQUINCY RESPONSE WITH TYPICAL COMPENSATION SETTING
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ta) r=0(on axis)

(b) r=45cm =1.07 "o

(c) r=75cm=179r,

{(d) r=95¢cm=226r,

(e)r=14.5cm=345¢,

Cne -inch heated jet, x=20d iameters
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