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Abstract

This thesis describes the construction of supersymmetric world-volume actions for
various kinds of extended objects that appear in string theory, the so-called p-branes,
D-branes and M-branes. We also present an application of branes to computing the

spectrum of a conformal field theory in the context of the AdS-CFT correspondence.
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Chapter 1

Introduction

When in 1984 Green and Schwarz [1] discovered the first quantum mechanically consis-
tent theory of strings there was high hope that one will be able to formulate quantum
gravity in terms of superstrings only. The advent of the “second superstring revolu-
tion”!, however, showed the importance of higher dimensional objects, in particular
of supersymmetric branes. We will try to introduce the reader to what, by now,
is a huge subject and we will present - sometimes in detail - various approaches to
building supersymmetric world-volume actions for various kind of branes. This work
is organized as follows: in the introduction, we explain why branes were considered
much less promising than strings and then we present the means by which they finally
gained the status of essential ingredients for string theory. The second chapter sum-
marizes various formalisms for superbrane actions, treating separately the so-called
p-branes, D-branes and M-branes. The third chapter presents in detail the flat-space
action for super-D-branes, following the work of [3]. The fourth chapter deals with
the M-theory fivebrane as presented in [4]. Chapter five introduces the AdS-CFT
correspondence and describes in detail an application to studying the spectrum of a

conformal field theory [5]. We end with conclusions.

1.1 Strings and Branes

Field theories have been extremely successful in describing all interactions except
gravity. The technical obstacle in writing a field theory of the graviton is non-
renormalizability, which basically means bad ultraviolet behavior. This bad behavior

is eliminated if one replaces point-like particles by minute? strings. This is what string

i.e., the discovery of D-branes, string dualities and M-theory, which all happened roughly in
1995.
20f the order of 10733 cm.



theory is about.
The classical bosonic string can be regarded as a generalization of the classical
relativistic particle (see [6]). The action for the latter is proportional to the invariant

length of the particle world-line

S = —m/dao\/—gmn(X)de dx (1.1)

do® do®

where m is the mass of the particle, X™ (o) are the spacetime coordinates (roman
indices run from 0 to d — 1, where d is the dimension of spacetime), gmn(X) is
the metric®, and ¢° parametrizes the world-line. This can be generalized to a p-
dimensional object by enlarging the set of world-volume coordinates to {o#} (greek

indices run from 0 to p) and using the formula for the volume swept out by the object

S =T, / &g\ [—det G, (1.2)

where Tp1; is a constant (the “tension” of the brane) and G, is the metric induced

on the world-volume

G = Gmn(X) 0, X™, X" (1.3)

We see that p = 0 gives back the action (1.1), while p = 1 is the so-called “Nambu-
Goto” action for the string. Similarly, p = 2 describes the membrane, and for generic
p one gets* the so-called “p-branes,” or simply “branes.”

The action (1.2) can be regarded as a (p+1)-dimensional field theory on the world-
volume swept out by the brane. From this perspective, spacetime coordinates X™ are
just a set of d scalar fields. Since gm.(X) is an arbitrary function of the X’s, we have
an interacting theory with arbitrarily high powers of the fields in the Lagrangian.
Such a theory is power-counting non-renormalizable unless the mass dimension of the
scalar fields is non-positive, i.e., unless p < 1. Consequently, for p > 1, we’re back to
where we started! This is why for a long time branes were considered less fundamental
than strings and of little use in building a quantum theory of gravity. We can choose

to ban the branes as inconsistent fundamental objects and concentrate on the study

3We use the “mostly plus” convention, in which a time-like interval is negative, which explains
the minus sign under the square root.
4This action was first proposed by Dirac in [7].
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of strings only. However, as we will see in the following two sections, branes reappear

in various ways in the context of the theory of strings.

1.2 Swupergravity and Branes

One way to encounter higher dimensional branes in string theory is by looking at its
low energy limit, which is (super)gravity theory. Supergravities (theories of gravity
with supersymmetry) were studied extensively in the ‘80’s as a separate subject which
— while keeping in mind the string theoretical motivation — will be our context in this
section.

The bosonic fields of typical supergravities are the metric (gms), a scalar field
called the dilaton (¢) and antisymmetric tensors of various ranks (Ap1)). Supersym-
metry requires an equal number of (physical) components in fermionic fields. We can
consistently truncate the theory by setting the fermionic fields to zero, which leads

to actions of the type
S=[dF Xv—-g|R- —1 Vi V™ h — —1 e“¢}7[2p 14
2 2(p + 2)! 2 (14)

Here a is a parameter controlling the interaction of the dilaton ¢ with the field strength

Flpt9) = dApp4q). This action leads to the following set of equations of motion:

1 p+1
= ———— | Frp.o FL 0% — F2 .5 Gmn 1.
Smn 2(p+1)'e ( q0---gpt n (p+2)(D—2) [p+2]g ) ( 5)
0 = Vp(erFmio-)
a
Op = — *F2
P = prant b

Our purpose in this section is to look for classical field configurations that solve
these equations and have the symmetries of an infinite hyperplanar brane®. Therefore,
we split the coordinates as follows: X™ = (z*,y'), where z* (u = 0,...,p) denote

coordinates along the brane and y* (i = p+1,..., D) denote transverse coordinates.

SNo actual brane, in the sense of the previous section, is introduced yet. However, we will refer
to the defining hyperplane as the “brane.”
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Translational symmetry along the brane and rotational symmetry transverse to the
brane require that all fields depend only on the transverse distance r = 1/y*y*. Our

ansatz for the metric is then
ds® = ezA(’)dx“dx”nm, + eZB(’)dyidijij (1.6)

For the scalar field the ansatz is simply ¢#(X™) = ¢(r). For the gauge field we have two

”6’ ie A(el) — €uo...upec(r)

possibilities: the first is to couple the brane “electrically o A

(other components zero), leading to a p-brane. In terms of the field strength the
ansatz is:

F;(:é)...up = 6“0."“},8,-60(’"), other components zero (1.7)

The second possibility is a “magnetic” coupling, in which only transverse components
of the field strength are non-zero, leading to a (D — p — 4)-brane:
J

F'(ma.g)

11..lp42 = Aeil---ip+2jrp+3’

others zero (1.8)

In the magnetic ansatz, the Bianchi identity dFj,49 = 0 constrains the r dependence,
leaving only the freedom of an overall constant A.

Solving the equations of motion (1.5) with these ansétze is still no easy task. How-
ever, since we are mostly interested in supersymmetric branes, we can further con-
strain the bosonic fields, because the supersymmetry variation of the gravitino has to
vanish’. The extra constraints are linear relations among the functions A(r), B(r), C(r)
which leave us with a single arbitrary function in the ansatz®. If we denote by d the
spacetime dimension of the brane and by d the dimension of the dual brane®, we

arrive at the solution [10, 11]:

ds* = HA(-I;EZ’F dz*dx"n,, + H=0= dy'dy’
e = HE¥ZE, with + (—) for the electric (magnetic) ansatz (1.9)
k
H(r) = 14+ —

rd

6By analogy with the electric coupling of a point particle to the Maxwell field.

“For details see [8].

8This calculation is presented in detail in [9)].

9For an electric brane d = p + 1, d=D —p—3, and vice-versa for a magnetic brane.
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where k is a parameter that sets the mass scale of the solution!® and

2dd
.2
A=a +t 55 (1.10)

In the electric case we also have
) = 2 g (1.11)

while in the magnetic case

(1.12)

A simple example is the membrane (p = 2) of D = 11 supergravity. The bosonic

action of the latter reads [12]
1 1

This is of the form (1.4) except for the F'F'A Chern-Simons term. However, it is easy
to check that for both the “electric” and the “magnetic” anséitze (1.7,1.8) this term
does not contribute to the equations of motion, so it can be safely ignored. Moreover,

tll

there is no scalar field present'!, so we can set a = 0. Then (1.10) gives A = 4.

Plugging in (1.9) we get the “electric” solution

K -2/3 k 1/3
ds® = (1 + r_G) dz*dz"n,, + (1 + r_6) dy™dy™ (1.14)
£\
Apy = €un (1 -+ E) , other components zero

This solution is similar to the Reissner-Nordstrom black-hole, having a degenerate!?
horizon at r = 0. Although the horizon looks singular in these coordinates, physical
quantities (curvature, field strength) are finite at r = 0. In fact, the above coordinates

do not cover spacetime completely, as one can see by setting r = (7¢ — k)l/ 6. In these

10k must be positive to avoid having naked singularities at finite r.

11The dilaton is characteristic of string theories; strictly speaking, eleven-dimensional supergravity
is not the low-energy limit of a string theory, but of the so-called “M-theory” (see also remark at
the end of this section).

12{ ¢., inner and outer horizon coinciding. Inside such a horizon the ¢ axis remains time-like.
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“Schwarzschild-type” coordinates the metric becomes

2 k 2/3 I k 2 ~2 ~2 2
ds* = [1—— dz*dz, + 1——F-é- dr* + 7dQs (1.15)

7

= k'/8 and we have added the interior region. There is a

=3

The horizon is now at

= 0 to which we will come back shortly. The interesting

=3

physical singularity at
property [13] of this solution is that it interpolates between two vacua of eleven-
dimensional supergravity: the Minkowski vacuum (far away) and the Anti-de-Sitter
(AdS) vacuum (near the horizon). To see this explicitly, it is useful to introduce the
“interpolating coordinates” [13] by further setting # = k*/(1 — R3)'/® which in terms

of the original coordinates corresponds to setting

R1/2

— L1/6 _
r=k (1 — R3)1/6

(1.16)

In these coordinates the metric becomes

1/3

k
ds? = R*(1 — R®)"Y3dg"dzx, + T1?,—2(1 — R®)Y3dR? + E'3(1 — R®)V3dQ2 (1.17)

The horizon is brought back to R = 0, the interior region is now R < 0, and the
singularity is infinitely far away “down the throat” at R = —oo. The near horizon
geometry is obtained by neglecting the R® terms in the above equation, which gives

1/3

ds? = R*dz*dz, + %-R-zd}z? + kY3402 (1.18)

This is the metric of AdS; x S” (see Appendix A of chapter 5). In the last chapter
we will see how this leads to the remarkable AdS-CFT correspondence.

To conclude this section, let us return to the physical meaning of the singularity
at # = 0. Unlike the Schwarzschild singularity, this singularity is timelike, i.e., a
delta function source. A more careful analysis [14] shows that this is precisely the
“Dirac-Nambu-Goto” membrane that we mentioned in the previous section. How
are we to intrepret the existence of such an object at the quantum level, given the

non-renormalizability of the membrane action? Eleven-dimensional supergravity is
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also non-renormalizable, but we have reason to believe since 1995 that there is a
well-defined eleven-dimensional quantum theory [16], called “M-theory,” which has
eleven-dimensional supergravity as its low energy limit. We do not know what the
“fundamental” formulation of M-theory is, but we do know that once we compactify
one dimension it reduces to Type IIA string theory. In fact, the fundamental string of

Type IIA is just a wrapped membrane [15]! We will come back to this in section 2.4.1.

1.3 D-branes

The real breakthrough for branes in string theory came in 1995, when D-branes were
understood [17]. In this section we attempt a very brief introduction to this huge
subject oriented towards the determination of the world-volume action of a D-brane.
For a thorough introduction the reader is referred to [18].

The first step in solving a string theory is to find classical solutions of equa-

tion (1.2) for p = 1 in flat background'3:

S =T, / Poy/—det G, (1.19)

A useful trick is to write down a quadratic form of the action, by introducing a

world-sheet metric v, [19]:

1 2 oT
S = ——é-/d oy/—det v Y Gor (1.20)

Solving the v equation of motion one finds that v,, = G, and one recovers the action
(1.19). The two actions being classically equivalent, we do not expect extra degrees
of freedom coming from v,,. In fact, the quadratic action has both reparametriza-
tion invariance (general coordinate invariance on the world-sheet) and local rescaling
invariance (Weyl symmetry). Together they allow (at least locally) the gauge choice
Yuv = Nuv- The action (1.20) takes the simple form

_ T, 2 m Qu
5_—2/daaﬂx 0" X, (1.21)

13; €., gmn = Dmn, the Minkowski metric.



with wave-like equations of motion
0,0 X™ =0 (1.22)

These equations have to be supplemented by appropriate boundary conditions. For
closed strings the world-sheet is a cylinder, so there are no actual boundaries; in other
words all fields are periodic in the space-like world-sheet coordinate o' = ¢. For open
strings, however, the world-sheet is a time-like infinite strip and we need to be more
careful. The time-like coordinate o® = 7 still runs from —oo to oo, but the space-like
coordinate o is bounded, and we will choose the limits to be 0 and 7.

The variation of the action is

58 = -T, / &0 8,(§X™)0" X,
= T, / &0 6X™8,0" X — T / dr (X™X")|°=T (1.23)

where the prime indicates a derivative with respect to the space-like coordinate o.
The first term vanishes by the equation of motion, while the boundary term vanishes

if one of the following conditions is imposed at the ends of the string:

a. Neumann boundary conditions — X =0, i.e., ends free;

b. Dirichlet boundary conditions — 6 X™ = 0, t.e., ends fixed.

Neumann boundary conditions were favored until 1995, because there was no need
to introduce another object to fix the ends of the string. In fact, this object exists
and is called a D-brane. We will now show that it is a necessary ingredient in a theory
of open strings.

The tool we need is T-duality. For pedagogical purposes it is convenient to start
with the theory of closed strings in D spacetime dimensions. To simplify the formulas

we introduce a fundamental length, which we then set to one:
1/, =V2e =1=1 (1.24)

where in passing we have introduced the quantity o', which is called the Regge slope.

The general solution of the wave equation (1.22) is the sum of a left-moving and a



right-moving part:

Xg(r—0) = w_2_ +ao(t—0)+ ), —O-[—]f—eik(“")
k£0
™ ar .
Xp(rto) = S-tao(r+ o)+ Y Theikre) (1.25)
k#0

Single-valuedness implies ot = &5* = p™/2. Here 2™ and p™ are the coordinates and
momenta of the center of mass!®.

Consider now compactifying a direction, say X(P~1, on a circle of radius R. The
(D — 1)** momentum is then quantized, p{P’~*) = n/R. On the other hand the string

can wind around the compact direction
XP-N(r 27) = XP-I(7,0) 4 2rwR (1.26)

where the integer w is the winding number. These conditions give

&((,D_l) + a((JD_l) = n/R
aP — P = wR (1.27)
These formulas are symmetrical under
R « 1/R
n & w (1.28)
agD—l) o _agD—l)

This transformation, called “T-duality” [20, 21] relates a compactification on a circle
of radius R to a compactification on a circle of radius 1/R with winding and mo-
mentum interchanged and a “parity” flip on the right movers only’®. We have seen
that the spectrum is unaffected, but it can be shown [22] that all interactions are
the same, order by order in perturbation theory. This physically identifies the two

compactifications (see discussion in [18]).

14The splitting of £™ into two equal parts is, of course, just a convention.
15We need to use the coordinate X’P-1 = X (P~ _ x(P~) {5 describe the T-dual theory.
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In the case of open strings the situation is still more interesting. Winding modes
do not exist in this case, but one can easily check that Neumann boundary conditions
for X(P=1) correspond to Dirichlet boundary conditions for X(P=1). This means that
in the T-dual theory we have a D-brane on which the dual string ends. The brane
fills all directions but the compactified one, so it is a (D — 2)-brane. Repeating the
procedure we can get Dp-branes of arbitrary dimension p + 1.

Studying the massless spectrum of open strings ending on a Dp-brane, we find
a (p + 1)-dimensional U(1) gauge field A, along the brane and D — p — 1 scalars
transverse to the brane. The scalars parametrize transverse fluctuations, which means
that D-branes are dynamical objects. These scalar fields correspond to gauge field

components of T-dual open string theories, the precise relationship being!®
X" =2rd A (1.29)

We conclude this brief introduction to D-branes by computing the world-volume
action. Consider a planar Dp-brane with constant gauge field F,,. We can Lorentz
transform it to bring F,, in canonical (two-by-two block-diagonal) form. We now
concentrate on a two-by-two block, and call its coordinates X! and X?2. We choose
the gauge Ay = X' F}y, and then T-dualize along X 2. The second coordinate becomes

transverse to the brane, and equation (1.29) implies that the brane is tilted,
X’2 = 27TO!IX1F12 (130)

Since the gauge field was dualized, the contribution to the action from directions 1,2

is proportional to the length of the remaining D-string,

/Xm JI+ (@x72)? = /Xm J1+ (2ra/Fyy)? (1.31)

Putting the blocks together and restoring Lorentz covariance, we arrive at the Born-

Infeld action [23]

S=-_T / o\ [=det (G +2ra'F,,) (1.32)

16For details see [18].
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For a more general (i.e., curved, gauge field not constant) D-brane, this formula
gives the leading contribution as long as fields do not vary appreciably on the scale

[ = v/2d'. For the rest of the thesis, we will set 27a’ = 1.
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Chapter 2

Supersymmetric Brane Actions

In this chapter we will review the construction of world-volume supersymmetric ac-
tions for various kind of branes, restricting our analysis to trivial! background, using
the formalism of [24, 3, 4]. We will see that for p-branes this is a relatively simple
task, while for D-branes and especially for the M5-brane it becomes significantly
more complicated. This partly explains why the latter were first written down almost
a decade after the former. In fact, the action for the five-brane of M-theory is a chal-
lenge even at the bosonic level; therefore, we will postpone its supersymmetrization

until chapter 4.

2.1 Supersymmetric p-branes

The first step in finding the supersymmetric extension of the p-brane action (1.2) is

to replace the spacetime coordinates X™ by superspace coordinates
ZM = (X™,0%) (2.1)

As discussed above, we assume that superspace is flat. Thus, in particular, the Dirac

gamma matrices for the appropriate number of dimensions obey
{I™, "} =29™", wheren=(—++...+) (2.2)
The coordinate supersymmetry transformations are

S0=¢c  5X™=el™f (2.3)

14.e., flat space and vanishing antisymmetric background fields.
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where ¢ is a constant infinitesimal spinor. We want to build the Lagrangian out of

supersymmetric quantities. These are 0,6 and
7 =9,X™—0r"o,0 (2.4)
The supersymmetric generalization of the induced world-volume metric (1.3) is
G = Mma I 1L (2.5)

Many subsequent formulas are written more concisely using differential form nota-
tion. In doing this one has to be careful about minus signs when Grassmann variables
appear. The basic rule that we use is that d = do#0, and do* is regarded as an odd

element of the Grassmann algebra. Thus, for example,
df = do*0,0 = —0,0do* (2.6)

There are various possible conventions that would be consistent. Ours, while perhaps
not the most common, is convenient. Taking § to anticommute with do# allows us to
keep track of just one (combined) grading instead of two®. In this notation, the two

supersymmetric one-forms are df and II™ = dX™ + 0I™df. We also have
dIlI™ = dfr™do (2.7)

Wedge products are always implicit in our formulas.

The generalization of the “Dirac” action (1.2) is

Sy = —Thut / o [—detG., (2.8)

This is not the full action, though. To find other supersymmetric terms that can

enter the Lagrangian, it is useful to consider the following rescaling® [24]

X™ 5 AX™ 0= Az6° II™ — ™ (2.9)

2For example, df is always even.
3This is just a convenient way to do dimensional analysis.
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The action (2.8) scales as
Sy — AP g, (2.10)

All terms that scale with higher power of A cannot be relevant for the fundamental
p-brane, which is assumed to be a structureless object. We can consider, however,
adding a “Wess-Zumino” term that scales like (2.10). This term is supersymmetric
up to a total derivative and can be conveniently expressed [25] in terms of a closed

(p + 2) form in superspace
Lz = dp41, Sy = Tp+1/ﬂp+1 =Ton1 / "o e VI (2.11)

This has the advantage that I,42 is typically a much simpler and more symmetrical
expression than ,4; and it can be constructed entirely from the supersymmetry
invariants df and II™. Thus the variation 6.(,4+; is closed and — assuming trivial
cohomology — also exact, which implies the invariance of Sy up to an unimportant®
boundary term.

In order to obtain the correct scaling (2.10) we need an I, of the form

1

IP+2 = (_1)p+1p!

o™ ... 1™ (dfTn,...m,db) (2.12)
where the coefficient is written down in anticipation of the kappa symmetry analysis
(see next section). This is nonvanishing only if ([ol'm,. .m,)as is symmetric in spinor
indices, which restricts the values of d and p. Furthermore, since I,4; is closed we

need to have

(dOT™ d6)(dOT m,..m,d0) = 0 (2.13)

This is a generalization of the well-known identity

I'™df(dOT,,df) = 0 (2.14)

4Strictly speaking, the Q appearing in Ss is the pullback to the world-volume of the superspace
form, but we do not make a notational distinction between superspace quantities and their world-
volume pullbacks.

5The boundary term vanishes for cases of interest, which include infinite branes or branes wrapped
around cycles.
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which is true in d = 3,4,6 and 10 dimensions, and is a necessary condition for the
existence of super Yang-Mills theories in precisely these dimensions. In our context,
it implies (and is actually equivalent to) the p = 1 case of (2.13), which corresponds
to the superstring of Green and Schwarz [1].

Analyzing (2.13) we find the necessary and sufficient condition®

mN

d—p—1=12="%
p 4

% (p>1) (2.15)
where m is the real dimension of the (possibly chiral) spinor representation in d di-
mensions (given in table 2.2 below) and N the number of supersymmetries. In the
next section we will see that (2.15) is precisely the condition for world-volume super-

symmetry. It gives the so called “old brane-scan,” which is represented in table 2.1.

2.2 Local Kappa Symmetry

Now that we have the two terms that have the correct scaling (2.10), let us see how
they link together into the supersymmetric p-brane action. In order to do this, we
need to understand the symmetries of the latter. Both S; and S; are manifestly
invariant under world-volume general coordinate transformations and spacetime su-
persymmetry. What about world-volume supersymmetry? The simplest check is to
count world-volume bosonic and fermionic physical degrees of freedom and see if they
match.

To get rid of unphysical degrees of freedom, we go to the so-called “static gauge”
X* = o, p=0,...,p (2.16)

This fixes general coordinate symmetry and leaves d—p—1 bosonic degrees of freedom
¢ =X i=p+1,...d. On the other hand, the number of world-volume fermionic

degrees of freedom is naively given by the following table:

SFor details see [24].
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N=1,2 N=1

11 0]

10 o« H

o«
3 «

Table 2.1: The “brane-scan,” composed of four sequences usually labelled R,C,H,0,
by analogy with the real, complex, quaternionic and octonionic fields.

We can easily check that the number of world-volume bosonic and fermionic de-
grees of freedom do not match. In fact, for the values of d and p that appear in
the brane scan, the number of fermionic degrees of freedom seems to equal twice the
number of bosonic degrees of freedom. This situation is familiar from the superpar-
ticle [26] and the Green-Schwarz string [1], and the resolution turns out to be the
same: there is a local fermionic symmetry, called “kappa symmetry,” which makes
half of the fermionic degrees of freedom unphysical. Once we fix it, we are left with
a world-volume supersymmetric theory. Indeed, imposing the Dirac equation leaves
us with n/2 “on-shell” fermionic degrees of freedom which are further reduced to n/4
by fixing kappa symmetry. These have to match the d — p — 1 bosonic degrees of
freedom, which is precisely condition (2.15).

We will now establish kappa symmetry of the action S; + S;. Leaving the kappa
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Dimension d|11(10(9 |8 |7 |6(5|4|3]|2
Minimal Spinorm |32 |16 ({16 [16 |16 |8 (8|4 |21

(2.17)

Table 2.2: Minimal real dimension of (possibly chiral) spinors in d dimensions.

symmetry variation 46 undetermined for the moment, we require that

§X™ = 0I™80 = —50T™0 (2.18)
It follows that
S = —260T™9,0 (2.19)
Equivalently, one can write
SII™ = 250T™d6 (2.20)

Another useful definition is the “induced vy matrix”
% = 07Ty, (2.21)
Note that {7,,7,} = 2G .. These formulas imply that
§G,, = —260(7,0, + v.,0,)0 (2.22)
Now let’s consider a kappa transformation of S using
6Ly = § (—/=detG) = _%m t(G16G) = 2v/=detC 567, 8,0  (2.23)

We will set up the proof so that it easily generalizes to the case of D-branes. Proceed

by rewriting this variation in the form

Ly = 260+ T¢,0,0 (2.24)
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where
(vP)* =1

(2.25)

It is not yet obvious that this is possible. The proof that it is, and the simultaneous

determination of y(?) and Ty, will emerge as we proceed.

It is useful to define

p(p) — 1/ _dethy(p)

so that eq. (2.25) becomes
(pP)? = —detG

The requirement

\/m ,-quIJ-V = ’)’(p)T(l;))

can then be recast in the more convenient form
P(p)7u = T(;)th

It is also useful to represent p{®) in terms of an antisymmetric tensor

P = G P
or, equivalently, by a (p + 1)-form
1 B ] B2 Bp+1
Pp+1 = (P+ 1)!pu1u2-..up+1d0 do*? . ..do"?

Similarly, the vector T¢, can be represented by an antisymmetric tensor

1
T(:;) — __'euluz...upuTylyzmup

p!
or, equivalently, by a p-form

1 1% 14
T, = ;!T,,m,_‘ypda 1...do"?

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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In order to achieve kappa symmetry, we require that
8Ly = 260T;,0,0 (2.34)
so that adding eq. (2.24) gives
8(Ly + La) = 260(1 + 4)T¢,,0,6 (2.35)

Since 1(1++(?)) are projection operators, 6 = &(1—~(P)) gives the desired symmetry.

In terms of differential forms, the kappa variation of S, is
55, = 2(—1)P*! / §6T,do = § / Qpin (2.36)
The preceding formula and the definition I,42 = dQ,41 imply that
§Ipra = 2(— 1)1 d(80T,d0) = 2(—1)"*' (6d0T,d0 — 66dT,do) (2.37)

This equation is solved by
Ipro = (—1)P*1d0T,do (2.38)

if we can show that
d%TpdG + 259_dTpd0 =0 (2.39)

A corollary of this identity is the closure condition dI,. = d8dT,df = 0.

If we define the matrix-valued one-form
Y = y,dot =1I"T,, (2.40)

then the solution of egs. (2.27) and (2.29) can be written compactly as

1 1
0T 1)!11)”“ and T, = ;!1/)” (2.41)

Pp+1 = (

Indeed, one can easily check that (2.39) is also satisfied. We therefore recover (2.12),

confirming its coefficient. This completes the proof of kappa symmetry and the con-
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struction of super p-brane actions.

2.3 Supersymmetric D-brane Actions

We can repeat the above procedure for the case of D-branes. Some of the proofs are
more involved, and we postpone them until chapter 3. However, we briefly list the
results here, because the following section assumes some familiarity with them.

We will study the super Dp-branes of type IIA (p even) and IIB (p odd) string
theory. These theories both have d = 10, so we need 32 x 32 Dirac matrices ['"*. We
can also define I'y; = [’y ... 'y, which satisfies {I';;, "™} = 0 and (F11)2 = 1. Type
IIA has a 32 component Majorana spinor § which can be decomposed as 6 = 6, + 05,

where

1 1
b, = :2'(1 +Tu)d, 6= 5(1 —T'u)f (2.42)

These are Majorana—Weyl spinors of opposite chirality. For Type IIB, there are two
Majorana-Weyl spinors 8, (o = 1,2) of the same chirality. The index a will not be
displayed explicitly. The group that naturally acts on it is SL(2,R), whose generators
we denote by Pauli matrices 71, 75. (We will mostly avoid using i3, which corresponds
to the compact generator.)

Once again, the world-volume action is given by a sum of two terms, S = 5; + .5,.
The first term is the supersymmetric generalization of the Dirac-Born-Infeld action

(1.32):

S =— / & o\/—det(G + Fou) (2.43)

where for convenience we have set the tension to one. The supersymmetrization of

the field strength in the above is given by
fuu = Fu.l/ - b,ul/ (244)

where b is a two form written in terms of fermions only, whose supersymmetric varia-
tion is ezact, thus allowing one to define the supersymmetry variation of A such that

F is invariant”. The second term is a “Wess-Zumino” term similar to (2.11). Using

"For details see section 3.1.
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the notation of the previous section, we find that for p even, corresponding to type

ITA, we can introduce the following formal sums of differential forms:

pa= Y, ppy1 and Ty= > T, (2.45)

p=even p=even

Then the solution is described by the formulas

pa=¢e Ss(¢p) and Ta=e" Ca() (2.46)
where
1 1 1
SA(d)) =Ty + 5"/’3 + :5—'Fu7,b5 + ﬁd; +... (2,47)
1, 1 e, 1 6
Ca(¥) = I+ 59" + Flud® + 5%+ (2.48)
! 41 6!
Thus,
1 3 1 s, 13, 1
P1 = F11¢, pP3 = —6-1/) +fl-‘111/), Ps = mFlld) +af’¢) +§F Fll’l,b, etc. (249)
and
1, 1 e, Lo 1 5
To=Tu, T)= 51/) + Fln, Ty= ﬂr‘ll'@b + 5f1/) + 5.7'— [, ete.  (2.50)

Separating positive chirality (6;) and negative chirality (6;) subspaces, p4 and T4

can be rewritten as 2 x 2 matrices

e 2, =)

and

Ty =" ( Coséw —czw ) (2.52)

The solution for p odd (Type IIB) is very similar. In this case we define (the
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subscript B denotes 1IB)

pe= 3 ppt1 and Tp= > T, (2.53)
p=odd p=odd

The solution is given by

pPB = efCB(zp)Tl and T = 6}-53('9/))7'1 (2.54)
where
1 1 1
Sp(¥) =9 + 57'31/)3 + 5;1/)5 + 57'31/)7 +... (2.55)
1 ., 1 ., 14
Ce(¢) =1+ ﬁd’ + 57'3?/) + ad) + ... (2.56)
Thus
1 5 . 1. 4,1 2, 1. 1
p2 = —10° + 1T F, P4 = —im)” + =T Fp  + —imF°, etc. (257)
2 24 2 2
and
1.
Tl = Tl'l,b, T3 = EZTQ’QZJS -+ 7"1]'_7,[), etc. (258)
Displaying the Pauli matrices explicitly, pp and Ts can be rewritten as 2 x 2
matrices
0 cosh
pg=¢€" v (2.59)
—cos 0
and
0 sinh
T =" v (2.60)
sin ¥ 0

The proofs for the above formulas will be given in chapter 3.

2.4 Super M-branes

As we have seen in the introduction, eleven-dimensional supergravity (and hence M-

theory at least in the low energy limit) admits two types of branes: an “electric”
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membrane and a “magnetic” fivebrane. The membrane is a regular p-brane and thus
appeared in the brane scan as d = 11, p = 2. We will write down its action explicitly in
the following subsection and show that double dimensional reduction leads [15] to the
type IIA superstring, while world-volume duality [36, 37| relates it to the D2-brane.
The rest of this section is devoted to the construction of the bosonic world-volume

action for the fivebrane, which in itself is a nontrivial task.

2.4.1 The Super-membrane

Since we want to study the double-dimensional reduction of the membrane to the
fundamental string of type IIA, it is useful to set up a notation which distinguishes
eleven-dimensional indices from their ten-dimensional counterparts. We will therefore
denote the eleven-dimensional coordinates by XM (capital index). The index M
takes the values M = 0,1,...,9,11. Skipping M = 10 may seem a bit peculiar,
but then X! is the eleventh dimension. Also, the Dirac matrix I'y; = [l ... Ty,
which appears in ten dimensions as a chirality operator, is precisely the matrix we
associate with the eleventh dimension. The fermionic coordinates 6 are 32-component
Majorana spinors. We also denote membrane indices by f,7,... = 0,1,2 reserving
un-hatted indices for the string (i, v,... = 0,1). The ten-dimensional type IIA metric
is denoted by g, .
The “Dirac” term in the action is given by (2.8):

Sy =T / Poy/—detG (2.61)
while the Wess-Zumino term is characterized by the form (2.12):
I = —%(d@FMNdH)HMHN (2.62)

A simple calculation based upon the gamma-matrix identity (2.13) shows that the

corresponding Wess-Zumino action is

Sy = — / 6T rrndb (%HM my — %éI‘M dorv — ééI‘M do ory da) (2.63)



24

Consider now compactifying the eleventh dimension and wrapping the membrane
once around the compact dimension. For simplicity, we take the compact direction
to be a unit circle®. If o2 runs from 0 to 2w, parametrizing the compact direction, we

need to identify
XM = o? (2.64)

Dropping then all implicit 0> dependence amounts to extracting the zeroth Fourier
mode and gives the so-called “double-dimensionally reduced” action. Defining C; =
fr''df (in components C, = —6I''19,8), the determinant of the metric decomposes

as follows:

9w +CLC, | Cy Guv

det Gy = det = det =det g,,  (2.65)

C, 1 0 1

Therefore, the first term (2.61) in the membrane action reduces trivially to the
“Nambu-Goto” action of the string, with tension 75 = 27713, as expected for a mem-
brane wrapped around a unit circle. For the “Wess-Zumino” terms, we note that

since we can write 03 in the form Q3 = do?Q,, we also have
I = dQ3 = dQydo? = Izdo? (2.66)
Therefore, using (2.62) we easily identify

.[3 == (déFlandﬂ)H”
= (df,T,d6,)I" — (df,T,db,)IT" (2.67)

where in the second line we decomposed the Majorana fermions into their Majorana-
Weyl constituents. (See definition (2.42) above.) This is the “Wess-Zumino” form
that characterizes the Green-Schwarz string. (See, for example, page 253 of [6].)

We have shown that a wrapped membrane is a string. A second interesting possi-

8this corresponds to a vanishing dilaton in the resulting type IIA string theory.
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bility is to exchange the eleventh coordinate with a vector field A,,, using world-volume
duality. This leads to the D2-brane action. This is actually how the first supersym-
metric world-volume action for a D-brane was written down [36]. One way to perform

the duality is by adding to the action a Lagrange multiplier term®

Sp = — / Por/—detG, + / Qa(I1, X™, 0) + / FoA(IEL — 5,X™ — C,) (2.68)

and treat IT'! as an independent field. The X! field equation implies that A* is

divergence-free, thus it can be written as the curl of a vector field A4,:

1
N = 70,4, = S F, (2.69)

When we plug the above in the action the X! term drops out. We still need to get
rid of II'!. To organize the calculations it is useful to identify quantities relevant to
the dual D2-brane action. First of all, we expect to encounter the two-form b which

makes F' supersymmetric (2.44). We define the closed (and exact) form!®
db = —dOT, ', dOTI™ (2.70)

and postpone to section 3.1 the explicit determination of b. For the pupose of this

calculation, we only need to recall that the supersymmetrized version of F is (2.44)
F=F-b.
Secondly, the “Wess-Zumino” term of the D2-brane action is characterized by (see
(2.38, 2.50))
~ /1
I4D = —db (51/)2 + FFu) df = —d(C3 + 01.7'—) = ngD (271)

with ¢ = I'™Il,,,. Since dC; = diT,,do we get the relation

9The tension is set to one for convenience. Also, since all world-volume indices are three-
dimensional, we drop the hats.
'Up to a minus sign, this is the “Wess-Zumino” form I3 for the Green-Schwarz string; see 2.67.
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Coming back to the membrane “Wess-Zumino” form (2.62)
Ii= —%(d@anda)HmH“ + (d0Ty, T, dg) I 11

we see that
d(Cs + bdX”) d07,[)2d0 mdb = — 1,

which gives
Qa(IT™, X™,0) = —b IT' — C3(X™, 0) + bC1(0)

Since
det G, = det(gu + I = (det g)(1 + 1T g ILY) = (det g)(1 + )

the IT'! equation of motion takes the form

Consequently

1 —det ¢

- ;,prH —

3¢ P 1+z

| 11 v pil _ 2z
tr Fg~Fg = 2[['G*I' = ——
14z
Collecting these results we get the action
Sp = —/d3a\/ (—det ¢)(1 + @) +/ F(II'" ~ Cy) — Cs)

= —[eo|SD [erar
= —/d3 \/ —det g) (1 — %tr fg"lfg_l) +/93D
= —/d3a\/—de—t(g+—.7:)+/QaD

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

The last step, valid for three by three matrices, can be easily checked in the diagonal

basis. As expected, the last line is the supersymmetric D2-brane action [41, 36, 42].



27

2.4.2 The Self-Dual Antisymmetric Tensor in Six Dimensions

Consider a D4-brane of type IIA. If we take the strong coupling limit, type IIA
develops a circular extra dimension. The resulting brane must be a five-brane wrapped
on this extra dimension, since there are no four-branes in M-theory. It is now easy
to guess the world-volume field content of the five-brane: besides the 5 = 11 — 6
scalars parametrizing transverse motion, there must be a two-index antisymmetric
tensor B,, which corresponds to the gauge field A, on the D4-brane. More careful
consideration, as we will see shortly, requires this two-form to be self-dual, so that we
get precisely the bosonic fields of the so-called A = (2,0)!! supersymmetric tensor
multiplet.

For reasons that will become clear in a moment, we use o#, pu = 0,...,4, to
specify a set of five-dimensional coordinates, while the full set of six world-volume
dimensions is parametrized by o#, 4 = 0,...,5. Define the field strength and its
dual by

H*,;I; = 6ﬁBg,;+8,;B,;,;+8,;Bﬂ,; (280)
aee = %e’wﬁ’\”H)\M (2.81)

It is instructive to consider first the free theory. The equation of motion is then
the self-duality condition H = H. There is no way, though, to write down a Lorentz-

covariant action in terms of Bj;'%.

This happens because the quadratic action H?
describes the propagation of both self-dual and anti-self dual degrees of freedom, and
there is no covariant way to drop the latter while keeping the former [27].

One way around this problem is to drop manifest covariance by choosing a pre-
ferred direction, say o°® [32]. Under o = (o*,0°%), B;; decomposes into B,,, and
A, = B,s with field strength F,, = 0,A, — 0,A,. Then H;;; decomposes into Hy,,

and

:F;w = s = F;w + aSB/.w (282)

If we define
~ 1
H" = ge”””k"H,,,\,, (2.83)

1The multiplet also contains two spinors of same chirality.
12A formalism involving an auxiliary field will be described in section 2.4.4.
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the self-duality equation becomes
H,=F. (2.84)

This is a first order equation, which is hard to get from a Lagrangian. We can get a

second order field equation by using the Bianchi identity for F,:
P9 (Hy, — 05Br,) = 0 (2.85)
This field equation follows from the action [28, 29, 30]
1 . ..
5=3 / & (H" 8B, — A [, (2.86)

Although this action has only five-dimensional Lorenz covariance, we know that it
must be invariant under the full six-dimensional Lorentz group, since it encodes the
free propagation described by the self-duality equation. This can be checked explicitly
(see [32]).

The formalism above allows an easy generalization to the interacting theory. We

will present the results, referring the reader to [32] for details. Define

1 ~
zZ1 = §tl‘(H2)

2 = %tr(f{“) (2.87)

Six-dimensional Lorentz invariance then restricts the form of the action to the class
1 ~
5=3 / Eo(H"05B,, + f(21, 22)) (2.88)

The function f(z1,22) is subject to the nonlinear partial differential equation [13]

f+afifat (%Zf —z)f; =1 (2.89)

where f; = a%é,z’ = 1,2. In the next section we will see that the self-interacting theory

that lives on the five-brane has an action of this type.
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2.4.3 Fivebrane Action Without Manifest Covariance

To proceed with the study of the five-brane action, we need to introduce the induced
metric G;;. The corresponding 5d pieces are G, G5, and Gss. Let G denote the
6d determinant (G = det G;;) and G5 the 5d determinant. Upper indices denote
components of the inverse 6d metric G*”. The ¢ symbols are purely numerical with
€*1234 = 1 and €#*P? = —¢,,,no. A useful relation is G5 = GG®®. All formulas will be
written with manifest 5d general coordinate invariance.

The self duality condition

]. Ao *6_ -
Hppp = ﬁGm'GwGﬁﬁfﬁ“ P 3 (2.90)
together with the definition of A (2.83), give
1 II/l I)\g 3 ~ l/l !
H;wp = Guu’GW' Gpp’fu g HA£5 - _G[/J,EGVI/’Gp]p'H . (2-91)

WG WA

If we multiply this by 2e#*#?°” and use the definition of the determinant in the form
e“”paTGuulGW,Gpp/Gaa,GTT/ = —Gsé,yylplgl.r/ (2.92)

we get
Hys = Ku (G, H) = K{) + K (2.93)

where

V=G

KO = HG),, .
ny (_GS) (G G)M (2 94)
(e G*> - Ao
A,E,,) = 61“’/’)\‘7_2—65_5_
On the other hand, since
HIW5 - 85Bm, + a#B,,5 - a,,Bus (295)

taking a curl eliminates By leaving a second-order field equation that involves B,
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only:
1 uvpio 1 uvpAo LTy
-2-6 BPK,\(, = 56 858,,3,\,, = 85H (296)

The R.H.S. of this equation clearly comes from the Lagrangian

1 =
Ly = -7 H*5:B,, (2.97)

In order to find the Lagrangian L’ that gives the L.H.S. of (2.96), we use

SL'  §HY §L' 1, SL
= — = —"oPLY —_— .
5B,, ~ 6B, oiw 2¢O (6HM) (2.98)
which leads to the identification
6L
K, =—— 2.99
K 6Hl“j ( )

We thus arrive at the Lagrangian first presented in [29]: L = L'+ Ly = Ly + Ly + La,

where!3

V-G o
L, = t .
1 (=GCs) r(GHGH) (2.100)
1 G . v e
Ly = gfuup/\aa'g‘gH“ H*

The generalization to the interacting theory is natural in this setup. All we need

to change is L; which becomes
L = V—=Gf(z1,2) (2.101)

Ly and L3 remain the same. The z variables are straightforward generalizations of

(2.87):

, tr(GHGH)
' 2(—Gs)
_ t(GHGHGHGH)
z = 1=G,)? (2.102)

13The formula given in ref. [31] has been rescaled by an overall factor of —1/2.
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The trace only involves 5d indices:
tr(GHGH) = G, H* G, H* (2.103)

Six-dimensional coordinate invariance is not guaranteed in this formalism and needs
to be checked explicitly. We denote the infinitesimal parameters of general coordinate
transformations by ¢* = (£#,€). Since 5d general coordinate invariance is manifest,

we focus on the { transformations only. The metric transforms in the standard way
0¢G o = €05Gps + 036 Gss + 95€Gs (2.104)
Naively, 6¢ B, = Hs,,, but Hs,, is not a field in this formalism. The natural guess

is to replace it with

_or

o= = KD+ KD fo+ K (2.105)

which is the value of Hs,, given by the equation of motion (2.93). Therefore, we

postulate the transformation law
6By = Ky (2.106)

which includes the “nonlinear contribution”

ke - V=G
224 (_05)2

(GHGHGHG),, (2.107)

Assembling the results given above, ref. [31] showed that the required general
coordinate transformation symmetry is achieved if, and only if, the function f satisfies

the same equation (2.89) which was required by Lorentz invariance:

Rtafift (G- =) =1 (2.108)

As discussed in [32], this equation has many solutions, but the one of relevance to the
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M theory five-brane is

1
f= 2\/1 +21 + 52’% ) (2.109)

For this choice L; can be re-expressed in the Born-Infeld form

L, = —\/—det (Gﬁg + iGﬂpG,;,\f{p)‘/\/ —G5> (2.110)

This expression is real, despite the factor of 7, because it is an even function of H.
Eliminating the factor of « would correspond to replacing z; by —z;, which also solves
the differential equation. However, it is essential for the five-brane application that

the phases be chosen as shown.

2.4.4 Fivebrane Action in the PST Formulation

A manifestly covariant version of the above was obtained by Pasti, Sorokin and
Tonin [33] using techniques developed in [34]. Instead of choosing a special direc-
tion, they introduce an auxiliary scalar field a. This so-called PST formulation has
new gauge symmetries (described below) that allow one to choose the gauge B,s = 0,
a = ¢® (and hence Jza = &3). In this gauge, the covariant PST formulas reduce to
those of the previous section.

Equation (2.110) expressed L; in terms of the determinant of the 6 x 6 matrix

GG

My, = Gps + Z\/—_—a-—a?g

P (2.111)

In the PST approach this is extended to the manifestly covariant form

M = Gas + i—Mﬁfé‘,. (2.112)
—G(Ba)?
The quantity
(0a)? = G*§;00;a (2.113)

reduces to G®° upon setting Jza = 83, and

A

a2 | BRSO
Hp’\ = ge”’\’“"”Hﬂ,;&a;a (2.114)

cov.
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reduces to H?*. Thus M 52" replaces My, in Ly. Furthermore, the expression

1 . .
1 _ v a2y R
L = _WH&V.HMUPGP 8/\a (2115)
which transforms under general coordinate transformations as a scalar density, re-
duces to Ly + L3 upon gauge fixing. It is interesting that L, and L3 are unified in
this formulation.
Let us now describe the new gauge symmetries of ref. [33]. Since degrees of freedom

a and B,s have been added, corresponding gauge symmetries are required. One of

them is
(SB[“; = 2¢[ﬁ8,;]a (2116)

where ¢; are infinitesimal parameters, and the other fields do not vary. In terms
of differential forms, this implies § H = d¢da. fIé’o’\v is invariant under this transfor-
mation, since it corresponds to the dual of Hda, but dada = 0. Thus the covariant
version of L, is invariant under this transformation. The variation of L', on the other
hand, is a total derivative.

The second local symmetry involves an infinitesimal scalar parameter p. The

transformation rules are 8G;; = 0, 8a = ¢, and

1 5
5Bﬁ;, = W@HﬁpﬁG” 8:\61, -+ QOV[“; (2.117)
where the quantity Vj; is to be determined. This transformation is just as complicated
as the non-manifest general coordinate transformation in the non-covariant formalism.
Rather than derive it from scratch, let’s see what is required to agree with the previous

formulas after gauge fixing. In other words, we fix the gauge d,a = ¢} and Bys = 0,

and figure out what the resulting £ transformations are. We need
da=p+E0sa=p+¢=0 (2.118)
which tells us that ¢ = —£. Then

1 =
(Sng.u = W@HuyﬁGp)\aj\a + QO‘/LW + €H5ﬂ,l/
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= _6 (g:: HIWP + Vw) - E(K(E) V) (2'119)

Thus, comparing with egs. (2.106) and (2.105), we need the covariant definition
Vi = —2—1 (2.120)

to achieve agreement with our previous results.

To summarize, we have learned that the covariant PST formulation has new gauge
transformations, and one of them encodes the complications that end up in general
coordinate invariance after gauge fixing. Thus this formalism is not simpler than the
non-covariant one. However, it is more symmetrical, and it does raise new questions,

such as whether there are other gauge choices that are worth exploring.



39

Chapter 3

D-Brane Actions in Flat Spacetime

In this section we will present in detail the construction of supersymmetric D-brane
actions in a trivial supergravity background, following [3]. A preview of the construc-

tion was already given in section 2.3.

3.1 Gauge-Invariant D-Brane Actions

We have already seen that the world-volume action is the sum of a “Dirac-Born-Infeld”
(1.32) and a “Wess-Zumino” (2.11) term. They are manifestly invariant under (p+1)-
dimensional general coordinate transformations and supersymmetry. The counting
of bosonic degrees of freedom involves now, besides the 9 — p transverse scalars ¢;,
the p— 1 physical degrees of freedom from the gauge field A, for a total of 8 bosonic
modes. We therefore need kappa symmetry to eliminate half of the 32 fermionic
coordinates of type II supergravity. The “on-shell” condition further cuts the number
by two, leaving 8 physical fermionic modes that match the bosonic modes giving a
world-volume supersymmetric theory. We will see in detail how this works in section
3.2.

To proceed with the analysis of the symmetries, we need to supplement the for-
mulas for the p-branes with formulas for the variation of the gauge field A. In fact, in
section 2.4.1 we already found the full supersymmetric action of the D2-brane (2.79)
by dualizing the eleventh coordinate of the M2-brane action. It can be used to guess
the supersymmetric version of the field strength, F = F' — b. Indeed, from (2.70) we

have
db = dOI'y, T, dOTI™ (3.1)
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which is manifestly supersymmetric. A straightforward application of (2.13) gives
b= —QT4,T\do (de + %O_Fme) (3.2)
In components the formula for b becomes
by = 11108, (ayxm - %9Fma,,0) (g ) (3.3)

This is the formula for p even. When p is odd, T'y; is replaced by 75. As we discussed
in section 2.3, the crucial feature of this choice of b is that .b is an exact differential
form. This implies that F is supersymmetric for an appropriate choice of §.A. To be

explicit, using eq. (2.3)
§b= —el1iT,ndf (dxm + %ér’"da) + %énlrmdagrmda (3.4)

This must be an exact differential form, because db is supersymmetric. To prove it

explicitly, we substitute § = 6; + 02, using eq. (2.42):
6eb = (6T mdby — &1 d2)dX™ + €1, d0,0, T db; — &1, d020,1™ db, (3.5)

The next step is to use the following fundamental identity! which is valid for any

three Majorana—Weyl spinors Aj, Az, A3 of the same chirality,
Fm)ngFm)\:; + FmAg/_\3Fm/\1 + Fm)\3/_\1Fm)\2 == 0 (36)

This formula is valid regardless of whether each of the A’s is an even element or an odd
element of the Grassmann algebra. (Note that 6 is odd and df is even.) It implies,

in particular, that

_ _ 1 _
&l d0, 6,77 d6; = _%alrmaldalrmdol = —gd(EIFmHIGIFmd&) (3.7)

1 This is basically the same as (2.14), which was crucial for the existence of the Green-Schwarz
string.
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Thus 6.F = 0 if we take

To determine the kappa variation of the gauge field one first uses eqs. (3.2) and
(2.18) to compute

§b = —260T T, dOTI™ + d( — 60T, T, 0TI + %wrurmaérmda - %65Fm9§F11Fmd0)

(3.9)
Then, to obtain a relatively simple result for 6.F, let us require that
§A = —60T T, 01" + %Mrnrmoér’"da — %551""05F11Fmd0 (3.10)
The variation of F under a kappa transformation is then
§F = 260, T,, dOTI™ (3.11)
or in terms of components
6F,, = 260T11(7,0, — 7.,0,)0 (3.12)

These are the formulas for the Type IIA case (p even). In the Type IIB case (p
odd), one should make the replacement I';; — 73. (I'y; must not be anticommuted
past another I' matrix before making this substitution!) The normalization of the
two-form b in the preceding section was chosen so that the formula for §F obtained
in this way would combine nicely with the formula for §G in eq. (2.22).

Now we are ready to establish kappa symmetry of the action by the procedure of
section 2.2 and prove the results stated in section 2.3. Consider a kappa transforma-

tion of .57 using

511 =5 (—y/=det(G + 7)) = —%,/—det(a T A)l(G+ F)N (G +6F) (3.13)
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Inserting the variations 6G,, and §F,, given in egs. (2.22) and (3.12) gives

6Ly = 2y/—det(G + F)307,{(G — FT11)*}*9,0 (3.14)

For p odd T'y; is replaced this time by —73, since it has been moved past v,. Again

the key step is to rewrite this in the form (2.24).

p® = \/—det(G + F)y® (3.15)

This time we define

so that eq. (2.25) becomes
(p®P)? = —det(G + F) (3.16)

and we can recast the requirement

V=det(G + F)y{(G — FTuu) '} =413, (3.17)

in the more convenient form
pPly, = Ty (G = FT11)uu (3.18)

Once we established this notation, the formulas are identical to those in section 2.2.
To prove the results of section 2.3 we need to check that they satisfy equations

(3.16,3.18,2.39). This is done in Appendices A,B,C of this section.

3.2 Super D-Branes in Static Gauge

In section 2.2 we talked about how one gets rid of unphysical bosonic degrees of
freedom by going to the static gauge (2.16). Now that we understand kappa symmetry
we can use it to eliminate unphysical fermionic degrees of freedom. A natural kappa
gauge choice that leads to surprisingly simple and tractable formulas is to set one of
the two Majorana—Weyl spinors that comprise 6 equal to zero. Specifically, in the

IIA case we set §3 = 0. The surviving Majorana-Weyl spinor, 6y, is then renamed
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A. We could do the same thing for the IIB case. However, for the conventions that
have been introduced in the preceding sections, it is more convenient to set 8; = 0
and 8, = ) in the IIB case. This will result in formulas that take the same form in
both cases.

After gauge fixing, A becomes a world-volume spinor, even though the 8’s were
originally world-volume scalars, as a consequence of the identification of X* with
o*. When p < 5, the gauge-fixed world-volume theory has extended supersymmetry.
In this case the 32-component Majorana—Weyl spinor A actually represents a set of
minimal spinors. However, we find it convenient to leave it alone rather than to
decompose it into pieces.

To see how our proposed gauge choice works, let us consider the global supersym-
metry transformations with parameter €, which we now decompose into two parts
called €; and €;. In the ITA case €¢; and ¢; have opposite chirality, while in the I1IB
case they have the same chirality. Nonetheless, all the formulas that follow are valid
for both cases (unless otherwise indicated). Since supersymmetry transformations
move the variables out of the gauge, it is necessary to add compensating general

coordinate and kappa transformations that restore the gauge®

60 = e+R(1—~P)+¢49,0
6X™ = &amf— k(1 —yP)I™6 4 £49,X™ (3.19)

From the structure of p4 and pp displayed in egs. (2.51) and (2.59), one sees that
the matrix ¥ is off-diagonal in both the ITA and IIB cases. Thus we write it in the
block form

0 (p)
A ¢ (3.20)
CJ
The equation [y(®]? = 1 then becomes
C(p)g(p) — g(p)c(p) =1 (3.21)

There is no reason that the square of () should be anything simple. In this notation,

2Exactly the same sort of reasoning can be used to argue that the gauge choice is consistent in
the first place.
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the requirements §0; = 0 and §X* = 0 in the IIA case become

0 = &+kg— k()
0 = D%\ — (R — RPN 4 ¢+ (3.22)

The above equations are solved by
Ry — RpClP) = gy¢® (3.23)

¢ = (e(® — &)r*x (3.24)

For these choices the total supersymmetry transformations of the fields that remain

in the gauge-fixed theory are

AN = & +&(™ +¢40,)
A¢ = (& — (PN +€49,4
AA, = (&™) —&) (T, + ')A
+(§al — GCPT AT O, + €20, A, + 8,£° A, (3.25)

Note that the index m is a 10d index, which includes both x and : values. The
parameter £ in these equations is understood to take the value given in eq. (3.24).

In the IIB case, one finds exactly the same set of gauge-fixed supersymmetry
transformations except that the labels 1 and 2 on € and & are interchanged. Since
there is no fundamental distinction between them, anyway, we simply interchange
these labels in the IIB case, so that the formulas then look identical to those of the
ITA case. Thus (3.25) describes the symmetry transformations of our gauge-fixed
theory for all values of p from 0 to 9.

Now let’s look at the actions that result from imposing the gauge choices on the
gauge-invariant D-brane actions. Recall that the Wess—Zumino term S, is character-
ized by the (p + 2)-form I,.o = £d0T,df. The crucial fact is that 7, connects §; and
6 in both the ITA and IIB cases, so that I,,5 o< dfy(...)df;, which vanishes for §; = 0
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or 03 = 0. Therefore, only S; contributes to the gauge fixed action. The result is

S® = _ / &+ o\/—det M®) (3.26)
where M;(j’j) = fo;,) + .’F;(f,'j), and

G® =1, +0,60,6' — AT, + [i8,8)0,A — A(T, + 1:0,6)9,A + AT, AT, )
(3.27)
F®) = Fu — My + T:0,8)0,A + AT, + [:8,6)8,\ (3.28)

Thus
M®) =n,, + Fu + 0,8'0,¢' — 2A(T, + 1:0,6)9,X + A9, A0T'8,4  (3.29)

If we have made no errors, the action S® in eq. (3.26) should be invariant
under the €; and ¢, transformations given in (3.25). However, as a check of both our
reasoning and our mathematics, it is a good idea to check this explicitly. In Appendix
D we show in detail that the variation of the integrand of S is a total derivative, as
required. Thus we are confident that the action and the symmetry transformations
are correct.

The action S®), which describes a p-brane in a flat space-time background, is
(maximally) supersymmetric Born-Infeld theory. In particular, for the case p = 9, we
obtain supersymmetric Born-Infeld theory in 10d. In this case there are no transverse
coordinates ¢ and the target space index m can be replaced by a Greek world-volume

index. The resulting formula is given by
M) = nu, + F,, — 2XT,0,X + AT?9,A\T,0,\ (3.30)
The supersymmetries of S©®) are given by
AX =& + &CO + €49, (3.31)

1 —
Ay = (&6 —a)lud + (38 — al®IDAA0A + £0,4, + 0,674, (3.32)
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where
¢ = (a0 — &) (3.33)

The transformation with parameter ¢; describes the supersymmetries of Volkov—
Akulov type, which are broken by the presence of the D-brane. The inhomogeneity
of the ¢; transformation of A shows that it is the associated Goldstone fermion. The
unbroken supersymmetries should give no inhomogeneous terms, so they must be

given by a combined transformation with €; = €.

3.3 Dimensional Reduction

The set of gauge-fixed D-brane actions S given in eq. (3.26) are related to one
another by straightforward dimensional reduction. In particular, this means that
starting with S and dropping the dependence on 9 — p of the world-volume coordi-
nates gives the action S®). With our conventions one must identify the 9 — p scalar
components of A as A; = —¢'. (For other conventions this equation could have a plus
sign.)

To demonstrate the claim given above, let us consider the dimensional reduction
from S®) to S®=1, so that the general case is implied by induction. Setting all o?

derivatives to zero and A, = —¢*, we can write M (®) in block form as

77;,“/ + F;w + aﬂ.¢ial/¢i
—2X(T, + 1:0,6)0,) | —0,¢7
AL 9,0, A
M = * (3.34)
\ —2AT,0,\ + 9,97 1

It is understood here that 4 = (u,p) and the last row and column correspond to
f = p and ¥ = p, respectively. Also, the index ¢ is summed from p+ 1 to 9. All that
matters in the action is the determinant of —M ), so we may add multiples of the
last row to the other rows. Doing this with a factor of 9,¢", so as to create zeros in

the upper right corner, one obtains precisely the desired matrix M, l(“’j‘l) in the upper
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left block. The sum on 7 now goes from p to 9. This proves the compatibility of the

formulas under dimensional reduction.

The supersymmetry transformation formulas have the same compatibility under
dimensional reduction. However, this is a little more work to prove, because one
needs to know a formula for the dimensional reduction of (?). In Appendix D we

prove that upon dimensional reduction from p to p — 1 (as above)
() = (=1)Tp¢ Y (3:35)

This implies that the supersymmetry transformation formulas in (3.25) retain their
form upon dimensional reduction for the identifications é? = &™) and &7 =
(—1)”6&” _I)Fp. The unbroken supersymmetry after dimensional reduction is given
.

by a combined transformation with 6&1) ) = +0p41...Tge Some care is required to

determine the sign in each case.)

Appendix A: The Proof of Equation (3.16)

We wish to prove that the expressions we have found for p(®) satisfy
(pP)? = —det(G + F).

The proof is somewhat simpler for the special case G, = 7,,, where 5 is the flat
Minkowski metric with signature (—+---+) in p+ 1 dimensions. General covariance
considerations imply that if the formula is true in this case, then it is true in general.
This can be proved, for example, by introducing a vielbein to relate base space and

tangent space coordinates. In the tangent space coordinates {y,,7.} = 2n,..

The IIA Case: p=2k, k=0,...,4
We have defined a (p + 1)-form

1
Pp+1 = mpm...ﬂpﬁda“‘ ... do*eH (3.36)
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and represented p(®) as:

p(p) - (p + 1)!6“1“.”p+1pll-1-~l‘p+l (337)
For p = 2k it follows from eqs. (2.45-2.47) that
k 2(k—n
Ly BT A
P2k+1 = Z Fg’i e v (3.38)

n! (2(k —n)+ 1)!

n=0

The expression can be most easily examined by choosing a canonical basis for F.
The point is that both sides of the equation we are attempting to prove are Lorentz
invariant, and a (p+1)-dimensional Lorentz transformation can bring J to the special

form

k
F =3 A do¥ ' A do” (3.39)

=1
Since p is even, there is necessarily a row and a column of zeroes, which we have
chosen to associate with the time direction, thereby making F purely magnetic. The

argument works the same if there are electric components. In this basis, defining

2 _ . :
Yi T = Y2i-1724,

k
k—n
P =3 r{™A,, - 'Ain’)’o’n[,%]“ ---%[ﬁ] (3.40)
'n.=0_ i1<...<in
intd1<...<tg
where (i1,...,%%) is a permutation of the numbers (1,...,%). This can be rewritten

in the much more transparent form

k
P = Ty TT(A: + Fu%m) (3.41)

=1

As all the 7[2]’s commute with one another and with I'y;, whereas vy and I'y; anti-

commute:

(Ai — Fu’np])(/\i + Fll')’im)

=

(p®)? =

-.
Il
—

I
—x
=
_+_
o

(3.42)

-
1l
A
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Therefore,
(p*N? =—det(G + F) (3.43)

in this basis. This completes the proof for p even.

The IIB Case: p=2k+1,k=0,...,4
The proof for p odd is almost identical, and can be made very brief. One difference
is that F has an even number of row and columns, so the canonical form has no rows

or columns of zeroes. Thus, in canonical basis, F contains both electric (Ao) and

magnetic (A;, ¢ = 1,...,k) components
k . .
F =Y Aido* A do*t! (3.44)
1=0

This time it is convenient to define 7[2] = v2Y2i+1- Lhen, using eqgs. (2.53-2.56), one

7

can show that the counterpart of eq. (3.41) is

k
p(2k+l) = T3Ty H(A1 — 7-31-)/[2}) (345)

1
=0

The square of this also gives the desired determinant.

Appendix B: The Proof of Equation (3.18)

We wish to prove the ITA identity
PPy, = T{y (G = FT11)uu (3.46)

The proof is the quickest in the differential form representation. By definitions (2.30-
2.31) and (2.32-2.33), eq. (3.46) is equivalent to:

ppi1Yu = Tpdo”(G — FT11)uu (3.47)
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This allows us to combine the formulas for all even p’s. Using

pa= D ppr1=e¢S5a() and Ta= Y T,=e Ca(¥) (3.48)

peven p even

we get
PAYu — TAdO'V(G - ‘FFII)UM (349)

The key to the proof is the relation®

¢n an—l (_1)n )
hl — d VGV . n+1 .
where 7., denotes the interior product operator induced by e, = 8%. This is a
consequence of the definition of ix,
1 n
Ixw = EZ(—1)3'1X“’wm,,_“s,_,unda‘“ ...dots"dot+t | dotn (3.51)
fs=1

for an n-form w and a vector field X. Using eq. (3.50), it follows directly that

PAY = TAdUVGV;A - e}-ieu(CA(d)))Fll (352)

It must be kept in mind that eq. (3.52) is a set of equations relating differential forms
of order p + 1, the dimension of the world-volume. As e”C4(%) is a p + 2 form, and

therefore vanishes, we have
e}-ieu(CA(d’))Fll = _ieu(e}—)CA(d’)Fu = —Tydo"Fu T (3.53)

This gives the second term on the RHS of eq. (3.49) and completes the proof for the
ITA case.
The proof for IIB is similar, except that 753 anticommutes with Sp(¢) which in-

troduces an extra minus sign in the second term. This is precisely what is needed,

3This is equivalent to Yur.pa T = "7[#1‘--up+1G#n]# + Vo1 iy
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because the IIB version of eq. (3.46) is

pP)y, = Tiy(G + Fr3)uu (3.54)

Appendix C: The Proof of Equation (2.39)

We wish to prove the identity

d0ST,do + 250dT,df = 0 (3.55)
We start with the IIA case. Summing over all even values of p gives

dOST4d0 + 250dT4d6 = 0 (3.56)

where T4 is given in egs. (2.45-2.48). We evaluate this using

0Ty = 6[6}-0‘4(7,/))] = ef(éfCA + CSCA) (357)
§C4 = D11 [56Sa] = 2067 dOT 11 [T S.a] (3.58)

and
8F = 280T 11T, dOTI™ (3.59)

where the brackets denote antisymmetrization of all enclosed I' matrices. Dropping
an overall factor of 2¢” and collecting the coefficient of 2k + 1 II’s, we can write the
contribution to d86T4df as

1

57907 1 g, AOAOTE Doy 116 +

1 s 1n R
—(%—_I_l)!-MF deHF’lemmlmm%Hd@ (3.60)
The contribution from 260dT4df has precisely the same form, except that the
§’s appear in the second factor of each term. Both of the terms in (3.60) have the
structure §0XdfdAY d, which involves X,(3Y,s). However, when d6Xd050Y df is

added, the totally symmetric combination X(,3Y,s) is formed. This implies that it is
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sufficient to prove the vanishing of the sum of the two terms above with 66 replaced

by dé
2k +1 dgFuFm d@dérk+lFm m df + dOT™d0dOT* S dé 3.61
[m1 11 2. M2k41] 11 1--M2k41

since this enforces total symmetrization. This is an identity we need anyway, to prove
closure of the Wess-Zumino forms I,4,.

The next step is to transform the second term in (3.61) using the formula

Fmrml...m2k+1 = mel...mzk_,.l + (2k + l)nm[ml Fmg...m2k+1] (362)

The two terms on the RHS of this formula have opposite symmetry in spinor indices,
so only one of them survives when sandwiched in between df’s. In the present (IIA)
case, it is the first one that survives, which means that we can pull out a factor I',,
from the antisymmetrized product for free. Next, eq. (3.6) for Majorana-Weyl spinors

in 10 dimensions implies that

dT™d0dér,,T,,,T [5Hd0 = —dOT1, T™d0dOT ,u Ty omgy, [id 1dO (3.63)

m1...M2k+1
We now use eq. (3.62) a second time. This time only the second term on the RHS
survives, because we have removed a I';;, which reverses the symmetry. This leaves
the negative of the first term in eq. (3.61), and thus the proof is complete.

The IIB proof is essentially the same.

Appendix D: Dimensional Reduction of ( (»)

As indicated in eq. (3.20), ¢ is the (12) block of 7(P). Moreover v is related
to p®) by 4® = (—det M#))~1/2p(P). We showed in sect. (4.3) that, dropping the
dependence on one coordinate (o, say), M® reduces to M®~1. Therefore, we
need to study the dimensional reduction of the (12) block of p®. However, p® is
conveniently described by a (p + 1)-form, as explained in sect. (3.2), and these are

conveniently summed to give p4 and pp. Their (12) blocks, given in egs. (2.51) and



(2.59), can be combined to give
p=et¥ (3.64)

The (p + 1)-form part of this, evaluated in the static gauge, determines (® for all p.
Now we evaluate F®) = F® _p®) and 4 in the static gauge. With the conven-
tions described in the text, one obtains in both the IIA and IIB cases

bP = AT',d\do” + A\ d\d¢
p® = T,do? + Iid¢' + L Al™dX (3.65)

where p runs from 0 to p, ¢ runs from p + 1 to 9, and m runs from 0 to 9. Upon

dimensional reduction, dropping o? derivatives,

FO 5 FeD L X[,dAdgP — (dgP + ATpdA)do?
1/,(11) - ¢(p—1) —I'pd¢? 4+ T'pdo? (3.66)

The next step is to see what these imply for exp F®) and exp (). Since the extra

terms in the reduction of F®) square to zero,
e = (14 AT,dAd¢? — (d¢” + AT,dA)do?)e” ™" (3.67)

The extra terms in ¥®) also square to zero, but care is required since they do not
commute with ¢(~1). The general formula that applies to such a case is that the part
of exp(X + Y) that is linear in Y is given by (Y + 2[X, Y] + ¢[X, [X, Y]] + .. ).
Using this, we find that

e,/,(p) _ (1 + (Fp +deP + S\de)\)dap _ (I‘P + }de)\)dqbp)eqp@—l) (3.68)

We now require the part of the dimensional reduction of exp(F® 4 ¢®) that is

proportional to do®?. Several terms cancel and we obtain

e_,’_.(p)+¢(p) N deo_pe]:(p—l)+¢(P—l) — (_1)pre}'(P—l)+1/J(P—1) da.P (369)
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This result implies that
¢ (~1T, ¢ (3.10)

as asserted in the text.
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Chapter 4

M-theory Fivebrane Action

In this chapter we will present in detail the super-fivebrane action in flat background
along the lines of [4]. We start by describing the supersymmetric version of the action
given in section 2.4.3, then we check the general coordinate invariance of the action,
we prove kappa symmetry, we write down the PST covariant version of our formulas

and finally we perform the double dimensional reduction to the D4-brane of type IIA.

4.1 Supersymmetrization of the Non-Covariant

Action

Following the same procedure we used for p-branes and D-branes, we introduce su-

perspace coordinates XM ! and § with supersymmetry transformations
60 =¢ and XM =erMy (4.1)

The index M takes the values M = 0,1,...,9,11. Skipping M = 10 may seem
a bit peculiar, but then X! is the eleventh dimension. Also, the Dirac matrix
11 = [el'; ... Ty, which appears in ten dimensions as a chirality operator, is pre-
cisely the matrix we associate with the eleventh dimension. The spinors € and 0 are

32-component Majorana spinors. The Dirac algebra is
{Tar, v} = 2nmn (4.2)

where s is the 11d Lorentz metric with signature (— + +...+).

As in other supersymmetric p-brane theories, two supersymmetric quantities are

1We use capital letters for eleven dimensional space-time indices.
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0,6 and
oY =g, x™ — 19,0 (4.3)

The appropriate choice for the world-volume metric is then the supersymmetric quan-
tity
Gao = nunTL LY (4.4)

Taking § and XM to be scalars under world-volume general coordinate transforma-
tions, G transforms in the standard way.
In addition, we require an appropriate supersymmetric extension of H = dB,

which we write as
%uup = H;wp - bw/p (4-5)

or, in terms of differential forms, H = H — bs. The idea is to choose a b3 whose super-
symmetry variation is exact, so that it can be cancelled by an appropriate variation

of B. The appropriate choice turns out to be

1- _ _ _
by = %bwdaudaud(,p = Eé)I‘MNdG(dXM dXN +dXMorNde + %HFMdHHI‘NdH) (4.6)

Varying this, using 6.8 = ¢ and §. XM = e'™0, one finds that H is invariant for the
choice
9_ _ _
6B = —-;—EI‘MNG(dXMdXN + geerade + %BFMd()HPNdG)
1 i N, lan
—geFMOHPMNdH(dX + g@I’ df) (4.7)

A useful (and standard) identity that has been used in deriving this result is
dOTM dOdOT sy + dOT 4N dOdOTM =0 (4.8)

The overall normalization of b3 and §.B could be scaled arbitrarily (including zero)
as far as the present reasoning is concerned. The specific choice that has been made

is the one that will be required later. We also note, for future reference, that

dH = —dbs = —%d(?FMNdGHMHN - —%d&/)gda (4.9)
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where we have introduced the matrix valued one-form
_ M
¥s = Py} do* (4.10)

With these choices for G; and H, we can now write down extensions of L; and

L3 that have manifest 11d super-Poincaré symmetry:

1
Ll = —V-—G\/1+21+§Z%—22
1 G .~
Ly = gépup)\a E'HW'H (4.11)
where z; and 2z, are now formed from H instead of H.
The next step is to construct a supersymmetric extension of L,. This term is the

Wess—Zumino term, which can be represented as the integral of a closed 7-form I

over a region that has the 6d world-volume Mjs as its boundary. In other words,

52 = .[7 = \Qs (412)
M, Mg
where I; = dfd¢ and Mg = OM;. The appropriate expression for I; that reproduces
L4 of the purely bosonic theory is

1 1
B = ~5HdH = HO:Hdo® (4.13)

To understand this properly, there is a point that needs to be stressed. Namely, in
adding a formal 7th dimension, the extra dimension is required to enter symmetrically
with the first five. There continues to be one preferred direction, o°, that is treated
specially. Correspondingly, in writing Mg = 0M~, the boundary operator should not
act on the ¢® direction. In other words, M7 should have no ¢® = constant faces. It
should also be noted that this M theory five-brane theory action has a Wess—Zumino
term that survives even for the bosonic truncation in a flat space-time background.
However, as we will see in the next section, this feature is particular to the non-
covariant formulation and is not shared by the PST formulation in which the pieces

of the action are arranged somewhat differently.
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To complete the construction of L, we must now supersymmetrize IéB). The term
1HOsHdo® achieves this, of course, but it is no longer closed. Additional terms should
be added such that dI; = 0, up to a total derivative in the ¢° direction. The result
that we find is

1 1. 1 -
I, = - do® — = 249 _ T 5 ]
v = SHOHAO® — SHAGYd) — - dfodf (4.14)
where
= PyII¥do® = ops + Tpg 1M do® (4.15)

When interpreting the 4-form d6+)2df and the 7-form d6¢)>d it must be understood
that one of the derivatives is required to be in the o® direction. The proof that dI7 is

a total ¢° derivative is reasonably straightforward using the identity (4.8) as well as
1 _ _ _ _ _
g(dOFMNpQRdeGFR + dITRdOdOT ynpoR) = dOT v d0dOT pg; (4.16)

Since I7 is manifestly supersymmetric, it is guaranteed that Qg is invariant up
to a total derivative under a supersymmetry transformation. For most purposes an

explicit formula for L, is not required. Here we will simply report that
Ly = —LIIFI‘“’(asBW — 2b,,) + terms indep. of B (4.17)
where b, = 1b,,do#do” is given by?
by = —%9I‘MN850(dXMdXN +dXMITNdo + %dH_FMdeéFNdH) (4.18)

_ _ _ 9 _ _
+%0FMNd0(2dXM85XN — 0:X™M9rNdg — dXMOrN a5 — ST d9r™ o56)

Knowing this much of L, is sufficient to obtain the B,, equation of motion.

4.2 General Coordinate Invariance

We should now check whether the general coordinate invariance of the bosonic theory

in section 2.4.3 continues to hold after adding terms depending on # in the way that we

2This expression is equal to b,,5, where b5, is the covariant extension of the expression given in
eq. (4.6).
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have described. As in the bosonic case, general coordinate invariance in five directions
is manifest, so only the transformation in the ¢® direction needs to be checked. The

coordinates XM and 6 transform as scalars, i.e.,
§e XM = €9 XM and 6.0 = £850 (4.19)

which implies that G, transforms as in eq. (2.104). To specify the proper transfor-
mation law for B,,, we should first examine its equation of motion. Using eq. (4.17),
this is

e*2 9, (Kyy ~— 05sByy +bys) = 0 (4.20)
The formula for K, is as given in egs. (2.105) and (2.107), except that now L; and Ls
of the supersymmetrized theory should be used. This simply amounts to replacing H
by H and using the supersymmetric expression for G;;. By the reasoning explained

in ref. [31], the B equation of motion suggests that the appropriate transformation

formula, generalizing eq. (2.106), is
5§BMV = g(K;w + b;w) (421)

To determine §¢H, one first computes that

Tt follows that
d¢H = d(6¢B) — £0sbs — bodf = d(EK) — €23 (4.23)
where
Z3 = Osbs — db, (4.24)

This can be made manifestly supersymmetric by noting that
1 -
Zsdo® = (Osbs — dby)do® = ——Ed&bzdﬂ (4.25)

The 4-form on the right-hand side of this equation is required to contain one ¢®

derivative.
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The important point is that the Z5 term in §¢H has no counterpart in the bosonic
theory, so general coordinate invariance of the supersymmetric theory is not an im-
mediate consequence of the corresponding symmetry of the bosonic theory. Let us

examine next the part of §¢(L; + L3) that arises from varying H, but not G. It is

O0(L1 + Ls)

SeH™ ;
¢ OH

1 .
= S0 HEK,, (4.26)
This is conveniently characterized by the 5-form

(d(EK) — €20)K ~ —EK(dK + Zs) (4.27)

where ~ means that a total derivative has been dropped.
Consider now the £ transformation of L;. A portion of L, was given in eq. (4.17).

Representing this as a 5-form and using

551)2 = a;,(fbg) (428)
one obtains
0¢eLy = —(0sB —by)d(E(K +bg)) + HOs(€by) + ...
~ EK(OsH + Z3) + %bgdg +... (4.29)

where the dots are the contribution from varying the H independent terms in L,.

The ... terms precisely cancel the b2 term, leaving
0¢eLy ~ EK(OsH + Zs) (4.30)

The demonstration that the ... terms contribute —1b2d¢ can be made as follows. The

first two terms in eq. (4.14) contribute the non-H pieces
1 s 1 oo

which has a non-trivial ¢ transformation, because of the asymmetric way in which
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the o° direction appears. The variation is easy to compute, and can be expressed
as the exterior derivative of —1b3d¢, which implies that this contributes the required

variation of L.
Combining eq. (4.30) with eq. (4.27) leaves

Su(Ly + L3) + 6Ly ~ EK(O5H — dK) (4.32)

This must now be combined with the terms arising from varying G;; in Ly and Ls.
However, at this point all terms whose structure is peculiar to the supersymmetric
theory have cancelled. The rest of the calculation is identical to that for the bosonic

theory given in ref. [31] and, therefore, need not be repeated here.

4.3 Proof of Kappa Symmetry

As with all other super p-branes of maximally supersymmetric theories, the world-
volume theory should have 8 bosonic and 8 fermionic physical degrees of freedom. This
requires, in particular, the existence of a local fermionic symmetry (called kappa) that
eliminates half of the components of #. Despite the lack of manifest general coordinate
invariance, the analysis of kappa symmetry for the M theory five-brane is very similar

to that of other super p-branes. As usual, we require that
60 = k(1 — ) (4.33)

where k(o) is an arbitrary Majorana spinor and 7 is a quantity (to be determined)
whose square is the unit matrix. This implies that %(1 — =) is a projection operator,
and half of the components of § can be gauged away. In addition, just as for all other

super p-branes, we require that
§XM = _50TM9 (4.34)

so that
SIS = ~200T™ 9,0 (4.35)
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As in our other work [2, 3], we introduce the induced v matrix
Vi = Hf\{IFM (4.36)
which satisfies

{727} = 2Ghs (4.37)

In this notation, the kappa variation of the metric is
(SG[“; = —265(’)’[‘8,; + 7,;6,;)0 (438)

Before we can examine the symmetry of our theory, we must also specify the kappa
variation of B,,. This works in a way that is analogous to that of the world-volume

gauge field for D-branes. Specifically, for the choice
_ _ 1- _
6B = %MFMNH(dXMdXN + M dpd XN + gerf‘ldewrfvde)

+%6§FM00_FMNd0(dXN + E1)—51‘Nd9) (4.39)

we find that most of the terms in §H cancel leaving
6Hpp = 6607(,,0,0 (4.40)

or, equivalently,
SHM = €"P7 §0~,,0,0 (4.41)

Since we now have the complete theory and all the field transformations, it is just a
matter of computation to check the symmetry.

Before plunging into the details of the calculation, it is helpful to sketch the general
strategy that will be employed. It turns out to be convenient to consider L, and Ls

together and to write their kappa variation in the form

1 - .
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The varial;ion Of L] is represented ina similar manner:
(SL] = ——691/ Aaﬂe (4 43)
2L| )

Then, in order that §§ = (1 — 7) should be a symmetry, we require that altogether

1 - N
which is achieved if
Ut = pT* (4.45)
where
1
P=—7L1:’)’V—G 1+21+5212—22 (446)
This implies that
1
pPP=—-G(l+z+ §zf —z) (4.47)

We must vary the Lagrangian to find T# and U#, and then determine p with the
proper square and show that U# = pT#. This is all straightforward, but it needs to
be done carefully.

Since the 0% direction appears asymmetrically in the Lagrangian, the analysis of
U# = pT* is naturally split into two separate problems, corresponding to /i = 5 and
g # 5. The i = 5 case is the easier of the two, so let us begin with that. We must
examine where we can get 0s0’s. The variations of B,, and G, do not give any.
Therefore, in varying L, the variations of z; and z; do not contribute. The only

contribution comes from

V=G = —2v/—-G80~"0,0 (4.48)

where, of course, v = G*’~;. Thus
U® = —4p%4° (4.49)

To determine T° we must vary L, + L3. Using the identity

G5p Gﬂstﬁ N
é (G55> =2 5G55 60(7,;8,, + 7,0:)0 (4.50)
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the relevant piece of § L3 is

1 _ .
Zeu,,pA,Ggw%asow"%*“

which contributes

1 Lo
17 = 56#1,,,)\0(;2”7,7%””%)‘0

to T°. (The subscript on T represents the power of H.)

The variation of the Wess—Zumino term S, is

55, = [(M369%d8 - 815591;5610)

a result that is obtained by expressing 617 as a total differential.

TS + T¥, with

1 _
T()5 = _%emmuS’yul---Ms = _4'775

where we have introduced

Y = Y012345

which satisfies (7)? = —G. The H linear term is
T = —2H" v,
Combining these results with
US = —4p* = pT®

we infer that T° = —4p7®, where

< 1 Y% 1 gy o
P=T+ s et — S oo Ho

To obtain the H? term we have used the identity

o " Gas
3 =" — Gss’f’

(4.51)

(4.52)

(4.53)

This determines

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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from which it follows that

5y =" (4.60)

If our reasoning is correct, this expression for p should have the square given in eq.

(4.47). For the proof of this fact we refer the reader to Appendix A of [4].

To complete the proof of kappa symmetry, we must find U* and T* and show that

U* = pT*. Separating powers of H, as above, the variation of Ly contributes to T}’

and T} while the variation of Ly contributes to T} and Tj'. Altogether, we find that

Ty = -4
2 ~ ~
T = — (G H Y, + 21 )
1 | (VP A Ao
T = sgmenm RO (GH G + GT) (4.61)
The variation of L, determines U* = 3"4_, U¥, where

Us
Uy

= 4GH*

P GHG),,
-@%(ﬁaﬁ)w 1 G§5)2G5“75tr(G7:lG7:L) (4.62)
e (5(GHG),(GRGH) ~ (GRGAGHG).,
s (5RGRY (GHOH) — (Rehcrar)”)

2 1

s (o7 1)

G(G5)? (tr(GHGH))? — tr(G’HG’HGHGH))

2

The demonstration that U# = pT* is presented in Appendix B of [4].

In conclusion, we have shown that the theory specified by L; + Ly + L3 has all

the desired symmetries: global 11d super-Poincaré symmetry, general coordinate

invariance, and local kappa symmetry.
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4.4 Supersymmetric Theory in the PST Formula-

tion

The supersymmetric theory that we have just presented can be recast in a manifestly
general covariant form, using the PST formalism, just as we did for the bosonic theory
in sect. 2.2. In order to keep the notation from being too cumbersome, in this section
(and only in this section) indices u, v, etc., take six values, (i.e., we drop the hats
used until now). Also the label “cov.” is dropped. Thus, upon supersymmetrization,

eq. (2.112), for example, becomes

M, =G, + i—GueGn_ gy (4.63)
—G(da)?
where
A = éewwmwa,a (4.64)

Also, G, is constructed as in eqs. (4.3) and (4.4), and ‘H = H — b3 is extended to six
dimensions. In this notation the supersymmetric theory is given by L = L1+ L'+ Lwz,

where

Ly = —/—detM,,

vo= g ala)ﬁwyw,,aﬂaw (4.65)

Swz = /96

L, can again be recast in the form

1
Ll = -V —G\/l + 21 + '2'2% — Z92 (466)

where now z; and z; are the obvious covariant counterparts of those in eq. (2.102).

The Wess—Zumino term is again characterized by a seven-form I7 = dls, where now

1, .- 1.
Ir = —=Hdp?do — —dby® .
7= —HdB) g d0°ds (4.67)
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It is easy to check that dI7 = 0 using egs. (4.8) and (4.16). Global € supersymmetry

and local reparametrization symmetry are manifest in these formulas. Note that
neither the metric G, nor the scalar field a occur in Ly z.

When one chooses the gauge a = ¢° and B,s = 0, the Lagrangian given above
reduces to the one in sect. 3. The way this happens is somewhat non-trivial. The
point is that L’ reduces to L3 and a portion of the non-covariant Wess—Zumino term
L,. Specifically, in the gauge-fixed theory the sum over the index p in the formula
for L' can be separated into p = 5 and p # 5 terms. The p # 5 term accounts for L3
of the gauge-fixed theory, while the p = 5 term accounts for the H? piece of L, and a
portion of the H piece. In particular, this accounts for why the coefficient of the H
linear term in eq. (4.67) differs from that in eq. (4.14).

The proof of kappa symmetry in the PST formulation works as before (with da =

0), so we will not repeat the argument. The covariant extension of eq. (4.58) is

~ 1 v 1 Ly aT
p= + 2(6(1)27-[ p7V97AaAa - Weuup)\ov%“ H’»\’)’ (468)

The demonstration that p? = —det M, is essentially the same as in Appendix A.
The covariant formula for T# = T§ + T{' + T3’ is given by

I = -4y
TV = —(aa)ﬁ””(%pG“A — 2847,7")Ora
Ty = — (82)2771””7{,7“,,(7”67”\"+7’\G”“)6Aa
+ f 82)2]2ﬁﬂ"%n,pap*aw»y”aaaa%aca (4.69)

In the Bys = 0, @ = 0° gauge, these expressions reduce to the formulas T° and T*
given in egs. (4.52), (4.54), (4.56), and (4.61). The proof of kappa symmetry works

essentially the same as before.
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4.5 Double Dimensional Reduction

We are now ready to apply to the five-brane the procedure that was used in sec-
tion 2.4.1 to recover the superstring from a wrapped M2-brane. In fact, we will need
to use both double-dimensional reduction and world-volume duality to get to the
usual D4-brane action. The calculations are significantly more complicated, but the
principles remain the same.

The first step is double-dimensional reduction, which leads to a dual formulation
of the D4-brane action in terms of an antisymmetric tensor field. As explained in

section 2.4.1, we identify
X1 =5° (4.70)

and then drop all dependence on ¢°, i.e., extract the zeroth Fourier mode. This
corresponds to a compactification on a unit circle with the fivebrane wrapping once
around the compact eleventh dimension. If we denote by g, the ten-dimensional

type IIA metric, then
Gs = det G, = det (g, + C,C,) = (det g)(1 + Cug”C) =g (1 +C*)  (4.71)

where C, = —0I'*19,0 as before and, as in (2.65)

vy +CuC, | C v | C
G = det G = det n g “ | = det I “1=g9g 472
C, 1 0 1
From (4.9) we see that dbs reduces as
1 52
dbs = §d9¢5d0
1 - _
= §d01/)2d0 — dOT'139d0Cy (4.73)
= dCs

where ¢ = [, is the ten-dimensional gamma-matrix combination that appears in
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the action of the D4-brane. The last step follows from (2.70) and (2.72). Thus b3

reduces to C3, which appeared in the D2-brane “Wess-Zumino” term, and — as we
will see below — is also part of the D4-brane action. The five-brane “Wess-Zumino”

form (4.14) becomes, by analogy with (2.66),
.[7 = Ist’s = (—%dé[‘nz/)“dﬂ + 'HdO—I‘szdH) d0'5 (474)
The “Wess-Zumino” form of the D4-brane, given by (2.38, 2.50), is

=~ (1 1 1 1
IeD = —dbf (ZF11¢4 + 5.7:'1/)2 + 5.7:21-‘11) df = —d(Cs + 03.7:+ 501?2) = dQ5D

(4.75)
Thus we recover (2.72) and we also get
dCs + Csdb = %dérllwda (4.76)
We can therefore reorganize Ig as
Is = —dCs — C3db — (H — C3)db = —d(Cs — Hb) = dQs (4.77)

This is consistent with our earlier assertion (4.17), because the two form b; that
appeared in 4.18 clearly reduces to b.
Thus far we found the reduction of L,. By manipulations similar to (4.72) we

determine that L; reduces to

—
Li = — |—det (gw+z'———g“"g”*% +YMY;)
—g(1+ C?)
.
v, = i—Jet"C (4.78)
—g9(1+C?)

For the reduction of L3z we have

G5ll- g gupcp g“pC,,
e Iinies __(1—|—C2)’ so that

1 ~
L3 = _gf;wpz\angO‘rHuVH)\a (479)
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This completes the first step.
The second step is to relate the Lagrangian (4.78) to the usual D4-brane La-

grangian by using world-volume duality. This is achieved by subtracting the Lagrange

multiplier
1
EA’“’”(H,“,,, - 0,By,) (4.80)
and treating H as an independent field. The B equation of motion leads to the
requirement
A#P = PR, Ay = %e’“’”"’\Fa,\ (4.81)

which in turn eliminates B from the action.

At this point it is crucial to choose a good strategy for proceeding with the cal-
culation, otherwise the equations quickly become intractable. We therefore express
everything in terms of the five-dimensional metric G's and then use general coordinate
invariance to set it to the flat metric . After we invert the equations of motion, we
should remember to revert to the proper ITA metric g. Using ¢ = Gs(1—-C,(G5")*C,)

we get the following action:

- 1 N
Sp = — / Lo (\/(1 — 0?) (—det (1 + i) + gew,\aC”H“”H’\”)

—/(05—Hb-|—HF)

~ 1.~ 1 ~ ~
_ / &o (\/—det (s + F) + 57 Fo + ge#up,\,OpH“”H’\”)(4.82)
- / (Cs + FCs)
Unlike the case of the membrane, the calculations are too complicated to be done in

a manifestly Lorentz invariant fashion. Instead, we Lorentz transform to the basis in

which

o 0 0] 0
0| 0 Ayl 0 O

H=|0|-hy 0] 0 0 (4.83)
ol o 0| 0 A
0| 0 0 |-h- O

Without altering the canonical form of H, we can further rotate in the 1 — 2 and
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3 — 4 directions to bring C,, to the form (¢, c4,0,c_,0). We will specialize to the case
¢+ = 0 to keep the formulas more readable, but the general proof follows the same
steps.

The calculation in this special case is perfectly analogous to the bosonic calculation
with constant axionic background [43]. Since F assumes the same canonical form

(4.83), the H-dependent part of the Lagrangian is

1l 0 o]0 0)
ol 1 k| 0 0
Ly = —V1+e|—det| 0 |—ihy 1 | 0 0 |—hyfyr—h_fo—chyh_
ol o ol 1 i
\ 0] 0 0 |-h 1

= —J(1+)(1 —h3) (L —h2) —hyfy —h_fo —chyh_ (4.84)

The hy equations of motion read

fi= hi\l (1+ 62)(1; he) _ on, (4.85)

which lead to

(fy +ch ) (f-+chy) = (1+F)hyh_, so that
(fihs+ f-ho) = hyho — fif- (4.86)

We can now use the symmetry of the formulas to invert the equations of motion:

(hy —cf-)(h- —cfy) = frf-(1+¢?), so that (4.87)
1+ c?)(1+ f2
hy = fiJ( +1J)r(f; fz) + cfs (4.88)

Plugging these back into the Lagrangian (4.84) and doing straightforward algebra,
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we get

Lp ==L+ )1+ )1+ f2) — cfu f- (4.89)

Since

det (g, + Fu) = det (7hw + Fu — CL.C)
= det (u + Fw) (1= Culn + F)™)*C,)) (4.90)
= ~(1+A+ 10+ 72)

L5 becomes

1
L = —/—det (g + Fpu) — gewmc"}“ﬂ”ﬁ" (4.91)

which, plugged into (4.82), is precisely the standard D4-brane action (cf. 4.75). This
completes the second step. We have thus shown explicitly that the double-dimensional

reduction of the M-theory five-brane is the type IIA D4-brane.



69

Chapter 5

The AdS-CFT Correspondence and the
Spectrum of Nonlagrangian CFT’s

In this chapter we will present an application of brane systems, namely determining
the operator spectrum of a superconformal theory with no known Lagrangian de-
scription. This is done by means of the AdS-CFT correspondence, which is described
in section 5.1. A few propeties of the Anti-de Sitter spaces and of superconformal
theories are relegated to appendices. Section 5.2 describes the specific system of five-
branes under sfudy. Section 5.3 shows how to build representations of the relevant

supergroup. The last two sections contain the results.

5.1 Introduction to the AdS-CFT Correspondence

The so-called AdS-CFT correspondence which was proposed by Maldacena at the
end of 1997 [45] is yet another example of branes playing an important rdle in what
appeared to be a string theory. Indeed, it is a concrete realization, using branes, of
't Hooft’s speculation [44] that SU(N) gauge theories in the large N limit seem to be
behave as a string.

To see how this works, we study a system of N parallel D3-branes of type IIB
string theory. If none of them coincide, the only massless states are those described
in section 1.3, coming from open strings that begin and end on the same D-brane. The
unbroken gauge group is therefore U(1)". The ground-states of strings that connect
different branes have masses proportional to the separation between the branes, and
become massless only in the limit when the branes coincide. Therefore, when all D-
branes coincide, the unbroken gauge group is enlarged to U(N) [16]. The conjecture
based upon this system is the following: A" = 4, D = 4 S(uper)Y(ang)M(ills) with
gauge group SU(N) is equivalent to type IIB superstrings propagating on an AdSs x
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S5 background, where the flux of the five-form self-dual field strength! through S°
equals N.

We can justify this identification along the lines of chapter 3.1 in [46], by con-
sidering the low energy limit of two descriptions of the D3-brane system. These
descriptions are well understood in opposite regimes, parametrized by g, N, where g,
is the string coupling constant. If g;,N <« 1, the D-brane picture with open string
ending on the branes and closed strings moving in the bulk is very accurate. In the
low energy limit the states coming from the two types of strings decouple (see [46]),
so that we get type IIB supergravity in the bulk decoupled from SU(N)?> SYM on
the branes.

On the other hand, if g,N > 1, we can use the supergravity description, along the
lines of section 1.2. Much as we have seen in the case of the eleven-dimensional mem-
brane, the supergravity solution corresponding to the D3-brane system interpolates
between flat space at infinity and AdSs x S® near the horizon [13]. For an observer
at infinity, there will be two kinds of low energy modes: large wavelength massless
excitations of supergravity in flat space, and all excitations which live close enough
to the horizon. The latter appear to have low energy because of the large redshift
factor. It can be shown [47, 46] that in the low energy limit these two types of modes
decouple, because both the absorption and the emission of the ”black” D3-brane sys-
tem vanish. We have once again two decoupled sectors, one of which is low energy
supergravity in flat space. Identifying the remaining sectors leads to the conjecture
presented above.

This conjecture is sometimes called a duality because it relates an untractable
regime of a theory to a completely understood regime of the dual theory (and vice-
versa). Various checks have been performed using properties that are regime in-
dependent (for example, protected by supersymmetry), and they all confirmed the
identification. In this chapter we will not perform such a verification, instead we will

use the correspondence to describe a theory which was previously intractable.

1Type IIB has antisymmetric tensors of even rank, including a four-form with self-dual field
strength.

2There is a subtlety involving an extra U(1) which we will ignore at the level of the present
discussion.
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5.2 The Five-brane System

Our example is based upon a different instance of the AdS-CFT conjecture, which
corresponds to a stack of N parallel five-branes in M-theory. For N = 1 we wrote
down the world-volume action in the previous chapter. The low-energy limit is a
freely propagating tensor multiplet, described by a N' = (2, 0) super-conformal theory.
Although for N > 1 there is no Lagrangian description, it is believed that an infrared
(2,0) interacting superconformal fixed point still exists [50]. One can use the AdS-
CFT correspondence to extract information about this theory.

The five-brane is a "magnetic” solution in the sense of (1.8). Recalling that A = 4,

(1.12) gives A = 3k. Using also equation (1.9) we get

L\ "13 £\ 2/3
2 _ v i 7,1
ds®* = (1 + r_3) dz"dz"n,, + (1 + ;5-) dy'dy (5.1)
Fiu = 3k6ijklsy—5, other components zero
r

The analysis of the solution is very similar to the one for the membrane. The

“interpolating coordinates” [13] are given by the change of variables
r=k3iR?/(1 — R%)3 (5.2)
In these coordinates the metric becomes
ds® = R*dz*dz, + 4k**R™*(1 — R%)™/3dR? + k*3(1 — R%)~*/340)? (5.3)
Near the horizon at R = 0 the metric becomes that of AdS; x S*:
ds® = R*dz"dz, + 4k**R™2dR? + k*/3d02 (5.4)

Comparing with equation (5.31) we see® that R45 = 2Rgs = 2k'/3. Since there are
N units of “magnetic” flux through S* (fs: Fiq) = N), we also infer

k= N/8r* = NI (5.5)

3The z#’s need to be rescaled.
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where the last equality follows from the fact that we set to one the constant* in front
of the gravitational action (1.13). The radius in Planck units is therefore of order
N'/3, and the supergravity approximation is valid for large N.

The AdS-CFT correspondence, as explained in [48, 49|, identifies supergravity
fields with operators of the large NV interacting conformal theory that lives on the
boundary of the Anti-de Sitter space. The supergroup for both theories is OSp (6, 2| 4).
Therefore, we expect the short multiplets on both sides to match. This is the basic
strategy for computing the spectrum of chiral primary® operators in the (2, 0) theory,
which was done in [52, 53, 54, 55].

One can consider a configuration with less super(conformal) symmetry, taking the
quotient (i.e., orbifolding) with respect to a Z; symmetry. The symmetry in question
is reflection of a transverse coordinate, which we choose to be X! = 5 On the
M-theory side, this is known as the Hofava-Witten construction [59]. Cancellation of
anomalies requires adding an Es gauge field living on the ten-dimensional fixed plane
X! =0 5. Since the orbifold preserves only half the supersymmetry, the low energy
theory living on the stack of five-branes is the (1,0) six-dimensional superconformal
theory with FEjg global symmetry. The correspondence identifies this theory with
M-theory on AdS7 x S*/Z, with N/2 units of magnetic flux on S*/Z,.

If we regard this as an S*/Z, compactification, we get two kinds of Kaluza-Klein
(KK) modes. The first kind is given by KK modes of M-theory on S* which survive
the Z, projection. These modes carry no Eg quantum numbers and hence couple
only to Eg-neutral operators on the boundary of AdS;. The second kind is given by
KK modes on the fixed S3 which have adjoint Eg quantum numbers and couple to
charged operators on the AdS7 boundary, in a manner similar to the one described
in [56).

The last two sections describe these two kinds of Kaluza-Klein modes, following [5].

Before doing that, we need to review the group theory of OSp(6,2|2).

*This constant should be ﬁ; = ﬁ, where [, is the eleven-dimensional Planck length.

For terminology see Appendix B.
8This is also the location of the stack of five-branes.
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5.3 Oscillator Construction of OSp(6,2|2)

Short Multiplets

The supergroup OSp(6,2|2) is related to the isometry group of AdS; x S*/Z,.
The AdS piece has isometry group SO(6,2), same as the conformal group for six-
dimensional Minkowski space. The isometry group SO(5) of the original S* is broken
to SO(4) = SU(2)r x SU(2), by the Z; projection. Only one of the SU(2)’s, which
we choose to be SU(2)g, is part of the superconformal group OSp (6,2|2).

The first step is to construct the short multiplets of OSp(6,2|2) which will be
relevant to our problem. We do this because any KK modes which we fit into one
of these short multiplets will have mass eigenvalues fixed by the OSp(6,2|2) group
theory, making explicit calculations unnecessary. We follow the methods of Gilinaydin
et al. [58] for constructing multiplets of OSp(6,2|4) with just a slight modification to
allow for the reduced R-symmetry”.

The oscillator method, developed in [60, 61], is useful for building representa-
tions of a noncompact group starting from representations of the maximal compact
subgroup. One introduces creation and annihilation operators in the fundamental
representation of this subgroup and then the generators of the full group are bilinears
in these oscillators. If one chooses the right number of oscillators, one gets a three
graded (also called Jordan) decomposition of the algebra of the form L = L~ @ L°® LT,
where L° is the compact subgroup. We will see below on our particular example how
to use LT to build representations of the full group based upon representations of the
maximally compact subgroup.

This method can be extended to supergroups with the understanding that we
build upon the maximally compact sub-supergroup. For OSp (6,2]2), this is U(4|1).
Indeed, the bosonic subgroup of OSp(6,2|2) is SO(6,2) x USp(2). The maximally
compact subgroup of SO(6,2) is SO(6) x SO(2) ~ SU(4) x U(1) ~ U(4). The
R-symmetry group USp(2) ~ SU(2) is compact, but in order to get the bosonic
subgroup of a supergroup we need to start with a U(1) subgroup.

Following the notation of [58], we denote the bosonic part of the U(4|1) sub-

supergroup U(4)g xU(1)r. We next introduce p pairs of bosonic creation/annihilation

"See Appendix B.
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operators a'(r) = (a;(r))! and b'(r) = (b;(r))' transforming in the 4 and 4 representa-
tion of U(4)p (with r = 1,...,p), as well as a pair of fermionic creation/annihilation
operators af(r),a(r) and Bi(r), B(r) with U(1)F charges +1 and —2 respectively. We

organize these oscillators into column vectors:

(5.6)
a‘(r) bi(r) r=1,...,p,
E4(r) = n4(r) = o
al(r) Bi(r) 0Jy...=1,...,4
(A = - will represent the U(1)r “index”) whose only non-zero commutation/anti-
commutation relations can be represented symbolically as
{€a(r), €8(s)] = 8,28, {na(r),n®(s)] = 6,86; (5.7)

The Lie superalgebra can now be realized in terms of bilinears in ¢ and 5. They
are given by

Aap=E€s4-1B—n4a-E€B
AAB — ALB — nB . gA _ fB . 77A (5-8)

M4 = €A . g + (—1)des(Ddeg(B)p . pA

where deg(A) = 0 for a bosonic index A and deg(A) = 1 for a fermionic index A. The
even subalgebra SO(6,2) x SU(2)r is generated by the elements {A;;, AY, M*;} and
{A.., A", M"}.

As discussed above, this oscillator construction of generators naturally implements
a Jordan decomposition of OSp(6,2|2) with respect to the maximal compact sub-

group U(4|1) graded with the U(1) generator, Q = 1 M4,:

—2

L=L"a@Ll’°sLt (5.9)
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The generators Asp and A4P correspond to the L~ and Lt spaces, respectively. The
generators M4, of U(4|1) give the L° space. We use this Jordan decomposition to
generate unitary irreducible representations (UIR’s) of OSp(6,2|2) . We start with
a lowest weight state, |Q), in an irreducible representation of L° and annihilated
by all the generators in L~. The complete UIR is then generated using successive
applications of generators in Lt on | Q).

To understand the physical interpretation of states in a given UIR, it is convenient
to further decompose representations of U(4|1) into representations of U(4)g x U(1)F.
We label the U(4|1) representations in terms of super-Young tableaux®. Their decom-

positions look like:

4 - {H.», @, 0), o, (5.10)

As we discussed above, the group U(4)g ~ Spin(6) x U(1l)p is the maximal
compact subgroup of SO(6,2). U(1)p is generated by the charge Qp = 1M =
3(Np +4p). In the AdS/CFT duality, this charge corresponds to the AdS energy
of a supergravity mode and to the dimension of its dual CFT operator. Np is the
bosonic number operator, and for a U(4) representation is just the number of boxes
in the corresponding Young tableau. For that given Young tableau, the Spin(6)
representation can be recovered by matching the SU(4) indices with the appropriate

SU(4)-invariant tensor. A few examples® are:

oy, 10y, 10Oy, 1)

. 5.11
scalar spinor Apy vector ( )

Finally, U(1)F is generated by Qr = M. = (Np —p), which measures SU(2)r spin.
Now that we have a better understanding of how to interpret states in represen-

tations of U(4|1), let us quickly describe the action of the L* generators. In order to

8These super-Young tableaux are presented in detail within section 5 of [58].
®More details can be found at the end of section 2 of [58].
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do this, we break up the set L* into the subsets:

B+ = {A}
Lt ={a*} = § @t = {47} (5.12)
P Ay

Given a representation of U(4)g x U(1)r, Bt gives conformal descendants. In AdS
these correspond to higher energy Fourier-like modes. F't generates the complete set
of spin states in a given SU(2)g representation. Finally, @7 is the set of supersym-
metry generators.

To illustrate how the oscillator construction works, we start with the simplest

example

[§2) = {0), (5.13)

the vacuum corresponding to p pairs of oscillators. This state is a scalar with di-
mension/energy equal to 2p and lowest SU(2)g spin component —p/2. With its F't
descendants, |Q) fills out the (p+1) of SU(2)r. Acting with @ gives the following

supermultiplet of conformal primary states (lowest energy states):

U(4) | State | SU(2)r A

1 | Scalar [ (p+1) 2p

o | Spinor p (2p+3)

(5.14)
Vector | (p—1) | (2p+1)

H
a Spinor | (p—2) | (2p + %)

E Scalar | (p—3) | (2p+2)

For p < 4 we keep only those states with positive SU(2)r dimension. For readability’s
sake we always include the Spin(6) representation labeled in terms of fields in AdS;.

The highest spacetime spin in the multiplet (5.14) is the vector, indicating a short
representation of the superalgebra. In fact, if we act with ¢ on the superconformal

primary, the topmost scalar, its highest weight SU(2)r component is annihilated.



77

This means that we are dealing with a level one short multiplet in the formalism
discussed by [62]. The superconformal primary state in this type of short multiplet
(the topmost scalar) has dimension A = 4s where s is the SU(2)g spin. We can check
this explicitly:

A = Q5|0), = 2p = —4Qr|0), = 4s (5.15)

There is another short!® multiplet of OSp (6,2|2) that we will find useful, starting

with the ground state
¢4€Bl | 0), (5.16)

This “ground state,” with super-Young tableau given in (5.10), gives a vector of
dimension (2p+ 1), a spinor of dimension (2p+ 1) and a scalar of dimension 2p. Since
the scalar has lowest dimension, we will refer to it as the superconformal primary.

The states in this multiplet are:

10Gince it is longer than the previous multiplet, but shorter than the generic long multiplet, it is
sometimes called a medium multiplet.
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U(4) State SU(2)r A
U(4) State SU(2)r A
0 Scalar (p-1) 2p
] (P-1)
p - 2-Form (2p+2)
L] Spinor (2p+ 1) || (p—3)
(p—2)
(11 3-Form (p-1) | (2p+1) Gravitino (p-2) (2p + %)
(+1) ~ >
B Vector (p-1) (2p+1) (p-1)
Scalar -3 (2p+2)
(p-3) E (p~3)
(p~5)
Gravitino P (2p + 2) 1 ( )
2 -2
(p—2) - Spinor P (2p+3)
: ] (P-4
Graviton | (p—1) | (2p+2)
p — Vector (pP—3) | (2p+3)
a Spinor (p-2) | @p+3) =
(P-4

(5.17)
Again, we only allow states with positive SU(2)g dimension. Even then, for p < 5
some of the elements listed above are not in fact conformal primaries, but F+ and
B descendants of other primaries. For example, when p = 2 the vector in the 1 of
SU(2)r is the F'* descendant of the vector in the 3. This odd behavior is related to the
fact that this multiplet does not develop null states until level 3. The superconformal
primary (scalar) for this short multiplet has A = 4s + 4. We know from [62] that

short multiplets of OSp(6,2|2) can have scalar superconformal primaries with
A=4s, 4542, 45+ 4, 45+ 6 (5.18)

but only the ones described in this chapter will be relevant for the supergravity

spectrum.
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5.4 Kaluza-Klein Reduction

of the Bulk Eleven-Dimensional Supergravity

Now that we have established some of the multiplet structure of OSp(6,2]|2) we
can carry out our analysis of the bulk S* Kaluza-Klein modes which survive the Z,
projection. The group theory for this process is simple. These KK modes come
from $* harmonics in representations of SO(5). Decomposing SO(5) — SU(2)r X
SU(2)L, X Z3 , with Z; = 4/ for harmonics which are even/odd under X' — — X1,
we reduce all the eleven-dimensional supergravity fields on the even harmonics except
for the 3-form!!. This last field is reduced on odd harmonics since it flips sign under
parity reversal. For convenience, we will describe the KK spectrum in terms of the
dual CFT operators and apply the Z; projection on the CFT spectrum.

The S* KK spectrum derived in Ref. [63, 64] can be nicely organized in terms of
dual operators using “place-holder” fields [65]. In [54] the short multiplet operator
spectrum for the (2,0) theory dual to AdS7 x S* was written in terms of place-holder

scalar, spinor and tensor fields
¢, ¢, H (5.19)

taken to be in the adjoint of U(N)'?. They transform in the 5, 4, and 1 representation

of SO(5)'3. Starting with a superconformal primary operator
Qo0 =Tr ¢ (5.20)

(the power p is schematic, the &’s are actually in symmetric traceless representation

of SO(5)) we build a complete supermultiplet of conformal primary operators
Omnie=1Ir H™"¢* m+n+k=p (5.21)

Note that in the oscillator method used to generate superconformal multiplets of

OSp(6,2|4), these multiplets are built using the vacuum ground state with the same

11Here we refer to forms in index free notation.

12This U(N) is not physical; the place-holder fields should be regarded as a useful bookkeeping
device.

13We denote with a ~ fields in SO(5) R-symmetry representations.
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number p of oscillator flavors (see [58]). The p=1 operators Tr H, Tr 9, and Tr ¢
are the only operators in the Abelian part of U(V) and correspond to the doubleton.
They decouple from the theory. The p = 2 supermultiplet (also referred to as the
massless multiplet) is very important, as it contains the R-symmetry currents, the
super-currents and the stress-energy tensor, as well as relevant scalar operators.

To look at the operators dual to the KK modes of S*/Z, we use a simple extension
of the methods above. We split the place-holder fields into an even group and an odd

group. The even group contains scalars and spinors

¢  in the (2,2)
¥ in the (1,2)

(5.22)

where SU(2)gr x SU(2)L is now the global symmetry. These place-holders transform
in the anti-symmetric (AS) of USp(N) (N must be even) and loosely correspond
to fluctuations inside the end-of-the-world 9-brane. Since we have broken U(N) to
USp(N), traces of place-holder fields include the symplectic matrix J. This means
any number of these even place-holder fields can appear in a trace (T'r[J - AS] # 0).

The odd group contains a scalar, spinors, and a self-dual 2-form

p in the (1,1)
X in the (2,1) (5.23)
H  inthe(1,1)

These place-holders transform in the adjoint of USp(N), so only operators repre-
sented by traces with an even number of these survive the Z; projection due to the
commutation relation of adjoint U Sp(/N) matrices with J. For a given p, the supercon-
formal primaries Qg , of the N = 2 algebra break up into separate superconformal
primaries of the A/ = 1 algebra. The ones which survive the Z; projection can be

schematically written as
Tr ¢, Tr ¢P~2p%, Tr ¢P~4pt, ... (5.24)

The first of these primaries will transform in the (p+1,p+1) of SU(2)r x SU(2)L
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the next in the (p—1,p—1), and so on. They all inherit the dimension of Og,¢,p, so
will have A = 2p. Relating their R-symmetry spin, s, to this dimension we get the
relations:

A=4s, A=4s+4, A=4s+8,... (5.25)

For each p, the first operator in this series is a superconformal primary for a short
multiplet with content as in (5.14). The second is an /' = 1 superconformal primary
for a medium multiplet, with the primary fields listed in (5.17). The rest of the oper-
ators in (5.25) are superconformal primaries for long multiplets of OSp(6,2|2). This
can be seen both from their dimension, scalars with A > 4s + 6 are superconformal
primaries for long multiplets only, and from the number of states in the multiplet.
Their dimensions are valid only in the large N limit, since they can receive corrections
of order 1/N when tree-level supergravity computations are no longer protected by
supersymmetry.

For p = 1, only one superconformal operator can be written down, Tr ¢. The
conformal primaries in this multiplet are this scalar in the (2,2) of SU(2)r x SU(2)L
and a spinor in the (1,2). The anti-symmetric tensor of USp(N) is reducible, its
symplectic trace is a singlet and won’t mix with other operators. This matches with
our understanding of the p = 1 operators as dual to the “pure gauge” (i.e., no physical
degrees of freedom) AdS fields in the doubleton representation of OSp(6,2|2). They
correspond to the center of mass motion of the M5-branes parallel to the 9-branes
and decouple.

We would like to point out that a clear distinction should be drawn between
place-holder fields and doubleton degrees of freedom. In the N' = 2 formalism, the
doubleton and the place-holder multiplet carry the same quantum numbers, so an
identification might be drawn. For /' = 1 only the even multiplet of place-holders
yields a doubleton, the odd place-holders are necessary for computing the correct
spectrum but can’t appear alone in a trace. Thus, the pure-gauge doubleton degrees
of freedom of the AdS background should really only be interpreted as decoupled
center of mass degrees of freedom for the CFT and bear no direct connection to the
place-holder fields.

The odd place-holders first play a role for the p = 2 operators. The N = 2 super-

primary operator Tr ¢¢ splits into Tr ¢¢, Tr ¢p, and Tr pp. Only the first and third
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of these survive the Z, projection. We list the results in the following table:

Type A| SO(5) = SUQ2)r x SU(2)1, X Z3 Place-Holders

Scalar 4|14 — (3,3); + (1,1)4 +Zo-0dd| Trédp— Trép + Trpp + Zz-odd

Spinor  [41(16 = (2,3)+ + (2,1); +Zy-odd| Tr¢dh — Trowp + Trpx + Zy-odd

Vector 5(10 > (1,3)y + (8,1)4 +Zy-0odd| Tro — Trop + Trxx + Zz-odd

3-Form 5/ 5 — (1,1)4 + Zy-0dd|Tr¢H — TrpH + Zy-odd
Gravitino |51 | 4 — (2,1)4 + Zo-odd | TrdH — TrxH + Zy-odd
Graviton | 6| 1 — (1,1)4 + Zz-0dd|Tr HH — TrHH + Z,-odd

(5.26)
From this table, we can see that we get two massless multiplets for AdS;x S*/Z,. The
first is a chiral multiplet and contains the SU(2) gauge field. The second multiplet
contains the SU(2)g gauge field, the gravitino, and the graviton. These fields couple
to the R-symmetry current, the super-current and the stress-energy tensor of the
boundary CFT respectively. The presence of the R-symmetry current and the stress-
energy tensor in the same multiplet fixes the relation between R-spin, s, and the
dimension, A, of the short multiplets superconformal primaries?.
One can continue this procedure for higher p to get a complete classification of

KK modes coming from the bulk which survive the Z; projection.

5.5 Kaluza-Klein Reduction of Eg-charged Modes

To get the mass spectrum of the Kaluza-Klein reduction of the Eg twisted sector
modes, one might expect to have to calculate the eigenvalues of the Laplace operator
for the Es N =1 D = 10 vector multiplet reduced on a sphere. Luckily, group
theory comes to our rescue again, in a fashion quite similar to that in the analysis
of [56]. Upon reduction to AdS7 the D = 10 vector multiplet can give only scalars,

spinors, and vectors. This implies that its KK modes must fit into short multiplets

14The fact that the various short multiplets relate A and s differently is due to the appearance of
null-states at different levels.
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of type (5.14), since all other multiplets include a larger set of bosonic fields.

Looking at just the bosonic modes, we derive the complete Kaluza-Klein spectrum.
Our only initial bosonic field is the D = 10 vector field. It can be reduced on the
fixed S® using a scalar harmonic in the (k,k) of SU(2)r x SU(2)r or using a vector
harmonic in the (k+2,k) or (k,k+2). These harmonics give a bosonic spectrum of

the form
Scalars — (3,1), (4,2), (5,3), (6,4),
Vectors — (1,1), (2,2), (3,3), (4,4), ... (5.27)
Scalars — (1,3), (2,4),

The columns in this series fit easily into chiral multiplets with superconformal pri-
mary scalars in the (k+2,k). The AdS energy/dimensions of all these states can be
directly read off from (5.14). Just as in [56], scalars coming from the vector harmonics
(k+2,k) and (k,k+2) have different AdS energies due to a subtlety involving the
eigenvalues of the Eg covariant derivative on 5. Note that the first multiplet in the
series contains the massless vector which carries the Eg gauge symmetry and couples
to the dual Eg current algebra on the AdS; boundary CFT.

In the last two sections we got two infinite lists of Kaluza-Klein modes that fit into
short (or medium) multiplets and therefore correspond to chiral primary operators
of the (1,0) theory. We have also determined the superconformal dimension of these
operators using the group theory of OSp (6,2|2). This shows that only a finite number
of these operators are relevant (A < 6) or marginal (A = 6).

One could further use the AdS-CFT correspondence to compute correlation func-
tions of these operators'®>. For a more detailed physical interpretation of the above

results, we refer the reader to [5].

Appendix A: Anti-de Sitter Spaces

Consider a flat space with signature (2,p + 1):

r+1

ds® = —dX§ —dX2 , + Z dX? (5.28)

15For the (2,0) theory, this was done in [67].
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The p + 1-dimensional Anti-de Sitter space AdS,4s is the hyperboloid

r+1

—X2— X2, + 3 dX? = Rl (5.29)
=1

There are several useful representations of AdS,+,, in particular the one which comes
out from near horizon regions of branes, described by coordinates z#, R (as in (1.18),

(5.4)). The required coordinate change is

1
X0 = 2R (1 + R*(Rius + :vu:c“))
Xp+2 = R:CORAds
X' = Re'Ruus (5.30)
1
XP+1 = EE (1 - R2(R2Ads - :L'M:l}“))
The metric becomes
ds* = R, s(R*dz,dz" + R™2dR?) (5.31)

This is the only formulation of AdS that we used above. For a much more complete

treatment of Anti-de Sitter spaces, we refer the reader to section 2.2 of [46].

Appendix B: Superconformal Symmetry

In this appendix we will try to give a brief overview of superconformal symmetry in
order to clarify the terminology used in this chapter.

The conformal group is an extension of the Poincare group!® (Lorentz M + trans-
lations P) which includes the dilatation D and special conformal transformations K
(translations conjugated by inversion). This extension avoids the Coleman-Mandula
theorem!” because the latter restricts only the S-matrix of a theory, and scale invariant
theories (which include conformal theories) do not have an S-matrix.

The second possible extension of the Poincare symmetry is supersymmetry. The

corresponding algebra is a graded Lie algebra that includes fermionic generators @

16We indicate the generators schematically, dropping indices.
1"Which says that there is no Lie Algebra enlarging nontrivially the Poincare algebra of symmetries
for the S-matrix of a field theory.
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(hence avoiding the Coleman-Mandula theorem). One can combine the two exten-
sions together to get the so-called superconformal symmetry. To achieve this one
needs a second set of fermionic generators S, leading to the following nontrivial

(anti)commutation relations:

[D,P]=—iP  [P,K]=2M—2inD {Q,Q}=P

[D,K]=1iK [P,S] ~Q {5,5} ~K

5.32
[D,Q]=—i/2Q [K,Q]~ S {@,S}~M+D+R (5:32)
[D,S]=1i/2 8

The commutation relations with M, not included in the above table, are those of
space-time vectors for P, K, spinors for (), S and scalars for D. We also did not include
some coeflicients because they depend on the number of dimensions and number
of supersymmetries. In fact, Nahm classified the superconformal theories in [66],
showing that they exist only in six or fewer space-time dimensions. Among these,
we find the two six-dimensional theories with supergroups OSp(6,2|2n), n = 1,2,
which we called above the (n,0) theories!®.

The representations of superconformal algebras have multiplets of various lengths:
the generic multiplets are called “long,” the shorter multiplets “short” and (if it is
the case) “medium.” This phenomenon is closely related to the notion of supercon-
formal chiral primary. A conformal primary is an operator of minimal dimension in
a given Lorentz representation (scalar, spinor, vector). The scaling dimension is the
eigenvalue of ¢D, so it is lowered by K. Since unitarity imposes lower bounds on
the scaling dimension (see [62]), we infer that there must be a conformal primary
that is annihilated by K. A superconformal primary is, by definition, an operator
annihilated by K and S. If it is also annihilated by a combination of the @’s, it is
called a “chiral primary” operator. Acting with @’s on a superconformal primary
gives the conformal primaries of the multiplet, thus the superconformal multiplet will

be shorter (containing less conformal multiplets) if we start from a chiral primary.

18The names encode the fact that supercharges have the same six-dimensional chirality, and the
total number of supercharges is 8n, where eight is the dimension of the generic six-dimensional

spinor.
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The generators “R” which appeared in the {Q, S} ~ M + D + R anti-commutator

above form the Lie algebra of the so-called “R-symmetry.” For a chiral primary
operator there is a combination of the @’s such that the anti-commutator applied
to the operator vanishes. Therefore, the scaling dimension is determined by the R-
symmetry and Lorentz quantum numbers. This explains why, in the last two sections

of this chapter, we got the dimensions of chiral primaries using just group theory.
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Conclusions

We have seen how multi-dimensional objects, called “branes,” appear in the context
of string theory. Among these, a prominent réle is played by the “Dirichlet” branes
and the M-branes (branes of M-theory), which we discussed at some length.

The main result of this thesis is the supersymmetrization of the world-volume
action for D and M-branes. This was done by adding a “Wess-Zumino” term to the
action and proving that an extra local fermionic symmetry, called “kappa-symmetry,”
exists, and that it removes unwanted fermionic degrees of freedom.

In the last chapter we did a short excursion into the rich field of the AdS-CFT
correspondence, which is one of the many applications of branes that relates string
theory to the more familiar field theory. The new result was the determination of
the spectrum of a conformal theory which is intractable by field-theoretic methods
because it does not have a Lagrangian description.

There are many other applications of branes to field theory and beyond that were
not treated here. To name just two which attracted a lot of attention in the last few
years, brane configurations were used to reproduce Seiberg-Witten theory [68, 69, 70]
and the physics of black holes [71, 72] (and references therein). Branes became so
important that many people believe that we need to reconsider the name of the
subject, finding “string theory” misleading! In any case, this story is just at the
begining, and we expect a lot of new insights on the fundamental theory of nature to

come from the physics of branes.
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