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Abstract

Let M be a motive that is defined over a number field and admits an action of
a finite dimensional semisimple Q-algebra T'. David Burns and Matthias Flach
formulated in [B-F3] a conjecture, which depends on a choice of Z-order ¥ in
T, for the leading coefficient of the Taylor expansion at 0 of the T-equivariant
L-function of M. For primes ¢ outside a finite set we prove the (-primary
part of this conjecture for the specific case where M is the trace zero part
of the adjoint of H'(Xy(N)) for prime N and where ¥ is the (commutative)
integral Hecke algebra for cusp forms of weight 2 and the congruence group
Lo(N), thus providing one of the first nontrivial supporting examples for the
conjecture in a geometric situation where ¥ is not the maximal order of T.
We also compare two Selmer groups, one of which appears in Bloch-Kato
conjecture and the other a slight variant of what is defined by A. Wiles. A
result on the Fontaine-Laffaille modules with coefficients in a local ring finite

free over Z, is obtained.

2000 Mathematics Subject Classifications: Primary 11F67, 11F80, 11G40;
Secondary 14G10, 19F27 Key word and phrases: Burns-Flach conjecture,

modular forms, adjoint motives.
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Chapter 1

Introduction to Burns-Flach
conjecture

In this chapter we introduce explicitly Burns-Flach conjecture given in [B-F3,
§4.3] (which uses the language of perfect complexes and their determinants to

virtual objects) for the interested motive here.

1.1 From history to this article

For simplicity, a motive always means the collective data of its various standard
realizations and standard compatibility isomorphisms among them, which are
essential in order to define its L-function and to state certain conjectures. It
also goes by the name “motivic structure” in [F-P2] or “(S-integral) premotivic
structure” in [D-F-G2, §1]. The special values of L-functions of motives at
integers have long been an inspiring source of number theory.

A recurring phenomenon is that the values of L-functions at integers reflect
arithmetic properties of the objects used to define the motives. Two prominent

examples are Dirichlet’s class number formula and Birch and Swinnerton-Dyer



conjecture on elliptic curves.

There are vast amount of work, to compute and various conjectures to
predict the value of a general L-function at zero for motive over Q. Conjectures
of Deligne [Del] and of Beilinson [Be| achieve that up to a rational factor. Then
the seminal conjecture of Bloch-Kato in [B-K]| describes the precise value up to
sign using cohomological data. Its refinements and reformulations by Fontaine,
Kato and Perrin-Riou [Fol, Ka2, F-P2] are further refined and generalized to
a (non-commutative) equivariant version, namely, the equivariant Tamagawa
number conjecture of Burns-Flach [B-F3, Conjecture 4], which shall be called
“Burns-Flach conjecture” for brevity. For more history of, evidence for and
relations among these conjectures and the Iwasawa main conjecture, see [B-F3],
[B-F4] and [Hu-Ki].

While the title of this thesis is still paying tribute to Bloch and Kato, its
emphasis is on the phrase “with the integral Hecke algebra,” indicating that
we are actually dealing with Burns-Flach conjecture. A complete title should
read as “proof of Bloch-Kato conjecture as refined by Burns-Flach except at
finitely many places in the case of the trace zero part of the adjoint motive
of H'(Xy(N)) for prime N with the action of integral Hecke algebra for cusp
forms of weight 2 and the congruence group I'g(N).” The upshot here is that
the integral Hecke algebra is strictly contained in the maximal order of its
maximal quotient, thus our proof can be viewed as one of the first examples

where Burns-Flach conjecture is finer than previous conjectures. It is expected
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that Burns-Flach conjecture, will remain open in general for years to come to
challenge mathematicians.

We assume that readers are familiar with the standard symbols in number
theory and cohomology theory such as Z, Q, R, C, F,, Z,, Gk for a field K,
H'(-,-). In particular, H (K, V) for a field K and a continuous G -module V' is
the i-th continuous cohomology of G'i with coefficient in V. Op is the maximal
order of a commutative algebra R over a number field. We use the notation of
[D-F-G2, §1] for the various realizations of these motives, as well as for their
integral versions by respective Gothic letters. For example, a motive M over
a number field K contains M, for x = B, dR and A (a place of K), which
denotes its Betti, de Rham, A-adic and /-crystalline realization respectively,
and correspondingly, its integral version M contains M,. We often use “=" to

denote the canonical or understood identification between two objects.

1.2 Motives with action of Hecke algebra

Let M be a motive over a number field with an action of a finite dimensional
semisimple Q-algebra T' . Let € C T be a Z-order such that there is a projec-
tive T-lattice in the realizations of M. The meaning of “projective” is given
in [B-F3, Defintion 1 of §3.3]. Conjecture 4 of loc. cit. concerns the leading
coeflicient at s = 0 of the T-equivariant L-function L(M,s) of M. This is the
aforementioned Burns-Flach conjecture, which depends not only on M and T

but also on the choice of €. Roughly speaking, Burns-Flach conjecture spe-
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cializes to Bloch-Kato conjecture when 7" is commutative with maximal order
T.

Let f(1) = Y a,e*™ " be a (normalized) newform of congruence group
[o(N), weight £ > 2. The number field K;/Q is generated by the Fourier
coefficients a; of f. We can attach a motive My over K, and its integral
version My to f as given in [D-F-G2, §5.4], thanks for the most part to Eich-
ler, Shimura, Deligne, Jannsen, Scholl and Faltings. We reiterate here that a
motive is treated naively as the collective data of its realizations and various
compatibility isomorphisms among them. We take the trace zero endomor-
phisms of M; to obtain the self-dual motive A; = ad’M; = Homy, (M, My)°.
(The upper index 0 denotes endomorphisms of trace 0.)

In [D-F-G2, Theorem 8.10] the ¢-primary part of Bloch-Kato conjecture
for Ay, or equivalently, of Burns-Flach conjecture for M = Ay, T' = K; and
T = Ok,, was proven with £ outside a certain finite set Sy of primes. See §1.4
for the definition of Sy. Instead of one newform, let us consider a finite set /

of newforms f and put

M; = P M;

fel

T=]]x;

fel

A] HOIIlT M[,M[ @Af

fel

B[ = A[(l)
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This will be our basic setting, upon which much more symbols will be intro-
duced along the way. Note that the above definitions of Ay, M;, A; and By are
kind of symbolic definitions that abstract the natural construction of various
components of a motive and also its integral version.

My, Ar and By are motives with the natural action of the semisimple Q-
algebra T" as Ky acts on My canonically for all f € I. If we take direct product
over I, the result of [D-F-G2, Theorem 8.10] also gives the Burns-Flach con-
jecture for M = A;, By and ¥ = Op = erz Ok,. However, in many natural
cases we have the following finer structure. There is an appropriate integral
Hecke algebra T that is generated by Hecke operators over Z, or equivalently,
by Hecke correspondences over Z. The motive M carries a lattice, also called
the integral version of M;, which is projective over ¥. We have a canonical
map T — T: t — (a1(t(f))ser, where a;(g) is the first Fourier coefficient of
the g-expansion of a newform ¢ and which is consistent with their action on
the motive M, A; and B;. Hence ¥ may be (considered as) contained in, but
generally different from, the maximal order of 7. This difference will be seen
to be a key fact that the importance of this article relies on.

A typical example, which we actually work on in Chapter 3 and Chapter
4, is where [ is a complete set of orbit representatives for the action of Gg
on newforms of weight 2 and congruence group I'o(/N) with prime N. Then
M; = H'(Xo(N)), and the integral Hecke algebra T generated by Hecke cor-

respondences of Xo(N) over Z is well known to be an order in 7', which can
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be identified with the set of all correspondences over QQ, or with the rational
Hecke algebra for cusp forms of weight 2 and the congruence group I'o(N).
Mazur proved in [Mal, II, (14.2), (16.3), (15.1)] that the integral cohomology
H'(Xo(N),Z) of Xo(N) is locally free (i.e., projective) over ¥ except possibly
at maximal ideals containing 2. (Just for the record, this exception at the
place over 2 might be necessary as indicated by [Ki].) In this case T also
coincides with the full endomorphism ring of the Jacobian Jy(IN) of Xo(N),
which is proven in [Ri, Corollary 3.3], and so it is the natural ring to consider
when studying the motive H'(Xy(N)) = H'(Jo(N)).

We will formulate Burns-Flach conjecture for By with the action of ¥ with
the choice of projective T[1/2]-structure B that comes from the projective
T[1/2]-module H'(X,(N)(C), Z[1/2]), or more explicitly, from the integral pre-
motivic structure of level N and trivial character in [D-F-G2, $4.5]. We shall
focus on By rather than A; because the methods there apply more directly to
By (see in particular [D-F-G2, Lemma 8.11]). Once we proved the case on By,
the desired result on A; can be formulated similarly and can be seen along the

same line of arguments.

1.3 Explicit Deligne’s conjecture

To prepare for the statement of the Burns-Flach conjecture in $1.4, we in-
troduce in this section Theorem 8.5 of [D-F-G2] that is an explicit form of

Deligne’s conjecture.
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With the index set I implicitly understood, we will write M, A, B, T

instead of M;, A;, By, T;. Throughout this article the L-functions of A and
B, L(A,s) and L(B,s), are their T-equivariant L-functions, whose definition
is given in [D-F-G2, §4] and in particular, its Remark 7.

Recall that I, was defined in [D-F-G2, §1.2] as the set of embeddings
Hom(Ky,C). We let Ir = Hom(7T', C) denote the set of ring homomorphisms
T — C and we then have Iy = [];c;Ix,. We view L(Ay,s) as the tuple of

functions L(Ay, T, s)re1y, i.€., as a holomorphic function with values in

(Kf)(c = Kf@QC:CIKf.

Similarly we view L(A,s) as a function with values in T¢ := T ®q C = C'7.

The special values L(A,0) and L(B,0) = L(A, 1) then lie in Tg := T ®¢ R.
We revert M temporarily to mean a motive with coefficients in K so as to

introduce several symbols the last of which is Deligne’s period ¢*(M). The

fundamental line for M is the K-line defined by

A(M) = homK(d}(?t Mf, dgc tar)

where T indicates the subspace fixed by F,, the action of complex conjuga-

tion, and ¢ty = Mar/ Fil® M4r. Furthermore the composition of

R® M — (CoMp)* "5 Re My — Rty
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is an R ® K-linear isomorphism. Its determinant over R ® K, called Deligne’s
period of M and denoted by ¢*(M), defines a basis for R @ A(M).

Now we quote verbatim Theorem 8.5 of [D-F-G2], which is an explicit form
of Deligne’s conjecture in the cases of Ay and By for a newform f of weight k,

conductor Ny, character ¢, and field of definition K.

Theorem 1.3.1. Let b(Ay) € A(Ay) be defined by the formula

P+=1((k = 2))2e(M; © My1) [Tpex, (1 + 3)
26(My-1)e(Ay)

(f0(Ap)(f@F)) = (bar@e" ),

and b(By) € A(By) by the formula

b(By) = (1 - k)e(Ap)tw(b(Ay)). (L1)

Then L(A;,0)(1® b(Ay)) = ¢t (A[) and L(By,0)(1® b(B;)) = ¢t (By).

We explain very briefly the content of this theorem below. Readers are
advised to check the original paper for a full explanation. The fundamental

line A(Ay) is identified with

hom (Fil* ' Myar ® Q - Fuo, My ar/ Fil* ™" My gr).

There is also a perfect alternating pairing induced from the Poincaré duality
for Xy (N),

<'7 > : Mf ®Kf Mf - M¢(1 - k)v
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where M, (1 — k) denotes the (1 — k)-Tate twist of the Dirichlet motive asso-
ciated to 9. F, is naturally viewed as a basis of A}f 'y

n =0 or 1 so that » = kmod 2. ¢(M) is the well-known epsilon factor
appearing in the functional equation of a motive M defined in [De2] or [Ta,
Theorem 3.4.1].

Y. (f) is the set of primes p such that M,{px = 0forany A {pand L,(Ayf,s) =

(1+p~*)~'. A basis of My qr is
bag = Z P(a) ® e2mia/Ns ¢ OKf ® OQ[EQWi/Nf])[l/Nf]a

a€(Z/N;Z)*

¢ is the canonical basis of Tyr, where T is the “dual of integral Tate motive.”

Identifying A(By) with
hompg (Fil" ™' My ar @ Q(2) g, (Myar/ Fil" ™' M;ar) @ Q(2)ar),
we define the isomorphism of K-lines
tw: A(Ay) — A(By) (1.2)

so that tw(¢)(z ®y) = ¢(z ® Fi) @ B(y), where the basis 5 of A(Q(2)) sends

(274)? to «~2. This ends our explanation of Theorem 1.3.1.
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The fundamental line A(A) is a free rank one T-module with basis

b(A) = T oA

We also have c¢*(A) = [[;c;c"(Af). In general, by taking the direct prod-
uct over I, all computations in [D-F-G2, §8.2] immediately carry over from

Af,Bf,Kf etc. to A],B],T[ etc.

Remark 1.3.2. Deligne’s conjecture predicts that L(Ay,0)"'c¢t(Ay) € R®
A(Ay) is an element in its T-rational subspace 1 @ A(Ay) = A(Ay). The
above theorem computes explicitly that this value is b(Ay) € A(Ay). The same

applied to By. Taking direct product over I, we obtain the later equality in

(1.9).

1.4 The Burns-Flach conjecture in our case

Our choice of integral version M of M comes from [D-F-G2]. Specifically, M
is the integral premotivic structure associated to f defined in §5.4 of loc. cit.
We construct M from all My, f € I and then A and B from M naturally.
Note that this choice is the same as in the typical example mentioned in §1.2.

We denote by S; the set of prime numbers ¢ so that there exists an
f el and A € Sy with A | £. Here S; is the finite set of primes A in K
such that either A\ | Nk! or the two-dimensional residual Galois representa-

tion My /AMy y is not absolutely irreducible when restricted to G, where
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F =Q(/(—1)¢1/2¢) and A | £. Clearly, we only expect to prove the Burns-
Flach conjecture for primes ¢ ¢ S; as our result will be built on the result of
[D-F-G2, §8].

Recall M means M;. My, a Galois stable lattice inside My, is assumed to
be free of rank two over the semilocal finite flat Z,-algebra T, := T ®7z Z,. We
have B, = Homz,(M,, M;)°(1) is a free Tp-module of rank 3.

Let

Dy = Deys(By) = H(Qy, Berys,e ®q, Be),

which is free of rank 3 over T, and

tB ®@ Qg = tBe = Dz/ Fllo Dg, (13)

which is free of rank 2 over T,. For each place v of Q I, is a fixed choice of
inertia group and ¢, is the geometric Frobenius. We define a perfect complex

of Ty-modules

HO(Iva Bf) 1—_& HO(]?H Bﬁ) for v 7é 67
RI¢(Qy, By) :=

(1_‘1711’71—)
A

D D, ®tp, for v =¢.
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So we have a canonical isomorphism of (graded) invertible 7;-modules

DetTL, RFf(@U, Bg)

Dety, H(I,, B;) ® Dety,! H(I,,, B;) = T, for v # ¢
= (1.4)

Detr, D; ® Det}e1 D, ® Deti1 tp, = Det;@1 tp, forv ==~

For the usage of the determinant functor Det here, readers may see [K-M]. For
the importance of keeping gradation data, see [B-F3, Remark 9].

As explained in [B-F3, §3.2] one can construct a natural morphism

RFf(Qvan) - RF<QMB€)7 (15)

the mapping cone of which we denote by RI/¢(Q,, By).
The comparison isomorphism between etale and singular cohomology in-
duces an isomorphism

RT(R, By) = Q; ®q B}. (1.6)

Let Spaq be the set of places v of Q where M has bad reduction (i.e., where

MZ“ # My) and put S = Spaq U {¢, 00}. Define

RT¢(Q, By) = Cone(RTw(Zs, B)) > €D RI(Qu, B))[-1].  (1.7)

VEShaaU{¢}
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Then there is an exact triangle (of perfect complexes of T)-modules)

RTeo(Zs, By) — RT+(Q,B;) » @5 RTe(Q,, B) & RT(R,By). (1.8)
UESbadU{é}

By [B-F3, Lemma 19] and [D-F-G2, Theorem 8.2] the complex RI't(Q, By) is
acyclic. So the triangle (1.8) together with (1.3), (1.4) and (1.6) induces an

isomorphism of (graded) determinants

V¢ : Dety, RTwo(Zs, B)) = (X)  Dety, RT¢(Q,, Br) @ Dety! RI'(R, By)

VESpaaU{l}

= Detr, (Q¢ ®q tp) ® Dety (Q ®g By).

Conjecture 1.4.1. (The (-primary part of Burns-Flach conjecture for the
motive B with the action of T and ¢ ¢ Sy) there is an identity of invertible

To-modules

Yy(Dets, RT o o(Zs, By)) = Zp - b(B) = %, - L(B,0) *c*(B). (1.9)

Remark 1.4.2. The conjecture can be formulated and expected to hold for all
(. The restriction on £ is only to emphasize our inability to prove the excluded
cases because our proof relies on [D-F-G2].

By its totality Burns-Flach conjecture means the Congecture 4 in [B-F3],
which consists of four parts. For motive B, part (i), (ii) and (iii) can be es-

tablished readily. What we have (re)formulated here is actually the Conjecture
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6 in loc. cit., whose validity for all primes is equivalent to part (iv).

Remark 1.4.3. [F-P1] shows that the {-primary part of Bloch-Kato conjec-
ture is equivalent to the equality ﬁg(DetoTe RUt(Zs, By ®<, Or,)) = O, -
L(B,0)"'c¢*(B), which determines (-primary parts of L(By,0)~" - ¢ (By) up
to multiplication by an element in (Ox, ® Zy)* for all f € I once we decom-
pose each sides into its components. The equality (1.9) further reduces the
uncertainty of determining the {-primary parts of the special values by an al-
gebraic formula, which is the main point of Burns-Flach conjecture compared
to Bloch-Kato conjecture in this simplest non-trivial case. The exact extent to
which this (-primary part of Burns-Flach congjecture for By is finer than the
combination of those of Bloch-Kato conjecture for all By, f € I, is measured

by (the cardinality of) the finite group

Or, /%)
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Chapter 2

An isomorphism between
tangent space and Selmer group

In the deformation theory of Galois representations there is a standard isomor-
phism between the relative Zariski tangent space of the universal deformation
ring with a Selmer group, (i.e., a subspace of a global Galois cohomology group
cut out by local conditions). This chapter is to prove in detail a variant of
that isomorphism as shown in equality (2.1), which appears in [Ma2] with
incomplete proof. This will be used in the next chapter. This variant, while
of interest by itself, will be one of the critical steps in proving our case of

Burns-Flach conjecture.

2.1 Notation

Maps between objects that are naturally topological spaces are continuous.
Galois groups are topological spaces with the canonical profinite topology.
Any module that is a Z,~-module by restriction of scalars is equipped with the

(-adic topology. When we refer to an RG- module M, where M is a topological



16

space, R a ring and GG a topological group, we mean an R-module M with an
R-linear continuous G-action. H'(G, V) is the continuous cochain cohomology

group of G with coefficients in a continuous G-module V.

First, we introduce the common setting of both sides of the isomorphism.
Let Gg be the absolute Galois group after we fix an algebraic closure of Q. Fix
a decomposition group G,C Gg for all primes p in Z and [,C G, its inertia
group. Let ¢ be a fixed odd prime so that our representation spaces will be
(-adic and ¥ a finite set of rational primes different from ¢. A is a commutative
complete local ring that is finite free over Z, and whose residue field is k. Let
L be a (continuous) AGg-module that is free of rank two over A.

Let FR be the full subcategory of finite Z,G,-modules whose objects are
quotients of Gy-stable lattices in short crystalline Q, representations of G,
where short representation V' means that Fil D(V) = 0 and Fil’ D(V) =
D(V), where D(V) = (Beyse ®g, V)% and that V has no nonzero subrepre-
sentation V' so that V'(¢ — 1) is unramified. FR is stable under taking finite
direct sums, subobject and quotients in the category of finite Z,G,-modules,

and that it is equivalent to the category MJFL.  that is defined in §5.1. We

tor

assume that L ®z, Q, is a short crystalline representation.

Now we introduce the objects related to the right hand side of the isomor-
phism (i.e., the Selmer group side).

W= End) (L) ®z, Q//Z, where End’(L) denotes the kernel of the trace

map Enda(L) — A. Note that W is an AGg-module as the trace map is
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an AGg-module homomorphism. W, = W[¢"] = End%\(L) ®z, ((7"Zy) /7 =

End’(L/¢"L) C Enda(L/¢"L) where the last equality is given by f ®z, (7"
mod Z) — f ®z, idz,/en € Endag, z,(L ®z, Z¢/") = Enda(L/€"L). Here we
use that A is finite free over Z,. Note that W = U, W,, = li_n}Wn. W and W,
for all n have the (natural) discrete topologies.

For p # (, Hy(Gy, W,,) = ker(H' (G, W,,) — H'(I,,W,)). For p = ¢, recall
there is a canonical A/¢"-linear isomorphism between H'(Gy, End4(L/¢"L))
and the A/¢"-module of Yoneda extensions of A/¢"Gy-modules 0 — L/{"L —
E — L/0"L — 0 as L/("L is a free A/{"module. H{(G¢, W,,) C H'(G¢, Wy,)
is the set of elements that corresponds to extensions F in FR when mapped
into H'(Gy, Enda(L/¢"L)). One checks that H(Gy, W,) is an A-submodule
of HY(Gy, W,). Hi(Gp, W) = liLnH}(Gp, W,,) for every prime p. In particular,
for p # €, Hi(Gy, W) = ker(H' (G, W) — H'(I,, W)) = H'(GF,, Wh).

We note that 1£HH1<GP,Wn> = H'(G,,W) because of the compactness
of G, and the discreteness of the topology of W. So H}(Gp, W) is a subset
of HY(G,,W). HL(Go,W) C H'(Gg, W) is the set of elements that are in
H}(Gy, W) when restricted to H'(G,, W) for every p ¢ ¥ . Hy(Go, Wy)
C H'(Gg,W,) is the set of elements that are in H}(Gy, W,,) when restricted
to HY(G,, W,,) for every p & X.

All of above cohomology groups are naturally A-modules. The Selmer
groups Hy(Go, W) and Hy(Gg, W,,) depend on L as a Gg-module, not on the

choice of G, of any p.
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Finally, we come to the setting of the left hand side of the isomorphism
(i.e., the deformation theory side). Let k be the finite residue field of A whose
characteristic is . Fix a basis of L over A so that the action of Gg on L has

a matrix representation

and its residual matrix representation

ﬁ . GQ — GLQ(k)

Let O be a complete local noetherian ring with residue field k. Let Co = C
denote the category whose objects are complete local noetherian O-algebras
and whose morphisms are local O-algebra homomorphisms. Hence £ and O
are objects of €. There is a canonical map from Z, to any object of €. We
require that A is an object in € and hence that O has the same characteristic
0 as A. For example, we can take O to be A, or the canonical subring W (k)
of A, which is the ring of Witt vectors with coefficients in k.

Recall that if R is an object of €, then an R-deformation of p is a strict
equivalence class of liftings of p to GLy(R) [Ma3, §8].

We say that an R-deformation is of type X if a lifting representing that de-
formation, whose representation space is M, satisfies the following conditions,

which will be referred to individually by the phrases in the parenthesis:

e the RGg-module M is minimally ramified outside YU{¢}, where minimal
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ramification is defined in [Di], (minimal ramification);

e for every n > 0, the Z,G,-module M /9" M is an object of the category

FR, where 9 is the maximal ideal of R, (crystalline ramification);

e A%M is the one dimensional representation over R whose character is
the (-cyclotomic character composed with the canonical map from Z, to

R, (fixed determinant).

Assume p itself is a deformation of type ¥ so that we can consider the
functor Dy, on € that associates to R the set of R-deformations of p of type
3. Assume further that p is absolutely irreducible. By the results of Mazur
[Ma3] and Ramakrishna [Ra], this functor is representable by an object of €
that is called the universal deformation ring attached to p with base ring O of
type ¥. We denote this object R”%* or simply R*.

If p is a deformation of type X, the universality of R* induces a ring

homomorphism 67’ : R* — A, by which A becomes an R>-algebra.

2.2 The isomorphism

The standard isomorphism mentioned in the beginning of this chapter is, in
our context, of the form homu(Qg=/0 ®ps A, A) = HE(Gg, End) (L)), where
the right hand side is a suitable subset of H'(Gg,End’(L)). However, what

we will need is the following variant:

Proposition 2.2.1. With the notation and assumptions of previous para-
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graphs, we have a canonical A-module isomorphism:

hOIIlA(QRZ/@ K p= A, A ®Z£ @Z/ZZ) = Hé(GQ, W), (21)

where Qlps ¢ is the topological R*-module of relative continuous Kdihler differ-
entials of O-algebra R* that represents the functor M s Dero(R™, M) for a

topological R*-module M .

Proof. Tt suffices to show the following three claims.
o HL(Go, W) = limHy(Gg, W,).

[} homA(QRZ/O ®RE A,A ®Z£ Q@/Zﬁ) & hthmA(QRE/O ®R2 A’gan/A)’

where (7" A/A is a shorthand for A ®z, (7" 7/ Zy.

e There exists a canonical A-module isomorphism

hOmA<QRE/O ®RZ A,ginA/A) — H%:(GQ, Wn)

that makes the following diagram commute,

hOHlA(QRE/O ®RE A, g_nA/A) — Hé(GQ, Wn)

l !

homA(QRZ/O ®RE A,ginilA/A> — H%:(G@,Wn+1>

Proof of the first claim.
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There is a natural map from the right hand side to the left hand side
induced by the inclusion W,, — W. That map is injective because of the com-
pactness of G and the discreteness of the topology of W since a (continuous)
map from a compact space to a discrete space has only finitely many values.
Now we prove surjectivity. Take any ¢ € Hy(Gg, W), which is represented
by a cocycle ¢ : Gg — W, whose restriction to GG, name it ¢,, represents an
element in H{(G),, W) = ling}(Gp, W) for all p € 3. As no confusion can
arise, we will also use the same symbol for a cocycle if we restrict its domain
and/or its codomain to a smaller one. As we have just said, ¢ has only finitely
many values. Suppose these values are in W,,, for some m. By the deformation
condition of minimal ramification, p is unramified at a prime when so is p.
Since the image of p is finite, p is unramified outside a set S of finitely many

primes and hence so is p. For all primes p € S U X,

Hi(Gy, W) =lim ker(H' (Gp, W,,) — H'(I,, W,,))

—

= ker(Hl(Gp, W) - H1<[p7 W))7

where H'(I,,W) = hom(I,, W) as I, acts trivially on W. So, ¢ is trivial on
I,,. Hence c, represents an element in H}(Gp, W,,) for all n. For all primes p in
the finite set S — 3, ¢, represents an element in H}(G), W) simultaneously
for a ng > m that is large enough. Hence, ¢ also represents an element in

H(Gg, W,,). This means the surjectivity we want.

Proof of the second claim.
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Since A ®z, Q¢/Zy = U L7"AJA, it suffices to prove Qps /o ®ps A is a

finitely generated A-module, or, equivalently, Qs /o is a finitely generated
R*-module. By Cohen structure theorem on complete local Noetherian rings

of unequal characteristics as discussed after [Ei, Theorem 7.8] we have

R*~T/I,

where T' = W (k)[[x1, -+ ,x,]] for an integer r, I an ideal of T Recall there is a
canonical homomorphism from W (k) to any complete local ring with residue
field k, which manifests in the isomorphism above. Thus O can be viewed
as a sub-W (k)-algebra of R* via the structure map O — R*. We have two

canonical R¥-module surjections:

R=@rQr/ww — ez ywew — Qrs/o,

where @ denotes completed tensor product. See §5.2.3 of [Hi2]. Since Qr/wx)

is a free T-module of rank 7, Qg /¢ is a finitely generated R*-module.

Proof of the third claim.
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The method is explained partially by B. Mazur in [Ma2]. We have

homy (Qps /o @ps A, (" A/A)
= homps (Qgx /0, homy (A, 7" A/A))
= homps(Qgz /e, A/0")
= Dery(R*, A/0M)
= {¢ € homo_aigebra (127, A/L"[e]) : ¢(r) = (07(r) mod £") mod e}

= {p-relative deformation of p to A/¢"[e] of type X},

where A/("[e] = A/("[X]/(X?) with e = X mod (X?) so A/{"[e] is an object
in € with the square zero idea (€). Also the second equality from the bottom
is given by d — (r — (0;(r) mod £" +d(r)e)). From now on, we view A/(" as
a subset of A/¢"[¢] and GLy(A/¢") as a subset of GLy(A/¢"[¢]) in the natural
way whenever necessary.

We say a lifting of p to A/¢"[¢] is p-relative if its reduction module (¢)
is pr mod ¢". A deformation of p to A/¢"[e] is said to be p-relative if it is
represented by a p-relative lifting of p. We will produce a bijection from the
set in the last row of above array, name it t,,, to Hs(Gg, W,).

Let 0 : Gg — GLo(A/0"[¢]) be a p-relative lifting of p. There is a canonical
such lifting, call it 6y: namely, the composition of p;, mod ¢" and the nat-
ural embedding GLg(A/0") — GLo(A/0"[¢]). We associate to 6 the difference
cocycle

co: Gg — My(A/(™) = Enda(L/¢"L)
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by 1+ €-colg) = 0(g)-0o(g)" for g € Gg, where My(A/¢™) denotes the

underlying additive group of the A/¢"-algebra of 2 x 2 matrices with entries
in A/¢" and where the latter isomorphism is induced by the fixed basis of
L. cp is well defined, i.e., 0(g)-0o(g)~" € 1+ € My(A/l™), because 6 is p-
relative. This construction is independent of the choice of the basis of L. In
fact, we can make each step of the construction coordinate free. Check that
this construction provides a bijection between the set of p-relative liftings of p
to A/0"[¢], and the set Z'(Gg, Enda(L/¢"L)) of 1-cocycles. Then check that
under this bijection, two liftings are strictly equivalent if and only if their
associated cocycles are cohomologous.

A straightforward reduction of definitions shows that 6 satisfies the defor-
mation condition of fixed determinant if and only if the values of ¢y reside in
W, = End%(L/¢"L), a direct summand of AGg-module Enda(L/¢"L). Com-

bining with the previous paragraph, we see that the map

the A/("[e]-deformation class of § +— the cohomology class of ¢y (2.2)

is a bijection between the set of p-relative A/{"[e]-deformations of p with fixed
determinant and H'(Gg, W,,).

Now we will check that # is minimally ramified at any prime p outside
> and different from ¢ if and only if the restrictions of 6 and 6, to I, can be
brought one into another by conjugation by elements in the kernel of reduction

GLy(A/0"[€]) — GLg(A/¢"), which in turn if and only if the cocycle ¢ is co-
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homologous to zero when restricted to I, C G). A straightforward calculation
shows the second “if and only if.” Now we will prove the first “if and only if.”
There are three cases according to the ramification of p. In each case, the “if”
part is trivial. So we will write only the proof of “only if” part, assuming that
6 is minimally ramified at a prime p outside ¥ and different from ¢. We use ~

to denote composition with the Teichmiiller lift

kX — W(k)* — A/",

(or its further composition with A/¢" < A/{"[¢]) as in [Di], where all three

cases of minimal ramification are given.

0

1
Case 1. p|7, ~ . Then after a suitable choice of basis of Vj, and
0 &
&0
a corresponding choice of basis of Vj, we may assume 6g|;, = and
0 &
él 0 mi Mo
01, = 0o +€-m ~ for a map m = I, — My(A/e).
0 52 mg MMy

Assume &; # &, otherwise 0| 1, = 0|, already. We know

(a+eb)6’|1p(a+eb)_1 = ,
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a; as b1 bg
for some a = , b= € My(A/0™). Expanding the equality,

a3z Q4 by D4

we find it is equivalent to

a; 0 my Mo 0 boag' (& — &)
a= , and =
0 a4 mg My bsa; ' (€2 — &1) 0
1 € byay’
Hence 6|;, is brought to 6|7, by conjugation by
ebsa;’ 1
1 %
Case 2. pl;, ~§® . Then after suitable choices of bases, we may
0 1
. 1 = . 1 =
assume 6y, = £® and 0|;, = Og+e-m ~E® . After twisting
01 01

0 and A, with €', this case is explained in [Ma3, §29].
Case 3. plr, ~ Indfz &, where M is a ramified quadratic extension of Q, and
¢ is a character of I}, that is not equal to its conjugate & under the action of a

lift o of the nontrivial element in Gal(M/Q,) to I,. Note that I, = I,y Uc .

£ 0
Then after suitable choices of bases, we may assume 6y|;,, = and
0 ¢
01 . -
fo(0) = as 0,|7, ~ Indj” & and that 0|7, = 6y +e-m ~ Ind}” &. So, for
10
£ 0 0 1
some a € GL(A/("[e]), ab|r,,a™t = and af(o)a™t = . Write
0 ¢ 10

a for the reduction of a to GLa(A/¢"). Then afy(r)a ! = bo(7) for T € I,
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Check that this implies @ is a scalar matrix. Hence, 6|, is brought to 6|7, by
conjugation by @ 'a, which reduces to the identity matrix of GL(A/¢™).

Now we deal with the deformation condition of crystalline ramification at
¢. We naturally identify the representation space of 0, Vp with A/¢"-module
L/"L & e-L/"L as 6 is a p-relative lifting. Then we have an extension of

(A/0")Gg-modules

0—eL/("L—Vy— L/I"L — 0,

which, by the canonical isomorphism mentioned when defining H}(Gg, W,),

corresponds to the elements in H'(Gy, ,,) represented by cocycle ¢, given by

for g € Gg and e € L/¢"L, where o : L/{"L — Vj is any fixed A/¢{™-module
splitting of the above extension. Choosing « to be the natural splitting, we
find that ¢ is none other than ¢y restricted to G,. [La, Chapter 10, Corollary
5.7], or the Krull intersection theorem as stated in [Ei, Corollary 5.4], tells that
the maximal ideal of the finite local ring A/¢"[¢] is nilpotent. So 0 satisfies the
deformation condition of crystalline ramification if and only if V} is an object
in FR, i.e., if and only if the cocycle ¢y restricted to G, represents an element
in H(Gy, W,). Just tautology.

Pulling together the conclusions of above paragraphs on local ramification
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restrictions and the definition of Hy(Gg, W,,), we see that the map (2.2) is a
bijection between ¢,, and Hs,(Gg, W,). So we have constructed a bijection
between homa(Qgz/0 Qps A,Q/Z¢) and Hy(Gg, W,). It is straightforward
to verify that the bijection is actually an A-module isomorphism. It is much

more tedious to check the diagram in the third claim is commutative. O

Remark: The isomorphism is functorial in an obvious way if we shrink the

set Y.

Remark: Suppose we choose O to be A. Let 1 be the kernel of HE :
Ry 4 — A. Then R* = A®n as A-module. We have a topological A-module
isomorphism

Qpzjo @p= A =n/n’.

This is proved by showing directly that the obvious homomorphism from the

left hand side to the right hand side is an isomorphism.
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Chapter 3

Reduction and proof of
ad’(H'(N))(1)

We shall focus on B rather than A; because the methods of [D-F-G2] apply
more directly to By (see in particular its Lemma 8.11). Once we proved the
case on Bj, the desired result on A; can be formulated similarly and can be

seen along the same line of arguments.

3.1 A reformulation in classical terms

In this section we transform the left equality of (1.9) into a concrete identity
of elements in 7, /.

In order to do that, or what amount to the same thing, reformulate the
Burns-Flach conjecture 1.4.1 in classical terms such as the Fitting ideal of H,

one needs to construct the triangle (1.8) with By replaced by B,.

Assumption: The submodule Fil®(B terys) 18 @ Tp-direct summand of Bycyys.

Readers are cautioned that a general motive does not determine its integral

version(s) in any canonical way. We can use the notation B, Byys and By
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as we have specified B explicitly in §1.4. In our case of M = H'(Xy(N))

we know by Mazur’s results [Mal] that Fil° My.cys = HO(Xo(N)/Ze, Q) is a
free Tp-module of rank 1. Since T, is Gorenstein the Z,- dual M.eys/ Fil® =~
HY(Xo(N)/Zy,0) is also free of rank 1 over ¥, and hence My .ys is free over
T¢. By linear algebra the Fﬂi(Bg_Crys) = Fil’ Homez, (Mpcrys, Mierys(1))° is then
also free over T,.

The assumption still needs to be verified, however, in more general sit-
uations. Ideally the only thing we’d like to assume is that M, is free over
T,. Proposition 5.1.2 implies My.q,ys is free over Ty if V(Mperys) = M, and

Proposition 5.1.1 and remark 5.1.3 imply that Fil’ M.crys is also free over .

Under the assumption we can define a perfect complex RI'¢(Qy, By) of Tp-
modules by

er (Qf) Bf) = Fllo Bﬁ-crys :fo_) BE-Crys

and a map (in the derived category) RI'¢(Qq, By) — RI'(Qg, By) as follows.
There is a commutative diagram of Gg,-modules (with By having trivial

action)

.10 1—¢0
Fil BZ—crys ? BZ—Crys

! l

. 1®(1—¢°
By @, FIl’ Aok (—k) 2290 B0, Ao -K(—k) G

. 1®(1-p~*¢
E@ ®Z¢ Fllk Acrys,@<_k> M 3[ ®Zg Acrys,f(_k)

where [k] (resp. (k)) denotes filtration shift (resp. Tate twist) and Aeyyse is
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the ring defined by Fontaine. The lower row is a resolution of the Gg,-module

B, obtained by tensoring the exact sequence [B-K, (2.5.1)]
-k 1-p~*¢
0— Zp(k) — Fil Acrys,é I Acrys,Z - 07

with B,(—k).
Denoting the lower row in (3.1) by E*(B,) and the standard continuous

cochain resolution by C*(Gg,, —) we have maps

31 (] (] (] (]

RUt(Qr, Br) 5 E*(B)) — C* (G, E*(B1) — C*(Ga,, Br) = RI(Qs, By)
as desired. Tensoring with Q,, we obtain the map RI'¢(Qy, By) — RI'(Qy, By)
defined in [B-F3, §3.2].

We are lucky that the complex RI'¢(Qy, By) already turns out to be perfect

over T,. This is not necessarily the case for the complex

RT¢(Qy, By) = H(I,, By) —2% HO(I,, By)

for v € Spaq since the submodule H°(I,,, B,) of By is not always T,-free. There-
fore when defining the global complex RI'¢(Q, B;) we do not follow (1.7) but

we choose a set ¥ C Spaq so that RI'¢(Q,, By) is Tp-perfect for v ¢ ¥ and
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define

RTt5(Q, By) = Cone(RL(Zs, By) — @D R ¢(Qe, By) & @D RI(Q,, By)[—1]
veX! vEX

(3.2)

where ¥/ = Spaq U {¢} \ . With this definition there is an exact triangle of

perfect complexes of ¥,-modules

RUe (Zs,By) — Rt 5(Q, By) — @ RI'¢(Qy, By) ® RI'(R, By). (3.3)

veyx!

and a map of triangles of perfect complexes of By,-modules

Rl .(Zs, By) —— RI'tx(Q,B;,) —— @ RI¢(Q,, By) & RI'(R, By)

vex!

| | !

Rret,c(257 BZ) — RPf(Qa BZ) — @ RFf(QU; Bf) @ RF(Ru BE)?
VEShaaU{f}

(3.4)
where the upper row is (3.3) tensored with Q.

If wis a T-basis of detr(tp) and h a T-basis of detr Bf, then h™! @ w
is a T-basis of A(B). If b is any other T-basis of A(B) we denote by b -
h ® w™! the unique scalar A\ € T* so that b = A - h™! ® w. Denote by
WY = Homeon (W, Qp/Z¢) the Pontryagin dual of a profinite or discrete Z,-

module W.

Lemma 3.1.1. Let w be T-basis of detr(tg) that is also a Ty-basis of the Ty-

lattice det,(By-crys/ Fil° Bo-erys), and let h be a T-basis of dety BY, that is also
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a %y-basis of dets,(B]). Put

L¥(B,0) = L(B,0) [ ] Lu(B,0)™"

vEY

and

V*(B) = L*(B,0)'c¢"(B).

For any prime ¢ ¢ S; the Burns-Flach conjecture 1.4.1 is equivalent to the
identity

T b (B)-h@w ' =#HLQ, Ay/As)Y, (3.5)

where #W denotes the Fitting ideal of a finite Ty-module W of finite projective

dimension (i.e., the class of W in the relative algebraic K-group Ko(%s, Qp)

17 /55)-

Proof. Noting that the vertical maps in (3.4) are quasi-isomorphisms we obtain
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a commutative diagram of isomorphisms of (graded) invertible T)-modules

DetTZ Rret,c(Zs, Bg) e— DetT[ RFet’C(Zs, Bg)
Detr, RI'+(Q, B))® Detr, RT¢x(Q, B)®

@ Dety RIt(Qu, B)® —*m  (X)Dety! RT(Q,, By)®

VESpaaU{L} ved!
(3.6)
Dety,' RT'(R, By) Dety,' RI'(R, By)
i |
Detr,(Q; ®q tp) [1 Lu(B,0) Detr,(Q; ®q tp)
vEX
® Dety, (Q ®¢ Bj) ® Dety, (Q¢ ®q Bj)

where the left hand vertical map is ¥, and all unspecified tensor product are

over Ty. The factor L,(B,0) appears because for v € 3 the isomorphism

DetTé, RFf(QU, Bg) = Tg (37)

given in (1.4) (which is used for () differs from the isomorphism (3.7) induced
by the quasi-isomorphism RI'¢(Q,, B;) — 0 (which is used for «) by precisely

this factor (see [B-F2, Lemma 1]). So conjecture 1.4.1 is equivalent to

[T L.(B.0)0,(Dets, RTe; o(Zs, Br)) = Ty - b7(B) = T, - L¥(B,0)"'¢"(B).

vEY
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Using the commutativity of (3.6) together with (3.3) this is equivalent to
Dete, RT'¢x(Q, By) @ Detg RT¢(Qy, By) ® Detg RT(R,By) = T, - b™(B)

or

Dets, RTt5(Q, By) = T - b*(B) -h@w™.

It remains to compute the cohomology of RI't»(Q,B,) and this can be done

along the lines of [B-F1, (1.35)-(1.37)]. We have
HRE(Q: Bf) - HO(@7 BZ) = 07

where the last equality holds as My is absolutely irreducible and not isomor-

phic to My, (1) for A | £ a place of K. We also have
H§7Z(Q> Bf) = HO(Q’ Af/‘Af)v =0,

where the last equality is equivalent to the assumption on ¢ that My /AMy , is

absolutely irreducible when restricted to G Q ( ) Moreover we know

(_1)(271)/2g

HEE(@,B@) = H}(Q, B;) = 0 and hence H}’E(Q, By) = H°(Q,B;/By) = 0

since ¢ ¢ S;. Finally using Tate-Poitou duality, we have an exact sequence

HY(Q., Ar/Ar)

0~ HEs(@. B0 — H'(Zs A/ ~ B s 474

veY!
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which identifies Hf(Q, By) with Hy(Q, Ag/Ag)". O

3.2 Reduction to a concrete problem

From now on we shall focus on our case of M = H'(Xy(N)) with N prime,
since we can not prove the conjecture in its full generality. We recall the
restriction on ¢: ¢ ¢ Sy, which enable us to use many facts in [D-F-G2]. We
note that the reformulation in the previous section is valid.

Let ¥, = Hmlm be the decomposition of T, into complete local O,-
algebras, where m runs through all maximal ideals of ¥ containing ¢. For
each m we denote by R the universal deformation ring attached to the Galois
representation My /AMy y over the finite field T,/m of type X, where f is a
newform associated to the maximal ideal m of ¥ (that is, m is the kernel of the
algebra homomorphism T — C, ¢t +— a;4(¢(f))) and X is the place of K; whose
valuation ring contains m N Ky. Note My, is short crystalline as 1 2N. Put
Ry =TI, R%, so that there is a natural surjection Ry — %, that comes from
the surjection R — Ty, for all m.

We know by equality (2.1) that there is a canonical isomorphism of ¥,-

modules

Homg, (Qgz,z, @z To, Tr/ %) = Hy(Q, Ag/Ay).

The powerful method of Diamond-Taylor-Wiles that is implemented in [D-F-G2,

§7.2 and §7.3] leads to the fact R is a local complete intersection over % ,. So
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for each m there is an integer r,, and power series ¢i, ..., ., € Z[[X1, ... X}, ]|

such that

Ry = Zy[[ Xy, . X, )1/ (90, s 1)

In particular,

Qpz/z, Orz %

is a finite Ty-module of finite projective dimension whose Fitting ideal is gen-

erated by the element

dg;
A% =71 | det ( . ) ,
( an 1§i,jgrm> m

where 7 : [1, Ze[[X1, ... X0 )] = T[], B = RZ — [],, Tw = % is the composite

ring homomorphism.

Assuming that ¥, is Gorenstein we have

Hy(Q, A/ Ap)Y = Qpr/z, Orz T

so that we need to show

T b= (B)-h@w =%, A%

The restriction on ¢ at the beginning of this chapter ensure us to use the

explanation in [D-F-G2, §8.2] so that we know the element b*(B) is uniquely
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determined by the scalar A\(b*(B)) € T such that

< £,0%(B)(f @ (2mi)?) @ 12 >= Ab*(B)) - by @ 1!

and similarly for h ® w™!. Hence we have

A(b*(B))

V(B) - how!'= """
(B) - h®w Mh®w D)

Note that we are only interested in A(b*(B)) up to factors in T, hence we
can forget the factor i*~"((k — 2)!)2/2 occurring in Theorem 8.5. This factor

is the same for all f € I hence lies in the diagonally embedded Z; C Z;.

In our case of M = H'(Xy(N)) with N prime, we can take ¥ = () because

we have
Lemma 3.2.1. RI'¢(Q,, B,) is Ty-perfect for all v1 L.

Proof. This is clear if v { N as then M, is unramified due to the good reduction
of Xo(N) at primes other than N.

Now suppose v = N. Then then action of I, on the M, is unipotent and
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Tr-equivariant but nontrivial on any constituent of M,. Then

B,V = Hom, (Mg, My(1))¥

:{ a_b €M2<‘ZZ>’((Ij)(:¢(10)):<;¢(10))(a_b)}

—{| * " | e My(T)) | d(0)a=0,(0)c = 0}

c —a

C 0 e My(T)},

0 0

1 ¢(o)
0o 1
module. O

where ¢ runs through I, acting on M, by ( ) . Hence BéN is a free €,

We also know that My for f € I is minimally ramified at all maximal
ideals of Ok, not containing £. From now on, we replace ¥ by () or do not
write it at all. By the results of Chapter 7 of [D-F-G2] the map R} — T, is
an isomorphism.

Now let us look at Theorem 1.3.1 for each f € I. We have k =2, n = 0.
Moreover, the character ¢ for f is trivial so we can forget the degenerated
Dirichlet motive M,-1 = K;. There is no exceptional primes as we know an
exceptional prime p must be N since p must divide the level prime number N.
However, [Hi3, Theorem 4.2.4] says that decomposition group at p acting on

My for a prime A | ¢ in K is equivalent to a diagonal representation:

n(o)xe(o)  *
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where x¢ : Gg — Z; is the (-adic cyclotomic character and 7 is an unramified
character. Hence the dimension of M}{pA is not zero so p is not exceptional.
e(My) equals £N whereas e(A;) = N2. The sign of ¢(M;) depends on f.
It coincides, however, with the eigenvalue of the endomorphism of Jy(N) on
f induced by the conjugation on I'g(N) by wy = (5 ') . Hence the tuple of
e(My) for f € I is an element of T by [Ri, Corollary 3.3]. So we can forget all

factors in Theorem 1.3.1, where we have trivial character 1) and no exceptional

primes, in the sense that A\(b(B)) € Z,.

In order to make further progress, we also fix a number field K large enough
to contain all complex embeddings of all fields Ky for f € I and replace M
by M@K, Tby T ®g K =[], K, Tby T®z 0 and A by A® K. Here O
denotes the ring of integers of K. Then we have T, = T, N (T, @z, Oy). By
Theorem 4.1 and Lemma 11 of [B-F3] Burns-Flach conjecture for this scalar

extended motive implies the one for the original motive.

Now we analyze A(h ® w™'). The invertible ,-module dets,(B;) can be
analyzed as in [D-F-G2, §8.2] and we find that the isomorphism dety B =
T(2) 5 can be chosen to induce an isomorphism dets, (B/) = T,(2) under which

h maps to (277)?. The isomorphism of [D-F-G2, equation (43)]

dj@t tB = HOIHT(Fﬂl MdR7 MdR/ Flll) ®Q Q(2>dR
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likewise induces an isomorphism
det‘Ig (Bf—crys/ FllO B@—crys) = Hong (Flll Mf—cry& MZ—crys/ Flll) ®Zg Z(Q)Z—crys-

Hence we can view w ® ¢ as a basis of HomTe(Fil1 Mecrys, Me-crys/ Fil').
Now note that the pairing <, > is induced by a perfect (Poincare duality)

pairing on M. In particular it induces isomorphisms of free rank 1 ¥ ,~-modules
M, = Homg, (M, Op)
(see the axioms in [D-F-G2, §7.2]) and
Miarys = Home, (Me-crys, Or).

Note that ¥, is a finite flat Gorenstein O,-algebra contained in the maximal

O¢-order
[ 1o
It

of T;. By definition A(h ® w™?) is the element (\;),er, of this product given

by
<fL(h@w ™Mo @2r))) @ >=< [T, (w® ) (fT) >= A -bar @ ¢,

where we view 7 as an embedding Ky — K.
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3.3 Differ by a unit in %,

At this point we have nearly reduced the problem to an algebraic one. We are

given

e A local complete intersection R? = %, finite flat over O, so that T, ®y,

Qe = [y, K.

o A free T/-module My.qys of rank two with a perfect O,-linear €,-balanced
alternating pairing <,>. Mgqys contains a totally isotropic free rank 1
T,-submodule Fil' Micrys S0 that My crys/ Fil' is also T,-free. Hence we

can pick a Ty-isomorphism w : Fil! Mecrys = Micrys/ Fill.

e For each 7 € Iy we are given a Oy-generator f7 of
{z € Fil' My.crys|tz = 7, ()}

(the 7, -eigenspace) where 7, : T, — Oy is the O-algebra homomorphism

given by projection onto the component indexed by 7 € Ir.

e Some knowledge of the modular forms, especially that all f7 are new-

forms, i.e., having first Fourier coefficient equal to 1.

The final problem: Show that the elements

(< frw(fm) =) e]Jo.
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and

ANez, c]]o.

Ir
differ by an element in T, (in particular this implies that (< f7,w(f7) >)T
lies in ;). Note that this problem does not depend on the choice of w. Any

other choice is of the form Aw with A € T, and we have

< FfT) >=< frw0fT) >=< fTw(m (V) fT) 5= m(\) < L w(f7) > .

Hence we only change the element (< frow(fm) >)T by A € ).

In any case, the problem is now sufficiently concrete. We exploit the fact
that ¥,, being a complete intersection over O, , is Gorenstein. In particular one
can choose a Gorenstein trace ¢ : Ty — Oy, i.e., a Ty-basis of Homg, (%, Oy).

This choice induces an isomorphism

Hom(% (Mf—crys; OZ) = Homig (Mé-cry57 ‘Zg),

in other words there is a unique ‘€,-bilinear pairing << —, — >> on Mcrys SO
that ¢(<< z,y >>) =< z,y >. Since 7, are O-linear there are also unique

elements e, € T, so that 7, (x) = ¢(e, - x) for all x € F,.

Proof of the final problem:
Since ¢ is a Ty-basis of Home, (%, Oy), we can define a T -isomorphism

v : Homg, (%, O¢) — T, so that t¢ — t for t € T,.
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From [M-R, Appendix A.13], we know that there exists some element x in

T, so that the first of the following equalities holds.

(IUA@)QS = trTe/Og = Z Ty = Z €T¢ = (Z 67)¢7

TEIT TEIT TEIT

where e, = y(m;). (The second equality can be explained if we realize that
tre, /0, = tre,ex/Klz, and T, ® K = HIT K). Since 7 is an isomorphism, we

have

pA? = Z er.

TEIT

We have a €,-module isomorphism

K Fﬂl MZ—Crys = SQ(F()(N), Og) — Homoz(‘ﬂ, Og)

defined by k(f) = (t — (a1(T'f))). See [D-I, §12.3], [D-D-T, lemma 1.34 | or

[Hi2, Theorem 3.17].

Proposition 3.3.1. k7 '(7,) = [T.

Proof. : for allt € T,
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where the middle equality is justified by

t(mr)(x) = 7 (tx) = 7o (2) 77 (2) = (7 (2)707) ().

So k~1(x,) is in the 7, -eigenspace of Fil! M-crys, which is generated by f7. So

k=Y(m,) = cfT for some ¢ € O;. Then

¢c=ai(cfT) = ar(1-(cf7)) = w(cfT)(1) = mr(1) = 1,

where in the first equality we use the fact that f7 is a newform, i.e., its first

Fourier coefficient is equal to 1. Other equalities are formal. n

Now note the perfect pairing (Poincare duality) on M induces an isomor-

phism of free rank 1 ¥ ,~-modules

ﬁ : Mé—crys = HomOg (Mé—cry& O@)v

B(z)(y) = <z,y >,

where the T,-module structure of Home,(M.crys, O¢) is induced by that of

My.crys- B is Tp-linear as

Btx)(y) =< tw,y >=<w=z,ty >= (t5(z))y,
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where the central equality results from the fact that Hecke operators are self-

adjoint with respect to the pairing.

Define

(62 HomTZ (ME—Cry87 Ié) - HomOg (Mf—crys; OZ)7

by a(f) = ¢ o f. To see that « is an isomorphism, we assume that My.crys =

Tv & Ty without loss of generality. Then we have commutative diagram:

Homgé (Mg_crys, T,g) = HOHI;(Z (Tg, ‘Zg) ) HOHI;CZ (Tg, ‘Zg)
|« L ar®a

Homo,(Mecrys, O¢) = Homg, (T, Op) @ Home, (¢, Oy),

where a1 (f) = ¢o f. Note that a; = yo (f — f(1)) is an isomorphism. Hence

so is a. More over, « is %y-linear.

Consider T,-isomorphism a~!o 3. It corresponds to the T,-bilinear pairing

<< —,— >> on Myeys defined by << z,y >>= ((a™! o 3)(z))(y). Then

(<< z,y>>) = (po(a ' of(x))(y) = Bla)(y) =<2,y >.

Let Fil' be a shorthand for Fil! Mecrys- Since Mecrys/ Fil! is %, free, we
can pick a T,-submodule Comp of My.crys S0 that Mecrys = Fil' & Comp. We
identify M. crys/ Fil' with Comp. Note that Fil' and Comp are free rank 1

Ts-modules.
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Proposition 3.3.2. << Fil',Fil'! >>=0

Proof. For all z,y € Fil',

T, << T,y >>=¢le, << 2,y >>) = ¢ << e;x,y >>=< e,;z,y >= 0.

The last equality holds as Fil! is a totally isotropic ¥y-submodule of My.cpys.

Since 7 is arbitrary, << z,y >>= 0. O]

We have T,-isomorphism a3 : Mecrys = Home,(Mpcrys, T¢), or more
explicitly, o' 3 : Fil' @ Comp = Home, (My.crys, Te) @Home, (Comp, F,.) Once
we choose a Ty-base for each of the four free rank 1 ¥,-modules in the last

congruence, the matrix of a=!# is of the form

where the upper left 0 is implied by the claim above. Since a3 is an isomor-
phism, the above matrix is invertible. In particular, the lower left element of

the matrix must be a unit in ¥,. That is, if we let

-1
0=a mFill—»Homgl(Come %)

6 is a Ty-isomorphism.
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By slight abuse of notation, let the same symbol « denote the map

Homg, (Comp, ¥,) — Homg, (Comp, Oy)

such that a(f) = ¢ o f. As before, « is a Ty-isomorphism. Let v = a0 6 :
Fil' — Homg,(Comp, Oy), still a T4-isomorphism. Check that v(z)(y) = ¢ <<
x,y >>. On the other hand, fixing a T,-basis {b} for Comp thereafter, we can

define

v : Fil' — Homg, (Comp, Oy)

by wvo(f)(th) = x(f)(t). Since vy and v are isomorphisms between free rank 1
T,-modules, we have v = evy for some € € T
Since the desired result does not depend on the choice of w, we will prove
the result by choosing a particular w and showing that (< f7,w(f7) >)T and
puA? are actually equal for this choice. In fact, we choose w : Fil' — Comp
such that w(z) = ((yx(z))e 1)b. Tt is seen that w is a Ty-isomorphism.
So
<[ w(f7) >
=¢ << fT,w(f7) >>
= o(fT)(w(f7))
= ((evo) fT)(((y(f7))e™1)b)
= K(f7)(e(ya(fT))e™)

= m(er).
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Hence to prove that (< frw(fm) >)T and pA” are equal, is equivalent to

showing that for all 7 € I,

Now we prove the following proposition, thus ending the whole proof.
Proposition 3.3.3. 7.(e,) =0 for o # 7.

Proof. Since e, = y(k(f?)), where v and k are T, linear, the fact that f7 is in
the m,-eigenspace of Fil' is translated to be that e, is in the m,-eigenspace of
T Choose some element t € T, such that 7,(t) # 7, (t). Then te, = 7, (t)e..
Apply 7, to both sides. As 7, is an algebra homomorphism, left side becomes
m()7-(es). As 7w, is O-linear, the right side becomes 7, (t)m,(e,). Now

comparing both sides leads to the desired claim. O]
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Chapter 4

A non-trivial example

Remark 1.4.3 says that the exact extent to which the conjecture of Burns-Flach
is finer than that of Bloch-Kato in our case is measured by the group O, /T
To show that what we have proved is not vacuous, it is imperative that we
have a concrete example for which our proof of the conjecture of Burns-Flach
works and that this group is nontrivial.

We recall or introduce a few symbols first. T is the integral Hecke algebra
generated over Z by the Hecke operators on Sa(I'g(N)), the vector space of
cusp forms of weight 2, level prime number N and trivial character. Since N is
prime, S5(I'o(V)) is generated by newforms as there is no forms in S(I'g(1)) =
Sp(SLa(N)). T = T®z Q = [[; Ky, where f runs through non-conjugate
newforms in S3(I'g(Z)) and where K is the field of definition of f. S; is the

set of prime number ¢ such that either:
e \|2N, or

o there exist a newform f and a prime A | ¢ in K such that the two-

dimensional residual Galois representation My ,/AMy y is not absolutely
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irreducible when restricted to G, where My is the premotivic structure
associated to f defined in [D-F-G2, §5.4] and F' = Q(1/(—1)“-1/2¢) and

AL
We want to choose N and ¢ to satisfy
e condition 1: ¢ ¢ Sy, and
e condition 2: (T,)* is a proper subgroup of O, .

We set the first condition as we use the result of [D-F-G2, §8.2] to prove Burns-
Flach conjecture in our case while the second condition is the requirement of

non-trivial refinement.

Example: The above two conditions are satisfied for N = 89 and ¢ = 5.

S5(I'(89)) contains 7 (normalized) newforms, 5 of which are Galois conju-
gate to each other. Let fi, fo, f3 be three non-Galois-conjugate (normalized)
newforms in S3(I'g(89)). We list in table 4.1 the eigenvalues of the first 15
Hecke operators acting on them, or equivalently, the first 15 coefficients of

their g-expansions, which can be found by [St3] or in [St1].

Now let us check condition 1. Suppose it is not satisfied. Since 51 2 - 89,
there is a prime A | 5 in Sy where f = f; for some i € 1,2,3 such that the
two-dimensional residual Galois representation My /AM;  is not absolutely
irreducible when restricted to Gp. By [D-F-G2, Lemma 7.14], the original

representation is not absolutely irreducible either. By the proof of [D-F-G2,
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Lemma 7.13] , we must have

ap(f)=p+1 mod A (4.1)

for all primes p =1 mod N. Choose p =2%89+1=179. Then p+1 =10

mod A. The following values of ai79’s can be found the same way as above.

ar7o(fi) =14 20 mod A

CL179(f2) = 4 7_é 0 mod )\

arro(f3) = (—4a* + 4a® + 32a* — 16a — 42) 0 mod .

The last inequality comes from the fact that the norm of ay79(f3) is 413408,
which is not divisible by 5 and which is obtained by software package Pari as

follows:

?norm(Mod (-4*a~4+4*xa~3+32*%a~2-16*a-42,a"5+a"4-10*%a~3-10*a"~2+21*a+17))

\%1=413408
Hence, (4.1) is not true for any f. So condition 1 is satisfied.

Now let us check condition 2. By [A-S], the integral Hecke algebra ¥ is
generated (as an abelian group) inside Q x Q x Q(a) by the operators T}, with
n < 2-89/12-(1+ 1/89) = 15, i.e., generated by the rows of table 4.1 (of

course not considering the first row and first column). By row operations, we
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n | an(f1) | an(fo) an(f3)

1 1 1 1

2 -1 1 a

3 -1 2 —a*/2+a’/2+7a*/2 —5a/2 — 4
4 -1 -1 a’— 2

5 -1 -2 —a’>+4

6 1 at —3a%/2 — 15a?/2 + 13a/2 + 17/2
7 -4 2 at/2 —4a® —a+13/2

8 3 -3 a® —4a

9 -2 1 a’ —a—4

10 1 -2 —a® +4a

11 -2 -4 —a® +5a+2

2] 1 2 | —34%/2+ 3d%/2 + 19a%/2 — 15/2a — 9
13 2 2 —a* +a’ + 8a? — ba — 11

14| 4 > A2 A —da—17)2
15 1 -4 at/2 —a®/2 —5a?/2 +5a/2 + 1

Table 4.1: Hecke operator 7, on newforms in S3(I'5(89))

Here a is a root of a® + a* — 10a® — 10a? + 21a + 17 = 0.

find that ¥ is also generated by 7 linearly-independent elements

(1, 0, 5)
0, 1, —4)
0, 0, (a*+1)/2-1)

0, 0, (a®*+a*+a+1)/2+3)

(0, 0, a®>—1)
(0, 0, a—1)
(0, 0, 10)

in Or 2 Z x Z x Ok, . Note that {(a* +1)/2,(a® +a* +a+1)/2,a? a,1} is
f3

a Z-basis of O, as shown by the following Pari session:
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? nfinit(a~5+a"4-10*%a~3-10*%a"2+21*a+17) .zk

%1 = [1, a, a~2, 1/2%a"3 + 1/2*%a"2 + 1/2*%a + 1/2, 1/2%¥a"4 + 1/2]

The set of 7 elements above also generates T5 = T ®yz Z5 as a Zs-module.
Since the unit (1,1, —1) € O, is not in T5, we have verified condition 2.

For completeness, let us determine the quotient O, /T, in this case.

As 2 is invertible in Zs, Ok, 5 as a Zs-module is generated by {a* —1,a’ —
1,a®> — 1,a — 1,1}, or equivalently, by {b* 0% 0% b,1} with b = a — 1. The
ideal (5,0) in Ok, 5 is generated by {b*, 0%, b%,b,5} as a Zs-module as b® =
—6b" — 4b® + 24b® + 200 — 20. Hence the map « : Zs/(5) — Ok, 5/(5,D)
induced by the inclusion Zs — Ok, 5 is a ring isomorphism.

Ts is generated by (1,0,0), (0,1,1), (0,0,5), (0,0,b), (0,0,b%), (0,0,0),
and (0,0,b%), while Or, is generated by the same set except that (0,0,5) is
replaced by (0,0, 1). So, T5 is exactly the elements (z1, x5, x3) in O, such that
a(Tz) = T3. As Op, is an integral extension of Ty, T5 = O, NT5. Hence, T3 is
exactly the elements (x1, 72, 73) in OF, such that a(Tz) = T3, or, equivalently,

the kernel of the homomorphism

OF, = ZF X ZF x 0, 5 — (Zs/5Zs)"

Since this homomorphism is surjective, Op, /T = (Zs5/5Zs)*. Its order, 4,

indicates that all we have done is a small refinement indeed. We wonder if



there is an easier way to achieve it.
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Chapter 5

An isomorphism of two Selmer
groups

One type of Selmer groups is defined by Bloch and Kato and employed in their
conjecture while another type is given in [D-F-G2, §7.1] and reintroduced in
2.1. This chapter presents in proposition 5.3.4 an isomorphism between these
two types under some conditions, which can be viewed as a kind of global
version of the isomorphism in [D-F-G2, §7.1], whose statements and proofs are
followed quite closely here. The comparison of Selmer groups is considered
one of the first steps to understand these groups. In the course of proving
the isomorphism, we also obtain proposition 5.1.1 on the A-linear Fontaine-
Laffaille theory, where A is a commutative complete local noetherian ring finite
over Zy.

This chapter is independent of the other chapters except that proposition

5.1.1 is mentioned in §3.1.
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5.1 The theory of Fontaine and Laffaille

We introduce some of the theory of Fontaine and Laffaille in [F-L] in a way that
fits for later use. The main point here is to extend the coefficients of various
modules to A or A/¢, where A is a commutative complete local noetherian
ring finite over Z,.

By common abuse of notation, we use the same symbol to denote an object
of a category or its image under a forgetful functor when it is clear which one
we refer to.

Let Z,-M3F, or simply MJF, denote the category whose object X is a finitely

generated Zy,-module equipped with

e a decreasing filtration such that Fil*X = X and Fil’X = 0 for some

a,b € Z, and for each i € Z, Fil'X is a Z,-module direct summand of X

o Zs-linear maps ¢ : Fil'X — X for i € Z satisfying ¢'|pyit1 x = £¢'T and

X =3 Img,

and whose morphisms are Z,-module homomorphisms respecting filtration and
commuting with ¢* for all i. MJ is naturally a Z,-linear category. It follows
from [F-L, 1.8] that MJ is an abelian category such that the forgetful functor
from it to the category of Z,-modules is exact.

For any subcategory € of MJF, let C° denote its full subcategory of objects
X satisfying Fil’X = X and Fil’X = 0 and having no non-trivial quotients

X’ such that Fil“ X’ = X’. Also, let MTF,,, denote its full subcategory of
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objects of finite length, i.e., objects that are torsion Z,-modules. It follows from

[F-L, 6.1] that MJ?}

tor 1s an abelian category, stable under taking subobjects,

quotients, finite direct products and extensions in MJ.

Now we extends the coefficients to A or A,. Let A-MJF denote the category
any of whose object is an object X in MF equipped with a ring homomorphism
A — Endyg(X), a — ayx for all @ € A, which becomes the structure map
Zy — Endyg(X) if composed with the natural map Z, — A, and whose
morphisms should be compatible with the extra structure, namely, for X and
X' in A-MZ, a morphism [ : X — X’ in Z,- MY is also a morphism in A-MJF
if and only if f-ax = ax: - f for all a € A. Explicitly, an object of A-MF is a
finitely generated A-module X equipped with

e a decreasing A-module filtration such that Fil*X = X and Fil’X = 0 for

some a,b € Z, and for each i € Z, Fil'X is a Z,~module direct summand

of X;

e A-linear maps ¢' = ¢ : Fil'X — X for i € 7 satisfying ¢'|pyi1y =
(¢ and X = > Img',
and a morphism is an A-module homomorphism respecting filtration and com-
muting with ¢ for all 4.
Substituting A/¢ for A in the previous paragraph, we obtain the cate-
gory A/0-MF. A-MTF” and A/¢-MTF° are the full subcategories of A-MJF and

A/l-MT respectively whose objects are actually in MJF?.

We note that the description of an object in A-MYF is the same as the



29

description of an object in Z,-MF with Z, replaced by A everywhere with
one exception. The following proposition reveals that under a mild condition,
there is no exception. The proposition still holds with almost the same proof

even if A is not commutative. However, this is irrelevant to this article.

Proposition 5.1.1. Let X be an object of A-MF whose underlying module is
a free A-module. Then Fil'X is in fact an A-module direct summand of (the

underlying module of ) X and a free A-module for all i.

Proof. We do induction on the nontrivial filtration length n of X. If n = 0,
i.e., X =0, it is trivial. Suppose it is true if the nontrivial filtration length is
less than n. Let X € A-MJ whose non-trivial filtration length is n. Shifting
the filtration indices if necessary, we can assume X = Fil’X D Fil'X ... D

Fil" = 0.

We first deal with Fil'X. Let M be the matrix representation of ¢° with
respect to a basis of X over A. Since A is a local ring, using elementary row
and column operations, we know that there exist two invertible matrices M,

and Mg such that

Mo MM, = ,
0 M,

where [ is the identity matrix and M; is a square matrix whose entries are in
M, the maximal ideal of A. Let M, and My correspond to A-linear isomor-
phisms a and 3 respectively. We identify the domain of g with the codomain

of a in such a way that the bases for them coincide. Replacing Fil’X by
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B~YFil’X) and ¢' by a o ¢’ o 3 for all 4, we can assume from now on that M
has the block diagonal form of the right hand side of above equality.

Let X = X4 X; such that it corresponds to the block form of M. Consider
r € N = X,NFil'X. Then 2 = ¢°(z) = £¢'(z). Since X, and Fil' X are Z,-
module direct summands of X, ¢!'(z) € N. So x € (N, i.e., N C {N. Note

that ¢ € M. By Nakayama’s lemma, N = 0. Hence,

rankz, Xy + rankz, Fil' X = ranky, (X, + Fil' X) < rankg, X. (5.1)

We have X = >~ Im¢’. Then

_ Img° n Xo + Zizl Tmg’

X
TX, X,

Note that Im¢®/ X, = ¢°(X;) C MX;. By Nakayama’s lemma,

So we have the first inequality of the following:

rankz, X < ranky, X+ rankZZZ:iZl Img?
= rankg, X, + rankz, Im¢* (5.3)

< ranky, Xy + ranky, Fil' X,

where the second equality is ensured by the fact that ¢'|pyit1y = €' for all
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Combining (5.1) with (5.3), we see that all inequalities must be equalities
and hence,

rankz, X = ranky, X, + rankg, Fil' X, (5.4)

which leads to equality:

Fil' X

- 5.5
23196 (5:5)

. X ) Xo .
dlmmﬁ = dlmwm + dimp,
where we can naturally identify each quotient on the right hand side with an

[Fy-vector subspace of the quotient on the left hand side as X, and Fil' X are

Ze-module direct summands of X.

The intersection of those two quotients on the right is zero. To prove this
claim, let us take an arbitrary element in the intersection, which is zy + ¢X
for some zo € X, and x; + ¢X for some x; € Fil'!X. So 2o = 2; mod ¢X.
Applying the natural projection 7 : X — X to this congruence equality, we
have

xo =7(x1) mod (X,

because m(¢X) N Xy = £Xy. On the other hand,
m(x1) = ¢°(n(21)) = 7" (1) = 7o' (11) € 7(X) NLX = £X,.

So g = 0 mod X, and the claim is established. Then from (5.5), we see
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that
X X N Fil' X
(X (X, (Fil'X’

Nakayama’s lemma tells us that X = Xy 4 Fil' X. Then by (5.4), we must
have X = X, @ Fil' X. So Fil' X is an A-module direct summand of X. Since
a projective module over a local ring is free, Fil' X is a free A-module. So the

desired conclusion is true for Fil' X.

(5.2) and the first inequality in (5.3), where all inequalities are actually
equalities as shown before, imply that X = Xy & Zi21 Im¢*. Thus being a
projective module over a local ring, 2121 Im¢’ is a free A-module. It has the
same rank over A as Fil'X as shown by the last (in)equality in (5.3). Let v
be an A-linear isomorphism from Zizl Im¢* to Fil' X

Construct an object Y of A-MTF from X as follows. Y is Fil'X equipped

with extra structure:
e Fil'Y = Fil'X for all i < 1, Fil'Y = Fil'X for all i > 1,
o ¢t =1¢h foralli < 1, @i = vo ¢l for all i > 1.

Then Y is an object of A-M3JF whose nontrivial filtration length is less than n.
By induction assumption, Fil'Y is an A-module direct summand of Fil'Y and
a free A-module for all i. In other words, Fil’X is an A-module direct summand
of Fil' X and a free A-module for all i > 1. Since Fil'X is an A-module direct
summand of X, Fil'X is an A-module direct summand of X. So the desired

conclusion for Fil' X is true if 7 > 1, while it is trivially true if # < 0. Thus we
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conclude our induction. O

Let Z,-GR, or simply GR, be the full subcategory of Z,G,-modules whose
objects are isomorphic to quotients of the form L;/Ls, where Ly C L; are
finitely generated G-stable Z,-submodules in short crystalline representations.
In the same way as we define A-MJF and A/¢-MF from MTF, we define category
A-GR and category A/(-GR from GR.

The category MF

tor 15 Zg-linearly equivalent, via the functor, also men-

tioned at §1.2,

X — V(X) :=hom(Ug(X),Qr/Zy),

to FR, where Ug(X) = homsome appropriate category) (X Acrys,e @z, Q¢/Zy¢), and
FR, already introduced in §2.1, is the full subcategory of GR of objects of
finite length [F-L, 6.1]. Extend V to a fully faithful functor on MF° by setting
V(X) = projlimV(X/¢"X). Then V defines an equivalence between MJF°
and GR. By functoriality, the functor V also defines an A-linear equivalence
between A/(-MF? and A/(-GR and between A-MJF° and A-GR.

We know GR and FR are abelian categories. Note that we can describe
A-GR (resp. A/l-SR) as the full subcategory of the abelian category of
finitely—generated—over-Z, AG,-modules, consisting of objects that fall into
GR (resp. FR) under the exact forgetful functor to the abelian category of
finitely—generated—over—Z, Z,Gy-modules. (The condition of being finite Z,-

modules is to guarantee that the categories are abelian so that the argument
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right below would work. Note that the modules here are, by the conven-
tion throughout this article, modules with continuous G, action on its Z,-adic
topology.) Therefore A-GR and A/¢-GR are abelian categories. By equivalence
of categories, so are A/¢-MJF° and A-MJF°.

Note that the forgetful functor from A/¢-GR to GR is exact. By equivalence
of categories, the forgetful functor from A/¢-MFY to MF? is exact. Hence, the
forgetful functor from A/¢-MJF° to the category of A-modules is exact. The
same arguments exist for A-MF°.

In a word, A-MJF°, A/-MF°, A-GR and A/(-GR are A-linear abelian cate-
gories such that the forgetful functors from them to the category of A-modules

are exact.

Now we state a proposition that applies to V. We know that V| as a functor
on MF, preserves the lengths of underlying Z,-modules. For any A-module,
its length as a Z,-module is [k : Fy| times its length as an A-module, where
k is the residue field of A. So V, as a functor on A-MJF", also preserves the

lengths of underlying A-modules.

Proposition 5.1.2. Let A be a commutative complete local noetherian ring.
Suppose we are given two A-linear abelian categories such that there exist exact
forgetful functors from them to the category of A-modules, where the A-module
structure of an object is provided by its original A-linear structure. Then an
equivalence between them that preserves lengths of the underlying A-modules

also preserves the freeness and ranks of the underlying A-modules (of objects
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whose underlying A-modules are free).

Proof. Let © : € — F be the equivalence in the proposition and 9 be the
maximal ideal of A. Suppose O(F) = F, where F is a free A-module of rank
T

For any ideal I of A generated by aq,--- ,a,, we have an exact sequence

in the category of A-modules:

E" L E - EB/IE -0,

where B((z1, -+ ,x,)) = Y, ax;, x; € E. [ is, in fact, in € because € is an
A-linear abelian category. The exact forgetful functors of € to the category of
A-modules ensures that F/IE, the cokernel of (3 in the category of A-modules,
must be (the underlying A-module of) the cokernel of 5 in €. So we can view
the above sequence as exact in €. Applying ©, we get an exact sequence in
F:

% p L eB/IE) — 0,

e(8)

where ©() has the same definition as . Since the cokernel of F" D P

F is F/IF for the same reason as above, we obtain that ©(E/IE) = F/IF.

Hence as A-modules,

length(E/IE) = length(O(E/IE)) = length(F/IF) = r - length(A/I), (5.6)
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where lengths might be infinity.

Let 9 take the place of I. Then (5.6) becomes

dim g on(E/ME) = dim g jon(F/MF) = 7.

By Nakayama’s lemma, we have a surjection of A-modules: A" — E, which is

completed to an exact sequence:

0—-K—-A"—F—0.

Tensoring it with A/9* over A for an integer k, we get an exact sequence

K ®a A/IMY — (A/IMY)" — E/IMFE — 0.

So we have

length( image of K ®4 A/9M") = r - length(A/9M*) — length(E/MFE).

One can show that length(A/9%) is finite by induction as A is noetherian.
Hence, (5.6) says that the right hand side of the above equality is 0. Then
K e Mk . A", Let k goes to infinity, we see that K = 0 as A is complete with

respect to 9. So A" =2 F. O]

Remark 5.1.3. All propositions still holds if we change A to be a finite product

of commutative complete noetherian local rings finite free over Zy, or, what is
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exactly the same, a commutative semi-local ring finite free over Z,. This can
be seen by decomposing into or taking product over components indexed by the

Wedderburn factors of A for various concepts.

5.2 Notation

We continue to use the notation of §2.1. Fix an odd prime ¢, a commutative
complete local ring A finite free over Z, , a continuous AGg-module L free of
rank two over A and W = End’ (L) ®z, Q/Z, where the superscript 0 means
endomorphisms of trace 0. Let T=End%(L), B = A ®z, Qr, Vi = L @z, Q,

and V =T ®z, Q; = End%(V}). So we have an exact sequence

0—-T—-V —->W —0. (5.7)

We assume that V] is a short crystalline representation of GGy, where the mean-
ing of short is defined in §2.1.

Bloch and Kato define a divisible B-submodule H} (G, W) C HY(G,, W)
for each p. Explicitly,

ker(H*(G,,V) — H'(1,,V)) = H(GF,, V'?) for p # ¢,
Hfl(Gp,V) =

ker(H' (G, V) — HY (G, Barys @q, V)) forp=1¢,

where B,y is the ring Be,ys ¢ defined by Fontaine [F-P2, 1.2.1]. Then Hf1 (Gp, W)
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is the image of Hf1 (Gp, V) under the natural map. Their Selmer group

H (Go, W) € H'(Gg, W)

is the A-submodule of elements with restrictions in H{(G,, W) for all primes

p.

5.3 The isomorphism of two Selmer groups

We first prepare two isomorphisms in the next two propositions.

Proposition 5.3.1. Let p # { and suppose Wr is divisible. Then

Hfl(Gzn W) = H}(Gpv W),

where H (G, W) is defined in §2.1.

Proof. We have a long exact sequence:

0=Th 5V S Wh 2 HY (L, T) — - .

Im(6) is divisible as so is W. But H'(I,,T) has no nontrivial (-divisible
subgroups by [N-S-W, Proposition 2.3.7]. So Im(§) = 0. Replacing H*(,,T)

by 0 in the above sequence, we have a short exact sequence of G,/I, = Gp,-



69

modules, which induces a long exact sequence:

= H (Gl V) S H (G W) & HHG o T) = -+

What we want to prove is none other than that « is surjective. So it suffices

to show H?*(Gg,,T) = 0. We have

H?*(Gy,,T) = lim H*(Gr,, T/0"T) = 0.

The first equality holds by [N-S-W, Corollary 2.3.5] and the second by Propo-

sition 1.6.13(ii) of loc. cit. O

Proposition 5.3.2. H} (G, W) = H(Gy, W) is divisible of Zq-corank

d = dimg, H°(Gy, V) + dimg, V — dimg, Fil’ Deyys (V).

Here Depys(V)= (Beys ®q, V). The Z,-corank of a Zs;-module M is the

rank of M"Y /(M"Y )ior over Zy, where MY = homg, (M, Q,/Zy).

Proof. First we show H} (G, W) C Hj(Gg, W). Let a € H{(G;, W) be the
image of some class ¢ € H{(Gy, V) represented by cocycle ¢ € Z'(Gy, V),

which corresponds to a BGy-module extension

0—-V—-E—B—0, (5.8)
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(g(v) 4+ be(g),b). We construct a commutative diagram of exact rows

0 — VoW — E®pVy, — BegV; — 0

l push-out ! l

0 — Vi — E’ — Vi — 0
T T T

0 — L — L — L — 0
! ! !

0 — L/"L — r/er — LML — 0

as follows. The first row, (5.8)®pV], is exact as Vj is free over B. The
upper left vertical arrow is the evaluation map. Then we make the upper left
square a BGy-module push-out diagram and complete first two rows so that it
commutes and that the second row is exact. See [Ei, A3.26¢|]. We require that
the third row be exact and the arrows from it to the second row are natural
injections. Then L’ is a uniquely determined free A-module. The arrows to
the fourth row are natural projections. Then the fourth row is also exact. We
pick n large enough so that Im(c) C T ®z, £~"Z¢/Zs. Then the map from ¢ to
«a factors through the image of ¢ in HY(G,, W,,). Call this image 3.

(By the way, if we know E’, we can get E by constructing the following
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commutative diagram with exact rows:

0 — VeB — F — B-idy, — 0
] l (pull-back) ]
0 - Vé&B — homg(V, E) — VeB — 0,

where V @ B = Endg(V;). Then E = F/B.)

We have defined H}(Gg, W,,) using the one-one correspondence between el-
ements of H'(Gy, W,,) and Yoneda extensions of L /¢"L by itself in the category
of Zy/0"Gp-modules. A long but routine check demonstrates that the fourth
row and (3 corresponds to each other under that correspondence. Hence, to
show o € H}(Gye, W), it is enough to show 3 € H(Gy, W,,), or equivalently by
definition, that E’ is a short crystalline representation since L’ is a Gy-stable
Q-lattice in E’. By the following lemma, we see that E’ is crystalline if F is
crystalline, a fact which we will prove right after the proof of the lemma. Since

Vi is short, so is E.

Lemma 5.3.3. Crystalline representations (over Q) are stable under taking
finite direct sum, subobject, quotient object, internal homomorphism and tensor

product over B in the category of (finitely generated) BG,-modules.

Proof. We know that crystalline representations are stable under taking fi-
nite direct sum, subobject, quotient object, internal homomorphism and tensor
product in the category of Q,Gy-modules. So they are also stable under taking

finite direct sum, subobject, quotient object in the category of BG,-modules
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as the forgetful functor from this category to the category of Q,G,-modules is
exact. The internal homomorphisms of two objects in the category of BG-
modules is a subobject of the internal homomorphisms of these two object in
the category of QyGy-modules. The tensor product of two objects in the cat-
egory of BGp-modules is a quotient object of the tensor product of these two
objects in the category of Q,G,-modules. Hence, crystalline representations
are also stable under taking internal homomorphism and tensor product in the

category of BGy-modules. Now the lemma is proved.

So V is also crystalline. We have a commutative diagram with exact rows:

0 — Vv — FE — B — 0

! ! !

0 — Bcrys ®va - BCTYS ®QpE - BCTYS ®QPB — 0,

which induces a commutative diagram of cohomology groups with exact rows:

0 — V& - E% - B&% L HY(Gy, V) —

! ! ! ls

0 — Dcrys(v) - Dcrys(E) - Dcrys(B) _t) Hl(Gﬁchrys ®Q[ V) —,



73

where the third vertical arrow is just the identity map of B. So

dimg, (Derys(E)) = dimg, (Derys(V)) + dimg, (Derys(B)) — dimg, (Im(t))
= dim@,_, V 4+ dimQ[ B— dimQ[(< t(l K, 1) >B—m0dule)

= dim@é E— dimQZ(< 8(7"(1)) >B—module)
Note that (1) = ¢. By definition of H{ (G, V), s(¢) = 0. So E is crystalline.

The divisibility of Hf1 (G, W) follows from its definition, and its Z,-corank
is equal to the dimg, Hfl(Gg, V'), which is computed to be d in [B-K, §3.8.4]
or [F-P2, §3.3 of Chapter 3]. We explain why the corank is equal to the

dimg, H{ (G, V). We have a commutative diagram

HY Gy, T) @z, Q= HYG,V)
| !
0 — HYG,T)®z Q/Z; — HY(G,W) — HYG,T)ix — 0

T T T

0 — HY Gy, T) /™ — HYG, T/™) — H*G,T)(" — 0,

where the third row is exact and the second row, as the direct limit of the
third row, is also exact. The group H?(Gy, T )i is finite. See [N-S-W, §2.3.7-
to §2.3.10] for all non-trivial facts in the diagram. The first two rows show
H' (G, W) is nearly a co-lattice in H'(G,,V) in a sense that can be made

clear and hence so is H{ (G, W) in H{ (G, V).
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To finish the whole proof, it suffices to prove that

dimg, H;(Ge, W)[(] < d.

Recall that finite AG,-module W is defined by the exact sequence

0=W, =W 5 W =0,

which induces the exact sequence

0 — Fe @z W — H'(Ge, Wi) — H'Y(G, W] — 0.

Since H (G, W) is the preimage of Hj(G¢, W) of map H'(G, W) —

H'(Gy, W), we derive another exact sequence

O — Fg ®Z I/VGZ — H}(Gz, Wl) — H}(Gb W)[g] - 0

So we have the first equality of the following:

diIIlIFZ H} (Gz, W) [E] = dimFe H}(Ge, Wl) - dim]pl (]Fg ®Z£ WGZ)

= dimg, H}(G¢, W1) — dimg, W + dimg, H%(G¢, V).

The second equality holds as once we write WY = (Q,/Z,)™ @ U with U a
finite torsion Z,-module, then dimg,(F, ®z, W) = dimg, U/U = dimg, U[(],

dimg, W{* = dimg, (£~ Z/Z¢) " ®U] = m+dimg, U[(] and dimg, H*(G,, V) =
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m. The last equality can be proved as in the following paragraph.

As H°(Gy, V) = HY(Gy, T) ®z, Qp, dimg, H*(G,, V) = dimg, H°(G,, T).
It is clear that dimz, H°(Gy, T) < m. Suppose we are given w; € WS[¢]
corresponding to (W, 0,-+-,0;0). Then w; = w ® W for w; € T. If j > 1,
pmw; = w;. Hence, (w} —w}) ® 1/0 = 0, i.e., v} — w] € ¢'T. Hence lim; w)
converges to some element w in T. w is in T“* as action by Gy is continuous
on T. Continuing in this way, we can construct m elements in 7% that are
Z¢-linear independent. So dimgz, H°(G,, T) > m. Hence the desired equality.

Therefore it suffices to prove that

dimg, H}(Gy, W1) — dimg, H°(G,, W1) = dimg, V — dimg, Fil’ Dy (V). (5.9)

Choosing an object D in A-MJ* such that V(D) = L € A-GR. Proposition
5.1.2 shows that D is a free A-module. Proposition 5.1.1 tells further that
Fil'D is an A-module direct summand of D and a free A-module for all i.

Let D/, be the cokernel of multiplication by ¢ on D. By the equivalence
of the categories, V(D) & L/¢L. We have Fil'D, = Fil'D/(Fil'D N (D) =
Fil'D /¢ Fil'D, the latter equality ensured by the fact that Fil'D is a Z,-module

direct summand of D.

We now construct the following exact sequence

0 — hOmA/Z-M?(D/Za@/Z) - homA/é,Fil<D/€a®/Z) (5 10)

1— ™
y homase(Dye, D) = Extypng(Dse,Dy) — 0,
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where Ext' is the abelian group of Yoneda extensions in an abelian category
with enough objects, like push out, pull back, etc.

The first nonzero map is a part of the forgetful functor. Since each filtration
of D is an A-module direct summand of D, each filtration of D /¢ is also an A/¢-
module direct summand of D/¢. Hence we have Fil'D /0 =D ®F i1 /e
for some choice of an A/¢-module D;/; 1. Note that D,, = ©D;/;41 and that
¢'(Fil''D ) = 0. Define ¢ € Enda/ (D) such that ¢lp,,.., = ¢'. Then
#(Dye) = XIm(¢") = Dyp. So ¢ is an isomorphism as D, has finite length
as Zs-modules. By abuse of notation, let ¢ also denote its adjoint action on
Enda/(Dye) so that the second nonzero map is defined. Now we explain the
construction of 7. For € hom (D¢, D /) we define an extension £, of D,

by itself in A/(-MJ with underlying A/¢-module D/, & D, filtration

Fil'E, := Fil'D/, & Fil'D

and Frobenius map ¢° : FiliE77 — B,

O'(x,y) = (¢'(x) + 10" (y), ' ()

Then 7(n) is the class of the Yoneda extension E, in Ext'. The verification
of the exactness of the sequence (5.10) is straightforward. (To show 7 is a
surjection, we use the fact that D, is free over A/¢, which is true as D is free

over A.)
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Here comes a small twist of proof. We can redo the proof from the very
beginning up to now with trivial modifications if we consider End 4(L) instead
of End%(L), i.e., consider T = End (L), W=Tg [Zg, and V = T ®7, Qy, etc

while ¢, A, L, D are the same as before. Now we verify (5.10) implies (5.9).

Hi(GY, W1) = {Yoneda extensions of L/{ by itself in A/¢-GR}
= {Yoneda extensions of D, by itself in A/¢-MF}

= Ext}y o nir(Dye, Do)

HO(Gy,Wy) = (hom e (L/CL, LJEL))C
= hOIIlA/gc;l(L/gL, L/KL)
= homrfgg(A/g)(L/fL, L/ﬁL)

= hom /.5 (D e, Do)

dimg, V' = dimg, homg(V4, V1)
= dimy, homy (L, L)
= dimgz, homy (D, D)
= dimg, hom 4 /,(D /¢, D /)

The second last equality holds because L and D are free over A of the same
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rank by Proposition 5.1.2.

dimg, Fil® Deyys (V) = dimg, Fil®(Bays ®g, (Q¢ ®z, End (L))
= dimg, Fil’(Q; ®z, End4 (D))
= dimy, Fil’(End 4(D))
= dimg, hom4 i (D, D)

= dimg, homa,¢ pa(D e, D r)

The last equality holds as Fil'D s¢ are free over A/¢ of the same rank as Fil' D
over A.

The fourth equality from the bottom requires more explanation. One sees

from [F-L, 8.4] that for X € M, the natural map of filtered Galois ¢-modules

Bcrys ®Ze X — Bcrys ®Ze V(X)

is an isomorphism, which leads to isomorphism of filtered ¢-modules:

QE ®Zl’. X - (Bcrys ®Zé V(X))GZ (511)

So we need to show that V(End4 L) = End 4 D, which can be proved by tracing
the definition of V. Note that Endy L is indeed an object of A-MJ".

So we have proved the equality Hfl(Gg,W) = H}(Gg,W) holds. If we
change W back to W, the equality still holds as W = W @& (A ®z, Qu/Zy),

H{(Gy,W) C Hi(G, W), H{ (G, A®2,Qp/Zy) C Hi (G, A®z,Qe/Zy), H{ (G,
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W) = H%(G(,W) @ H%(G@,A ®Z£ QZ/ZZ)7 and H}(Gz,W) = H}(GE,W) EB
H (G, A®z, Qo/Zy), where A is identified with the maps from L to itself that

are multiplication by elements of A. m

Combining Propositions 5.3.1 and 5.3.2, we arrive at the following desired

equality .

Proposition 5.3.4. If W is divisible for all p # ¢, then

Hy(Go, W) = H{ (Gg, W).
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