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iv
ABSTRACT

An infrared sky survey, carried out at the California Institute
of Technology, has resulted in a catalog of the 5612 sources whose flux
at 2.2y was measured to be greater than 2.5 x lO-lS watts cm_zu_l.
(Neugebauer, G., and Leighton, R. B., Two Micron Sky Survey, A Prelim-
inary Catalog, National Aeronautics and Space Administration, Washing-
ton, D.C., 1969.) The positions and the fluxes at 2.2u and 0.8y of
the stars in the catalog are taken here as the input data for a determina-
tion of the luminosities and the distribution in space of these stars.

The 0.8y measurements are used only for the purpose of dividing the
catalog stars into four groups on the basis of the ratio of 2.2p flux
to 0.8u flux,

For each of the four groups data are presented which show the
distribution of the stars in spectral type and in galactic longitude
and latitude. Also presented is the distribution n(t) of an observed
quantity t. This quantity is defined as the logarithm of the square
of the ratio rmax/z’ where ¥ ax is the maximum distance at which a star
can be detected and z is its distance from the galactic plane. An
integral equation, which relates n(t) to the space density D(z) and the
luminosity distribution, is used to derive luminosity distributions
for the stars. The method makes use of the decrease in D(z) at some
characteristic distance z = ¢ to determine the distribution of rmax/o.

The results indicate that the least red (i.e., smallest ratio

of fluxes) 35 percent of the stars are generally giant stars of type



MO or earlier and are not luminous enough to be detected beyond the
characteristic half-width ¢ of their z distribution, where

200 < o < 300 parsecs (pc). The next 20 percent in order of redness
are giant stars of spectral type MO - M3 and can be detected to an
average distance about twice their characteristic half-width o, where
150 < o < 300 parsecs.

The reddest 45 percent of the stars are generally giants of
spectral type later than M3 and can be detected to distances about
five times o, on the average. The luminosity function derived from
these reddest stars may be written in terms of absolute K (i.e., 2.2u)
magnitudes MK as (DO/A/5}3 exp[}(MK - MO)Z/ZAZI per unit volume per
unit magnitude, where DO = 29/¢3, MO =«4,3 -5 loglO(o/lOO pc), and
A = 1.2. The o for these stars is probably in the range 200 to 400
parsecs. This luminosity function does not account for about 200 of
the stars in the reddest group which form an excess concentration of
stars within 1 or 2 degrees of the galactic equator. These excess stars

are interpreted as being supergiants with ¢ + 50 parsecs and Loax ¥ 5

kiloparsecs.

An estimate of the gradient of the space density in the galac-
tic plane is made for the reddest 45 percent of the stars. The es-
-0.15

timate is that the space density decreases by a factor of 10 in

a distance of 5g.
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CHAPTER 1
INTRODUCTION

An infrared sky survey was carried out at the California Insti-
tute of Technology during the years 1965-1968. This survey was de-
signed to obtain an unbiased sample of celestial objects which are
bright enough in the infrared at wavelength 2.2 microns (u) to be de-
tected by the survey instrumentation. The threshold for detection was

15 watts cm—zu_l. (This cor-

a flux density at 2.2u of about 1 x 10~
responds to 1.6 x 10—25 watts rn—2 hz—1 at 2.2u.) In order to obtain
some idea of the temperature of the objects detected at 2.2y, a measure-
ment of the flux at about 0.8u was made for each object detected. One
result of this survey has been the discovery of some sources of infra-
red radiation which have a ratio of flux at 2.2y to flux at 0.8y which
is unusually large compared to most known stars. The coordinates and
the infrared brightnesses of 17 such objects were published while the
survey was still being carried out (1,2).

Another result of the survey is a catalog of infrared stars
which was ready for publication by the end of 1968 (3). This catalog
does not list all of the approximately 2 x lO4 objects (stars) which
were detected on the survey, but includes only those whose flux den-
sity at 2.2y was measured to be greater than 2.5 x 10_5 watts cm_zu—l,
about 2.5 times the minimum detectable flux density. (The flux density

values given here and in the preceding paragraph are based on the abso-

lute calibration given by Johnson (4) for the K magnitudes, The



operational criterion for an observed star to be included in the infra-
red catalog was that its K magnitude be less than 3.01.) The catalog
includes 5612 stars. For 5562 of these the average of the measurements
of the flux at 2,2y was above the threshold of 2.5 x 10—15 watts
cm-zu—l. An additional 50 stars were included despite the fact that
thelr average flux was below the threshold, because their flux was
measured above the threshold on one or more nights and the change in
thelr flux from one observation to another suggested that they were
variable stars. The analysis to be presented in this thesis takes as
its input data the observed positions (galactic longitude and latitude)
and bfightnessesA(at 2.2p and at 0,.8u) of the stars in the infrared
catalog. The infrared catalog lists spectral types for over 60 percent
of the stars in it, and tlese are also taken as input data for the
analysis. The spectral types were obtained by identifying the infrared
stars with those listed in various star catalogs based on visual obser-
vations, and are therefore not data obtained from the survey itself.
The previous survey which is most like the present one, in
termé of the similarity of the kind of star observed, is an infrared
photographic survey of the Milky Way which was carried out at the Warner
and Swasey Observatory of the Case Institute of Technology during the
early 1950's. Results of that survey have been presented by Nassau
and Blanco (5), Nassau, Blanco, and Cameron (6), and Blanco (7). The
Case survey made use of Kodak 1-N emulsion plates behind a No. 89
Wratten filter and a 2° objective prism. The resulting infrared spectra

covered the wavelengths from about 0.68n to 0.88y with a dispersion of



0.34y/mm near the middle of the waveleﬁgth range. The spectra were
used to identify stars of spectral type M5-M10, N, R, and S as well as
highly reddened stars of spectral type MO-M4. The workers at Case
estimated that this survey could identify these late type stars to a
limiting infrared magnitude of 10.2, (The infrared magnitude scale
used at Case is about the same as the I magnitude, 0.8y, scale used

in the Caltech infrared survey. Both are in agreement with the I mag-
nitude of Kron, White, and Gascoigne (8) according to Chapter III of
this thesis and Blanco (9). Comparisons of the I magnitudes of some
stars common to both the Case survey and the Caltech survey showed
agreement on the average, though with a broad standard deviation.)
Roughly speaking, the area of the sky covered by the Case survey was
that within 6 degrees of the galactic equator between galactic longi-
tude gt - 5° and o I o 233°; i.e., the Milky way north of declination
~-23°. The claim that the Case survey detects stars similar to those
detected on the Caltech survey is based upon the arguments given in
Chapter IV of this thesis to the effect that the reddest half of the
stars in the infrared catalog are nearly all of late M spectral type.
Additional evidence of similarity has been obtained by identifying
over half of the otherwise unidentified infrared catalog stars (in

the area common to both surveys) with those on lists of the brightest
stars (I < 8.2 mag.) found on the Case survey. Such lists have been
published by Nassau and Blanco (10,11) and Nassau, Blanco, and Morgan
(12). Some results from the Case survey will be presented in Chapter

VI in order to make a comparison with the results derived from the



Caltech infrared catalog.

Two other photographic infrared surveys have been carried out
in limited areas of the sky primarily for the purpose of finding stars
which appear much brighter in the infrared than in the visible. One
of these surveys was the pioneering work carried out in the 1930s by
Hetzler (13), who took infrared (effective wavelength 0.85u) plates
covering about 3000 square degrees and searched for "infrared stars"
by blinking between a panchromatic plate and an infrared plate.
Hetzler published his findings for 8 star fields each covering about
60 square degrees. In these 8 fields he found a total of 96 stars
whose color indices blue minus infrared were greater than 5 magnitudes,
his definition of "infrared star." Haro and Chavira have done some
similar work using comparisons between red and infrared photographic
plates. Their work has been reported by Johnson, Mendoza, and Wisniew-
ski (14). 1n a 40 square degree area near the infrared source NML
Cygnus discovered on the Caltech infrared survey (1) Haro and Chavira
found 7 other very red stars. A more recent report by Johnson (15)
on the survey by Haro and Chavira says that they have found several
thousand stars whose color indices red minus infrared are greater than
4 magnitudes, No attempt will be made in this thesis to compare the
results of either the Hetzler or the Haro-Chavira surveys with the

2.2y survey.



CHAPTER II

THE INFRARED SURVEY: INSTRUMENTATION
AND DATA REDUCTION

The data included in the infrared catalog were taken between
January 1965 and April 1968. During this period the entire sky from
declination -33° to declination +81° was surveyed at least twice.
This chapter will contain brief descriptions of the instrumentation
used for the infrared survey and the procedure by which the data were

reduced to the form presented in the catalog.

A. The Survey Telescope

The survey was carried out with a telescope especially de-
signed for this purpose. The infrared detectors were mounted at the
prime focus of an f/1 mirror 62 inches in diameter. The reflecting
surface of the mirror was a layer of aluminum deposited on an epoxy
substrate. The epoxy substrate had been formed by allowing the liquid
epoxy mixture to solidify in a parabolic aluminum frame which was being
rotated about a vertical axis at a constant angular velocity chosen to
give an f/1 surface. The imperfections in the mirror were such that
the visible image of a star was blurred to a diameter one to two milli-
meters. At the focus of an f/l system with a 62 inch mirror (aperture)
the correspondence between distance in the focal plane and angular

separation in the sky is such that

1 mm = 2.2 minutes of arc (') . (1]



Therefore, the imperfections in the mirror limited the angular resolu-
tion of the survey telescope to about three minutes of arc. The posi-
tion of a star, i.e., the position of the center of the blur circle of
a stellar image, could usually be determined to within less than a

minute of arc.

B. Detectors and Amplifiers

The dimensions of the infrared detectors were compatible with
the size of the blur circle of a stellar image. The detectors were
mounted in an array as shown in Figure 1, which indicates the angular
dimensions and the relative positions of the detector array projecﬁed
onto the sky. The four pairs of detectors shown in Figure 1 are lead
sulfide cells used to detect radiation of wavelength 2.0u to 2.4uy. The
longer, solitary detector is a silicon cell used to detect radiation
in the 0.7u to 0.9u wavelength range. When the telescope was in opera-
tion for surveying the sky it was held at a constant north-south posi~
tion (constant declination) and was moved either west to east (increas-
ing right ascension) or east to west (decreasing right ascension) with
respect to the stars. As a star's image moved across a detector it
gave rise to an electrical signal which was amplified and recorded on
a chart recorder. In order to have a signal which could be distin-
guished as well as possible from the noise arising from background
radiation and random electrical fluctuations the stellar image was
moved back and forth in the east-west direction 20 times per second.

This "chopping" at 20 hertz was done by vibrating the mirror about a
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north~south axis. The amplitude of vibration was such that the image

of a star oscillated through a distance approximately equal to the separ-
ation of the two halves of one of the double cells shown in Figure 1.

For carrying out the survey the telescope was generally moved east-west
at a rate of about 15' per minute, so it took about 1.5 seconds for

the center of the image to move across the 3 millimeter (equals about

6') width of a double cell. Thus the vibration period was about one
thirtieth of the time it took a star image to cross a double cell,

The entire detector array, lead sulfide (PbS) and silicon (Si)
cells, was mounted in a dewar containing liquid nitrogen. The low
temperature was required for the efficient operation of the PbS cells.
The PbS cell array was covered by an interference filter which trans-
mitted only the 2.0u to 2.4p range of wavelengths. The Si cell was
covered by a filter which blocked the wavelengths shorter than about
0.7%. The long wavelength cutoff was provided by the drop in sensi-
tivity of the Si cell itself. The cells looked out of the dewar at
the mirror through a light baffle system and a quartz window. The
signal from each of the four PbS cells was picked up at the midpoint
between the two halves. The maximum amplitude of the signal occurred
when the stellar image was oscillating between the center of one half
and the center of the other, A signal one half the maximum occurred
when the image was oscillating between the center of either half and a
position not on the cell at all, The Si cell, of course, had its maxi-
mum signal when the image oscillated between on the cell and off the

cell. The signal from each of the five cells was filtered, ampiified,



and phase detected before being displayed on the chart recorder. The
phase detection circuitry discriminated against any component of the
"signal" which had a frequency of 20 hertz but was not in phase with
the true signal, which was that caused by a stellar image on the cell,
As a result of the phase detection the PbS and Si signals which were
finally displayed on the chart record have the appearance shown in

Figure 2, which is described below.

C. Recording of Data

Figure 2 shows some PbS and Si signals as they appear on the
chart record from a normal scan in right ascension. In scan n the
telescope is moving to the east at the usual speed with respect to the
sky of 18 times the sidereal rate. The regular spikes along the trace
at the top of the figure indicate minutes of right ascension from 20h
00m through 20h 31lm. At 20h 22m there is a PbS signal on cell A. Be-
cause of the phase detection the signal is negative at first as thé
stellar image oscillates on and off the eastward-looking half of the
cell, As the image moves across the cell the signal becomes positive
and attains twice the amplitude of the negative peak when the image is
oscillating between the two halves of the cell. A second negative peak
occurs when the image oscillates on and off the westward-looking half
of the cell. 1In scan n + 1 the signal from the same star appears on
cell B because the telescope has been moved 15' north. The Si signal
from this same star occurs in scan n + 1 and is displayed on the

chart recorder channel at the bottom of the figure. It is displaced
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from the cell B peak by‘about one minute of right ascension. In this
case the phase detection results in the signal being positive, while
the image oscillates between the cell and a position just off the cell
to its westward-looking side, and then negative, while it oscillates
on and off the cell on the other side. There is no Si signal from
this star in scan n because the Si cell does not extend to cells A
and D.

Just above the Si channel on the chart there is a channel la-
beled "x 1/10" which is used to display the output of an amplifier
designed to give one tenth of the sum of all the cells, the four PbS
plus the Si. In scan 1 in Figure 2 there is a Si signal which is
off scale on the Si channel but can be measured as about 8 divisions
peak to peak on the x 1/10 channel. This would be called a 40 division
Si signal. The PbS signal from this star with the off scale Si signal
is the largest peak on cell C. This peak on cell C would be measured
as about 11 divisions. The noise level on the four PbS channels can
be seen to be 1/2 to 1 division. Using the x 1/10 channel it is pos-
sible to measure PbS signals which are about 250 divisions, i.e., on
the order of 300 times the noise level. Another channel (not shown in
Figure 2) was used during most of the survey to display the Si signal
multiplied by 10, The minimum Si signal which could be detected was
not determined by the electrical noise, as were the PbS signals, but
was determined by the surface density of stars bright enough to give a
measurable Si signal.

An automatic scanning system controlled the motion of the
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telescope for gathering regular survey data. Operating under this
system the telescope would scan east or west in right ascension until
it tripped a microswitch that would stop its east-west motion when it
was about half an hour of right ascension either side of the meridian.
A declination drive ﬁotor would then move the telescope 15' north be-
fore it would again be moved in right ascension back toward the mer-
idian. The east-west motion of the telescope with respect to the sky
was either 15 or 18 times the sidereal rate at declinations south of
+56° and was either 30 or 36 times the sidereal rate at declinations
north of +56°. Thus the scanning rate in angular displacement per unit
time varied as the cosine of the declination, and it was always about

4 minutes of arc per second or slower. At a scanning rate of 18 times
the sidereal rate it was possible to do 14 right ascension scans, mov-
ing 15" north after each one, and then have ample time to manually

move the telescope south 3-1/2 degrees back to the declination of the
first scan, in time to start a new right ascension scan which over-
lapped the first one. The pattern traced out in the sky by this scan-
ning procedure is shown in Figure 3. The patterns for scanning rates
of 15, 30, and 36 times the sidereal rate were similar, but they cov-
ered 3, 6, and 6-1/2 degrees of declination respectively. As a result
of this procedure, a normal night of survey data would cover a parallel-
ogram in the sky with an altitude of about 3 (or 6) degrees of declina-
tion and a base of about n hours of right ascension, where n is the

number of hours of time it was possible to take data that night.
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D. Digitizing the Data

The minimum unit of data accepted for the data reduction pro-
cess was a single set of the 14 right ascension scans separated by the
15" declination intervals. (Actually the number of scans in a set
could also be 12, 24, or 26 if the scanning rate were 15, 30, or 36
times the sidereal rate rather than the 18 times which was most often
used.) The first step in the data reduction was that of putting the
information contained on the chart record into a digitized form suit-
able for processing by the IBM 7040-7094 data processing system at the
California Institute of Technology. To carry out this step a chart
reading table was designed and built, which has two sliding carriages,
each coupled to a potentiometer, for measuring position coordinates
x,y on the chart paper and two pairs of adjustable edges, each pair
coupled to a potentiometer, for measuring the size of PbS and Si sig-
nals. The voltage on each of the four potentiometers is read by a
digital voltmeter and punched onto paper tape which can be handled by
a digital computer. The person operating the digitizing equipment can
set the x and y carriages at the position of a PbS signal, open one
pair of adjustable edges a distance equal to the height of the central
peak of the PbS signal, open the other pair of adjustable edges a dis-
tance equal to the peak to peak amplitude of the Si signal associated
with the PbS signal, and then push a foot pedal which causes all four
voltages to be read and punched one after another. The computer can
convert the voltages to distances or scale divisions using parameters

which are determined by calibration.
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Defining x as the coordinate measuring distance across the
chart paper and y as the coordinate measuring distance along the
length of the chart paper (see Figure 2), it is clear that x can in-
dicate the channel (cell) on which a PbS signal occurs and y can be
used to measure the right ascension of the PbS signal. The chart read-
ing table is long enough to display the entire chart record for one
east-to-west or west-to-east scan. This unit of chart record is called
a frame. The first step in digitizing the data in each frame is to dig-
itize the vy positioné of four right ascension minute marks (see Figure
2), whose right ascension values can be exactly established by the fact
that the four are required to be the first and last minute marks of the
frame plus two others exactly on the hour or half-hour. The four known
points can be used by the computer to establish the best linear conver-

sion of y position into right ascension for that frame.

E. The Calculation of the Positions and Brightnesses of the Stars

The preceding description should be sufficient to suggest how
the information was converted from lines on a chart record to a list,
stored in the computer, giving the PbS signal in divisions, the Si sig-
nal in divisions, the right ascension, the frame number, and the cell
for each PbS signal which was large enough to be recognized by the per-
son operating the digitizing equipment. The next stage in the data
reduction process involved the grouping together of all the PbS signals
which were due to the same star and the calculation of the position and

brightness (at both 2.2y and 0.8p) of the star. Henceforth, the term
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"peak" will be used for referring to one of the group of PbS signals
which are due to the same star, and the term "signal' will be reserved
for what is finally calculated as the actual brightness of the star.
A single star could give rise to several PbS peaks because the cell
‘array covered 40' of declination (see Figure 1) while the telescope
was moved only 15' of declination between right ascension scans
(frames). A group of peaks which had the same right ascension, within
a certain tolerance, and the same declination, again within a certain
tolerance, was very likely due to a single star. The computer found
such groups and then calculated the position and PbS signal of the
star which could give rise to such a group. The declination of a peak
was taken to be the decliration of the midpoint of the cell on which
the peak occurred. For instance a peak on cell C in the fourth right
ascension scan of a set, frame 4, would have had a nominal declination
40" (3 times 15' minus 5') north of the center of the cell array on
frame 1. The declination of the center of the cell array on frame 1
was recorded by the observer at the telescope and punched onto the
paper tape by the digitizer.

The nominal declination of a peak gives an estimate of the
declination of the star which is good to within #5'. A considerably
more accurate determination of the declination is made by comparing
the sizes of the peaks which are due to the same star. Figure 4 shows
the sensitivity profile of the cells as a function of declination. The
ordinate is labeled in minutes of declination ranging from O at the

northern end of the array (cell A) to 50 at the southern end (cell D).
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The abscissa is normalized to unity at the center of cell C. A single
example should be sufficient to indicate how a more accurate declina-
tion can be calculated with the help of the declination profile. A
star which first is detected when the center of its image is at‘the

2' position on the profile will give rise to another PbS peak on the
next right ascension scan when the center of its image will be at the
17' position. This is because the telescope is moved 15' north in
between the right ascension scans. From the declination profile it
can be seen that the first peak occurs on cell A and the second occurs
on cell B. The peak on cell B is about ten times as large as the éeak
on cell A (1.10/0.11). On the next scan the center of the star's image
will cross the cell array at the 32' position, and the result will be
a peak on cell C about one half of the previous scan's peak on cell B
and one on cell D less than an eighth of the cell B peak. From these
relative peak sizes quite an accurate determination of the star's posi-
tion on the declination profile can be made. The inaccuracies are

due to uncertainty in peak height measurements and in the shape of

the declination profile. The number of peaks which are available to
be used in determining the star's position depends on where the star
happens to cross the declination profile and on how large a signal it
gives. In the example used here the star would have to give a peak
larger than about ten divisions on cell B in order for its cell A
occurrence in the previous right ascension scan to give a peak large
enough to be recognizable against the noise of about one division.

(This noise level can be seen in Figure 2.)
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Once a star's position on the declination profile has been
determined each PbS peak caused by it can be used to calculate the
size of the peak it would have given had it occurred on the center of
cell C. The computer program which reduced the data took the weighted
average of such calculations, with peaks less than a quarter the size
of the largest being excluded, to be the PbS signal from the star. The
knowledge of where the star had crossed the declination profile was
also used to calculate the Si signal of the star, Si signal being de-
fined as the size of the Si peak which would have resulted if the star
had occurred on the center of cell C.

The right ascensions and declinations calculated by the above
procedure had to be corrected to account for any inaccuracy in setting
the telescope's right ascension and declination dials. This was done
as a part of the computer processing of a night's data by identifying
stars detected on the survey with a catalog of stars expected to be
bright enough to be detected. The catalog used for this purpose con-
sisted of about 25,000 stars selected from the Smithsonian Astrophysical
Observatory Star Catalog (16) by R. G. Walker and A. P.vD'Agati of the
Air Force Research Laboratory at Cambridge, Massachusetts. This cata-
log was kept on disk storage in the computer. The correction of the
coordinates of the stars was carried out by an iterative process in
which each step consisted of making identifications on the basis of
coordinate agreement and then finding corrections to make the coordi-
nates agree better. The process terminated when the root mean square

deviations in both right escension and declination were within
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prescribed limits.

The data reduction process described so far would produce a
list of the stars observed in a set of scans (usually 14 scans) giving
for each star the right ascension, the declination and the sizes of
the PbS and Si peaks it would give crossing the declination profile at
the center of cell C. In order to compare PbS and Si signals measured
on one night with those measured on other nights, standard stars of
known brightness were measured each night that survey data were being
taken. The PbS and Si signals of two or three of these standard stars
were measured every hour during the time available between the sets
of right ascension scans. The operator would position the telescope
so that the image of the standard star was at the center of cell C on
the declination profile and then scan across it in right ascension at
the usual scanning rate. The standard stars used on a particular
night would be chosen by the operator to be as close as possible to the
area of sky being surveyed. They would be chosen from a list of 450
stars known as the '"survey standards." From these measurements of
survey standards it was possible to determine the sensitivity of the
night relative to that of an arbitrarily defined standard night. The
sensitivities of the night for 2.2y ‘and 0.8y signals were among the
input data for the computer processing of the digitized data from a
night of infrared survey. Therefore, the computer processing of a
night's data (a "night" consisting of anywhere from two to twelve sets
of right ascension scans) would give the normalized PbS and Si signals

of the stars detected. The normalized signal strengths were converted
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to K (2.2y) and I (0.8u) magnitudes through the relationships de-
fining the standard night, i.e., that a PbS signal of 40 divisions
corresponds to a K magnitude of 0.00 and a Si signal of 50 divisions

corresponds to an I magnitude of 4.00,

F. The Calculation of Estimated Errors and Weighted Averages

In addition to the positions and normalized signals of the
stars the computer processing of a night's data also produced an es-
timate of the uncertainty in each of the declinations, PbS signals,
and Si signals calculated., These estimates of uncertainty or error
were calculated from errors assigned a priori to individual peaks and
to the declination profile. Statistical checks of the consistency of
calculated declinations and signal strengths indicate that these as-
signed errors may be slightly large but are certainly not far from
correct.

The final positions and signal strengths of the stars were ob-
tained by calculating the weighted averages of the results from the
individual nights. The weighting factors used in the averaging process
were the reciprocal squares of the error estimates mentioned above.

The computer processing of individual nights of data did not produce
right ascension error estimates but it did give the number of PbS

peaks which made up each star. The right ascension error was then taken
to be 1.25' divided by the square root of the number of PbS peaks. The
computer program which carried out this final averaging for each star

first decided what stars from different nights, or from different sets
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of scans on the same night, were actually the same star. This deci-
sion was made on the basis of the positions of the stars from the
individual nights. To see if the correct group of stars had been put
together for the final calculation of a single star, a check was made
to see whether the star appeared either fewer or more times than its
position had been surveyed, After the average right ascension, declina-
tion, PbS signal, and Si signal of a star had been calculated, the con~
sistency of the data from the individual stars was checked by calcu-
lating a x2 for each of these fcur measured quantities. For a star
which had n independent measurements X5 each with an estimated error
€5s resulting in an average value of x equal to x the x2 was calculated

according to
n
X2 = ] —— . [2]

The computer gave a warning message whenever a x2 was so large that
the probability of its arising purely from random errors was less than
one tenth. A warning was also given when an individual measurement

X differed from the average x by more than two and a half times its
estimated error € e The output of the computer program which did all
of this combining, averaging, and checking of the results of the indi-
vidual nights of survey was read by members of the research group and
appropriate corrections were made. This corrected output was used in

the final version of the infrared star catalog.
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G. Identifications with Visual Star Catalogs

The catalog gives some information which was not obtained from
the infrared sky survey. This additional information, which includes
the visual (V) magnitudes and the spectral types of many of the stars,
was obtained by identifying them with stars given in various catalogs
based on observations at visible wavelengths. One of these cataiogs
was the Walker-D'Agati selection from the Smithsonian Astrophysical
Observatory Star Catalog (SAO) which, as mentioned above in section E,
was also used to make corrections to the original coordinates of the
survey stars. The other catalogs used for making identifications were
the Yale Catalogue of Bright Stars (17), the General Catalogue of
33342 Stars for the Epoch 1950 (18), and the General Catalogue of
Variable Stars (19). The identifications with stars in these catalogs
were made using punched card output from the averaging program de-
scribed above to input the survey stars and using magnetic tape to in-
put the visual star catalogs other than the Walker-D'Agati one. In
some cases these identifications were helpful in correcting the output
of the averaging program. The infrared star catalog was produced from
the corrected output of the averaging program and the results of the
identification programs.

It should be noted that the final published version of the
infrared catalog (3) makes use of identifications from the complete
SAO. This results in 241 identifications in addition to the 3569
identifications made with the Walker-D'Agati selection from the SAO.

The analysis presented in this thesis makes use of SAO identifications
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only for stars in the Walker-D'Agati selection. No use is made in
this thesis of the identifications with stars in the General Catalogue

of Variable Stars.
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CHAPTER III

DEFINITIONS AND ACCURACY OF THE QUANTITIES MEASURED

The preceding discussion has been concerned with the gathering
of data and the reduction of data. It is the purpose of this chapter to
make more explicit the definitions of the infrared fluxes measured and

to present quantitative indications of the accuracy of the data.

A. Definition of the K and I Magnitudes

The PbS and Si signals from a star are normalized to a "stand-
ard night" and are presented in the infrared star catalog as K and 1
magnitudes respectively. The standard night was defined above as one
on which a star whose K magnitude is 0.00 would give a 40 division PbS
signal and a star whose I magnitude is 4.00 would give a 50 division Si
signal. Since a magnitude scale is a logarithmic one on which an in-
crease in brightness by a factor of 100 corresponds to a change in mag-
nitude of -5, the relationships between the normalized PbS and Si sig-

nals, s(2.2y) and s(0.8n), and K and I magnitudes are:

40x10_0'4(K_0'00) (3]

-0.4(I-4.00)

s(2.2y)

s(0.8u) 50x10

(4]

The catalog gives the infrared fluxes in terms of K and I magnitudes.
The wavelength range of radiation included in the K band on
the survey was determined by the interference filter which covered the

PbS cells. This filter had its 50 percent transmission points at 2.0u
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and 2.4u. The K band was intended to give K magnitudes in agreement
with the K magnitude defined in the photometric system of H. L. Johnson
(20). A comparison of the survey K magnitudes with Johnson's K magni-
tudes for 407 stars observed in common verifies that the two K bands
are very nearly the same. The average value of the difference Ks -

urvey

KJohnson is -0.02 mag and the standard deviation is 0.07 mag. The dif-
ference does not vary significantly with either K magnitude or color
index I-K. These data are published with the infrared catalog (3).

The wavelength range of the radiation included in the survey
I band was determined by the Kodak No. 70 Wratten filter, which passed
radiation with wavelength greater than 0.7y, and by the long wavelength
cutoff of the Si cell near 1.0u. The resulting I magnitudes were found
to be consistent with those of Kron, White, and Gascoigne (21), although
comparisons could be made only over a limited range of spectral types.
Stars from Kron, White, and Gascoigne's list of standards were used to
set the survey I magnitude scale. It should be noted that the sur&ey
I magnitude system differs from that of Johnson (20) in both the color
and the zero point. The effective wavelength of Johnson's I band is
0.88u (22), which is definitely to the red side of 0.80u, the effective
wavelength of the survey I band.

The stars tabulated by Kron et al. (21) and Johnson (23) were
used to determine the I and K magnitudes of the 450 survey standards,
whose role in measuring the sensitivity of each night relative to the
standard night has been described in Section E of Chapter II. This

calibration of the survey standards was accomplished by devoting an
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entire night about once a month to measuring all accessible survey
standards together with the stars tabulated by Kron et ql. (21) and
Johnson (23). The criteria for choosing the survey standards were
that they be fairly uniformly distributed throughout the sky and that
they give signals which could be measured easily on the chart record
with the amplifier gains set as for regular survey scanning. As a
result of the second criterion the survey standards had magnitudes
typically in the ranges 0.8 < K < 2,0 and 2.5 < I < 3,8, Eighty per-

cent of them had a color index I-K between 1.3 and 2.6.

B. Accuracy of the K and I Magnitudes

The accuracy of the K and I magnitudes given in the infrared
catalog varies from one star to another depending on the number of
times the star was measured and on the brightness of the star in the K
and T bands. As mentioned in the description of the data processing,
estimates of the error have been calculated for each K and I magnitude
given. These estimates were based on the assumption that, unless the
signal was distorted by one from a nearby star, each peak had an in-

trinsic error of € scaile divisions given by

e = Ve2 + g2 [5]

where €, Wwas the constant error of about half a scale division due
to noise (see Figure 2) and €¢ Was an error equal to a constant frac-
tion (0.07) of the peak height. The estimated errors in the final mag-

nitudes are typically 0.05 mag to 0.08 mag in K and 0.07 to 0.15 mag



28

in I. The X2 defined by Equation [2] in Section F of Chapter II,

which was calculated for the K and I magnitude of each star in the
catalog to check the consistency of the measurements made on different
nights, was greater than the 10 percent xz level for only 6 percent of
. the K magnitudes and for only 9 percent of the I magnitudes. The 10
percent X2 level is the value of x? which would be exceeded 10 percent
of the time if the errors were normally distributed with standard devia-
tions comparable to the estimated errors in K and I magnitudes. Since
some of the stars actually are variable and could therefore have a x?
greater than the 10 percent level due to systematic changes in K or I,
the number of stars found to have y? greater than the 10 percent level
is fewer than would be expected if the estimated errors were indeed
indicative of the standard deviations of the actual errors. The rela-
tively small number of stars whose K and I magnitude measurements have
a y? greater than the 10 percent level suggests that the estimated
errors in K and I magnitudes are somewhat too large on the average.

For the K magnitudes, one further clue to the accuracy of
the values given in the infrared catalog is the fact cited above that
for 407 stars observed in common the mean difference between the cata-
log K magnitude and that given by Johmson et ql. (29) is 0.02 mag and
the standard deviation of these differences is 0.07 mag.

For some of the stars in the infrared catalog the major source
of error in measuring the K or I magnitude was neither the noise level

€ nor the fractional error ¢

n referred to in Equation [5] but was

£

the presence of another star close enough to have its image on the PbS
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or Si cell at the same time. This confusion of two sources of radia-
tion is more of a problem for the I magnitude measurements than for
those of K, because the Si cell was twice as long in declination as

- a PbS cell and because estimates based on the density of sources ob-
served suggest that about three times as many stars were detectable

at I. One way of estimating the number of stars with K or I magni-
tudes contaminated by a nearby star is to compare the number of stars
per unit area with the area of the PbS or Si cell, For K magnitudes
this estimating procedure proceeds as follows: There are about 5600
stars in the infrared catalog; i.e., 5600 stars brighter than K =
3.00. To estimate the number of stars brighter than K = 4.00 multiply
5600 by 4.0. This last step assumes that the number of stars per unit
volume is a constant, since then one magnitude fainter means a factor

of [100.4(1.0)]1/2 0.4(1.0),3/2 _

farther which means a factor of [10 ]
.4.0 more volume of space. A star of fourth magnitude in K would give
a 1 division signal on a standard night and would be just barely de-
tectable above the noise on the PbS cells. Since the survey covered
about 32,000 square degrees, this leads to the estimate that there is
about one star with K < 4,00 in every 1-1/3 square degrees. This
1-1/3 square degrees is 160 times the area of a PbS cell (10' by 3')
and leads to the prediction that about 35 stars (5600/160) have K
magnitudes affected by a nearby star. This can be only a rough esti-
mate, because the actual distribution of the catalog stars is greatly

concentrated toward the galactic plane and there are various degrees

of being "affected" by a nearby star.
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A similar estimate of the number of I magnitude measurements
affected by a nearby star has been made based on the surface density
of stars brighter than magnitude 7.0 in I, i.e., giving Si signals
greater than about 2 divisions. In the general area of the galactic
north pole the surface density of stars with I < 7.0 was found to be
about 1 star per square degree. In regions along the galactic equa-
tor the surface density of such stars was found to be about 3 stars
per square degree, Adopting a surface density estimate of one star
for every half of a square degree and a Si cell area of 20' x 3' leads
to the prediction that about 1 star out of every 30 would have its
signal affected by another star with I < 7.0. This would mean about
190 stars out of 5600.

Another estimate of the number of stars with K or I magnitudes
affected by a nearby star was made using the SAO catalog of about
250,000 stars (16). The relationship between spectral type and the
color indices V-K and V-I was determined by identifying stars in a pre-
liminary version of the infrared catalog with stars in the Walker-
D'Agati selection from the SAO as described in Chapter II. Then for
each star in the infravred catalog a search of the SAO was performed on
the computer to find any star which (1) was close enough to the infra-
red star to contribute to the measured K or I magnitude, (2) was not
identified as the sole soirce of the flux measured in the K or I band,
and (3) had a spectral type and a V magnitude which would predict
either a flux in the K band exceeding 10 percent of that measured or a

flux in the I band exceeding that corresponding to K = 7.0 as well as
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10 percent of that measured, This search procedure found that 100 of
the K magnitudes given in the infrared catalog were affected by a
nearby star meeting these criteria and that 319 of the I magnitudes
were so affected. In some cases the obscuring or distortion of the Si
signal by another star was obvious to the person digitizing the data,
and this fact was recorded on the digitized input to the computer. As
a result the I magnitudes of 65 stars not included among the 319, whose
possible I magnitude confusion was revealed by the search of the SAOQ,
are known to be contaminated by the 0.8y radiation of nearby stars.,
There are 10 stars in the catalog for which no measurement of the I
magnitude was possible because the Si signal was obscured by that from

another star every time it appeared on the survey.

C. Estimates of the Effects of the Contamination of K and I Magnitudes

by Background Stars

From these estimates of the extent to which K and I magnitudes
given in the infrared catalog have been affected by nearby stars it is
reasonable to conclude that the effect on I magnitudes is more serious
than that on K magnitudes, but that neither effect is large enough to
alter significantly the conclusions to be drawn from the analysis of
the following chapters. For the K magnitudes the above estimates sug-
gest that less than 1 percent of the catalog stars have K magnitudes
affected by the presence of another star whose K magnitude is brighter
than K = 4.00 and that approximately 2 percent have K magnitudes af-
fected by another star which is more than 10 percent as bright. It

should be noted that a 10 percent effect on a star with K = 3.00
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corresponds to a PbS signal of 2.5/10 = 0.25 scale division which is
half the effect of the noise. An estimate of the number of stars
affected by 25 percent would have to be based on background stars a
magnitude brighter than those causing a 10 percent effect; therefore,
the number affected by 25 percent is about a quarter the number af-

fected by 10 percent., The conclusion is that the effect of background
kstars on the K magnitudes given in the catalog is comparable to that
of the noise on the PbS cells for less than 1 percent of the stars
measured.

As far as the I magnitudes are concerned, the above estimates
suggest that several hundred of the stars in the catalog have I magni-
tudes affected by more than 10 percent by background stars whose I mag-
nitude is brighter than 7.0. Again using the rule that to go one mag-
nitude fainter is to increase the number of stars by a factor of four,
the estimates of contamination due to stars brighter than I = 7.0 point
to near certainty that there is a star brighter than I = 9.0 available
to affect any I magnitude measurement. This was taken into account in
the estimated error calculated for each star's I magnitude measurement
by the a priori assignment of a constant error of half a scale division
to each Si peak. (On a standard night an I magnitude of 9.0 would give

a Si signal of 50.1070-4(9.0-4.0)

= (0.5 scale division according to
Equation [4}.) Thus the estimates given here point to the conclusion
that some fraction, possibly approaching 10 percent, of the catalog

stars have 1 magnitudes contaminated by stars two magnitudes brighter

than the general background star.
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The crucial question is whether or not the degree of contamina-
tion of I magnitudes suggested by the estimates given here can have a
significant effect on the analysis of the data which follows in Chap-
ters IV and V. The only use of I magnitudes in that analysis is in
the separation of the stars into four groups based on their color in-
dices I-K. The I-K ranges of the groups and the number of stars in

each group are:

Group No. Range of I-K Number of Stars Median I-K
1 < 2.33 1012 1.84
2 2.33 to 2.87 1012 2.62
3 2.87 to 3.38 1012 3.12
4 > 3,38 2576 4,21

Now in the vast majority of cases (V95 percent) the effect of a nearby
star is to increase the observed Si signal over what it would have
been in the absence of the contaminating star. Therefore, stars whose
I magnitudes are contaminated have erroneously small values of I and
I-K. For the purpose of estimating the number of stars in each I-K
group which would be in a redder group were it not for a coincidence
with a background star, it will be assumed that each of the first
three I-K groups consists of 1012 stars which all have a K magnitude
of 2.5 and a color index I-K equal to the median of the group. It
will also be assumed that there are 300 catalog stars which coincide
in position to within the area of the Si cell with background stars

having I < 7.0 and that these 300 stars are distributed in I-K
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the same as the rest of the catalog stars. Thus the number of coinci-
dences with background stars brighter than I = 7.0 in each of the
first three I-K groups will be taken to be 60 (one fifth of 300). A
final assumption will be that the number of coincidences with back-
ground stars of brightness other than I < 7.0 may be scaled according
to the factor of four per magnitude rule, so the number of background
stars with I < Io coincident with catalog stars in each of the first
three I-K groups is given by
(I -7.0)

N(I<I ) = 60-4 ° . (6]
Table 1 gives the results of some calculations of the number of stars
in the wrong I-K group. The calculations are based on the assumptions
just given. As an example, one of these calculations is worked out in
the following paragraph.

The third I-K group is assumed to consist of 1012 stars with
"K=2.5and I = 5.6. To calculate the number of these stars which
actually have I-K > 3,4 ( K= 2.5 and I > 5.9) is to calculate the
number which are coincident with background stars having I < IO where
IO is given by

-0.4(5.9) —0.410 -0.4(5.6)

10 + 10 = 10 , [7]

which yields the result IO = 7.1. The number coincident with back-

ground stars having I < 7.1 is

(7.1-7.0) _

60- 4 9. [8]
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TABLE 1

ESTIMATES OF NUMBERS OF STARS IN WRONG I-K GROUP

DUE TO CONTAMINATION OF I MAGNITUDES

I to make I-K > :

Number with

I-K Median Median "o I-K > :
Group range I-K I 2.3 2.9 3.4 2,379 3.4
1 < 2.3 1.8 4,3 5.4 4.8 4.4 7 3 2
2 2.3-2.9 2.6 5.1 - 6.6 5.8 - 35 11
3 2.9-3.4 3.1 5.6 - - 7.1 - - 69
Explanation:

If a star is contaminated by one with I < I,, then its I-K is

greater than that indicated (i.e., greater than 2.3, 2.9, or 3.4) rather

than equal to the median I-K for its group.

For example, a star in

group 2 is assumed to have an I-K of 2.6 and must be contaminated by

a star with I < 5,8, if its actual I-K is greater than 3.4.

The esti-

mate given in this table is that there are 11 such cases.



36

Therefore, as is shown in Table 1, this procedure leads to the esti-
mate that there are 69 stars with I-K between 2.9 and 3.4 which ac-
tually have I-K greater than 3.4 but are in I-K group 3 because the
measured I magnitude includes 0.8y radiation from a sufficiently
bright background star. The other values in Table 1 are to be inter-
preted similarly. For example, it is estimated that 35 of the stars
with I-K between 2.3 and 2.9 are coincident with background stars
having I < 6.6 and, therefore, actually have I-K greater than 2.9. 1In
this case 11 of the 35 actually have I-K greater than 3.4.

According to the estimates presented in Table 1 the most ser-
ious effect of the contamination of I magnitudes by background stars
is found in I-K group 3 (2.87 < I-K < 3.38) where about 7 percent of
the stars would be in group 4 if it were not for the contamination.

It should be noted that the number of stars per unit area with I < 7.0
was taken to be 3 per square degree, the value given on page 30 based
on data taken near the galactic equator. This was the basis for the
figure of 300 coincidences with I < 7.0 which was used in the above
calculations. The surface density value near the galactic pole was

about one third of that near the equator.

D. Accuracy of the Identifications and Positions

The identification of stars found on the infrared survey with
stars in other catalogs has been mentioned previously, but the accur-
acy of the identifications made has not yet been discussed. The star
catalogs searched in order to identify the stars in the infrared cata-

log and the number of stars identified in each are given below:
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Bright Star Catalogue (17) 1613
General Catalogue (18) 2340
Walker-D'Agati selection from SAO (16) 3569
Variable Star Catalog (19) 1055

This thesis does not make use of the identifications made with stars

in the General Catalogue of Variable Stars. The procedure used in
making the identifications in the first three catalogs was to say

that an identification existed whenever two stars were found to be
within 3' north-south and 3' east-west of each other. If more than one
of the visual catalog stars were within these limits from an infrared
star, the K magnitude (2.2u) o»f each of the visual stars was predicted
from its V magnitude (0.55u) and spectral type, and the star predicted
to be brightest at 2.2y was taken for the identification. Spectral
data were not used in the identification process except to resolve such
ambiguities. Thus, no identification made on the basis of the posi-
tional agreement given above was invalidated because the spectral type
and V magnitude were not consistent with the infrared star's K and I
magnitudes.

The accuracy of the positions of the stars in the infrared cata-
log can be indicated statistically by the differences between the coord-
inates of the infrared stars and the visual catalog stars identified
with them. Histograms of the differences in declination and the differ-
ences in right ascension of the infrared coordinates and the SAO co-
ordinates show that over 2/3 of the right ascension differences fall

within +0.6' and over 2/3 of the declination differences fall within
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+0.3" (3). Clearly, then, the 3' tolerances used in making identifica-
tions were wide enough to find all identifications.

Some additional information concerning the accuracy of the
data in the infrared catalog has been published by Neugebauer and

Leighton in the introduction to the catalog (3).
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CHAPTER IV

THE DISTRIBUTIONS OF THE COLORS, SPECTRAL TYPES,
AND POSITIONS OF THE INFRARED STARS

A. Some Data from the Work of Other Authors

This chapter will present the data from the infrared survey.
The significance of the data can be better understood if one is aware
of the types of stars which might be expected to be seen on the survey.
Tables 2, 3, and 4 present data based on the work of other authors
which have a bearing on the number and the spatial distribution of
stars of various spectral-~luminosity classes. From Table 2 it is
clear that very few main sequence stars are expected to appear on the
survey and that those which do appear should be distributed isotropic-~
ally on the celestrial sphere since the distances to which they can be
seen (rmax) are less than the distances from the galactic plane at
which their space densities fall appreciably below their densities in
the plane (o). Similar data for the giant stars (luminosity class III)
given in Table 3 lead to the expectation that the giant stars earlier
than spectral type MO are distributed isotropically. From Table 3 one
would conclude that only the very late M giants are likely to be seen
at distances roax well beyond the characteristic half-width of their
space density function o . The total number of stars seen on the sur-
vey (5612) is close enough to the total number of giant stars pre-
dicted in Table 3 to be consistent with the hypothesis that almost all

of the survey stars are giant stars of spectral type K or M. Table 4
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TABLE 2

SOME DATA ON STARS OF LUMINOSITY CLASS V

D
o
Max. dist. (pc) “max number Number
if visual mag. is (pe) per ; within o
- 6
Sp. MV <6.,5 <8.5 (v K)o M, K<3.0 10°pc T ax (pc)
0 -5.5 2500 6300 -1.0 -=4.5 320 0.02 2 50
BO -4 .4 1500 3800 -0.9 =3.5 200 0.2 7
B2 -2.5 630 1600 -0.7 -1.8 91 3 8 60
B5 -1.0 320 790 -0.5 -=0.5 50 6 3
B8 0.1 190 480 -0.2 0.3 35 33 6
AQ 1.0 125 320 0.0 1.0 25
A2 1.2 115 290 0.1 1.1 24% 570 33 115
A5 1.8 87 220 0.4 1.4 21
A7 2.0 80 200 0.5 1.5 20
FO 2.4 66 166 0.8 1.6 19
F2 2.8 55 138 0.9 1.9 17% 2,200 46 190
F5 3.2 46 215 1.1 2.1 15
F8 4.0 32 80 1.3 2.7 12
GO 4.4 26 65 1.4 3.0 10
G2 4.7 23 57 1.4 3.3 8.5% 4,300 11 340
G5 5.1 19 48 1.5 3.6 7.5
G8 5.5 16 40 1.6 3.9 6.5
KO 5.9 13 32 1.8 4.1 6.0
K2 6.3 11 28 2.2 4.1 6.0 10,000 5 350
K5 7.2 7 i 2.8 4.4 5.0%
K7 8.1 5.0 12.0 3.2 4.9 4.0
MO 8.7 3.5 9.0 3.6 5.1 4.0
M1 9.4 2.5 6.5 4.0 5.4 3.5% 65,000 12 350
M2 10.1 2.0 5.0 4.3 5.8 3.0
M3 10.7 1.5 3.5 4.6 6.1 2.5
M4 11.2 1.0 3.0 4, 6.3 2.0
The absolute visual magnitudes Mv are from Blaauw (24).

The intrinsic colors (V--K)O are from Johnson (25).

The numbers of stars within rmax are from Gliese (26) for spec-
tral types later than B8, and from counting bright stars in the FK4 (27)
for types O and B. The numbers per 10° cubic parsecs Do were calculated
from the numbers within roax? using the roax values marked *,

The characteristic half-widths o are from Allen (28).
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TABLE 3

SOME DATA ON STARS OF LUMINOSITY CLASS III

D
o
Max. dist. (pc) T nax number Number
if visual mag. is (pc) per 5 within o
- 6
Sp. Mv <6.5 <8.5 (v K)O M, K<3.0 10°pc Toax (pc)
G5 0.4 166 417 2.1 -1.7 87 4.5 12 1100
G8 0.4 166 417 2.2 ~-1.8 91 26. 83 300
KO 0.8 138 347 2.4 -1.6 83 140, 340 150
K1 0.8 138 347 2.5 ~-1.7 87
K2 0.8 138 347 2.6 -1.8 91 100 295 125
K3 0.1 191 478 2.9 -2.8 145
K4 -0.1 209 525 3.2 -3.3 180 7.5 190 500
K5 =0.3 229 575 3.7 -4, 2 275
MO -0.3 229 575 3.8 -4,3 290 4.1 412
M1 -0.5 250 630 3.9 -4.6 330 1.6 243
M2 ~0.8 290 725 4.1 =5.1 420 1.4 425 250
M3 -1.1 330 830 4.6 -5.9 600 1.1 10600
M4 ~1.0 320 795 5.2 -6.4 760 0.5 915
M5 -0.9: 300 760 6.1 -7.2 1100 0.2 1100
M6 -0.9: 300 760 7.0 -8.1 1660
M7 ~0.9: 300 760
: means ''value uncertain"
References:

The absolute visual magnitudes Mv are from Blaauw (24) for spectral
types earlier than MO and are from Blanco (7) for MO or later.

The intrinsic colors (V--K)° are from Johnson (25), but for purposes of
converting MV to MK for M stars the (V—K)o values have been increased by
0.2 to correct for a difference between visual magnitude and V magnitude.

The numbers per 10fcubic parsecs are from Upgren (42) for the G
- and K stars and from Blanco (7) for the M stars.

The characteristic half-widths o are from Upgren (42) for the G
and K stars and from Blanco (7) for the M stars.

Note: Corrections have been applied to Upgren's data in some cases
where he used a value of Mv different from that given here.
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TABLE 4

SOME DATA ON STARS OF LUMINOSITY CLASS I

M. for subclass r (pc) for subclass
max
Sp. (V—K)0 Ia Ib la Ib
09 -0.9 -5.3 ~5.2 460 440
BO -0.8 -5.4 -5.0 480 400
B2 -0.5 -6.3 =5.2 730 440
B5 -0.2 -6.8 -5.5 920 500
B8 -0.0 -7.1 -5.6 1050 530
A0 0.1 -7.2 -5.3 1100 460
A2 0.2 -7.7 ~-5.2 1400 440
A5 0.4 -8.1 -5.2 1700 440
FO 0.6 -9.1 -5.3 2700 460
F2 0.8 -9.2 -5.4 2800 480
F5 - 0.9 -9.1 -5.5 2700 500
F8 1.2 -9.2 -5.8 2800 580
GO 1.4 -9.4 -5.9 3100 600
G2 1.7 -9.7 -6.2 3500 700
G5 1.9 -9.9 -6.4 3900 760
G8 2.0 -10.0 -6.5 4100 800
KO 2.2 -10.2 -6.6 4500 840
K2 2.4 -10.4 -6.8 4900 920
K5 3.7 -11.7 -8.1 8700 1700
MO 3.8
M1 3.9
M2 4.1 -11.1 -8.9 6600 2500
M3 4.6
M4 5.2
M5 6.0
References:

The intrinsic colors \V—K)O are from Johnson (25).

The absolute K magnitudes M, were obtained by applying Johnson's

(V—K)o to the absolute visual magnitudes MV given by Blaauw (24).
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gives an idea of the distances to which supergiant stars may be seen

on the survey, but no predictions of numbers of these stars can be

made because overall space densities for supergiants are not known.

In fact, an overall space density for supergiants is not expected to

be a meaningful number anyway, since these stars are thought to be lo-
cated primarily in special regions of the galaxy where star formation
has recently occurred or is now occurring (31). The columns of Tables

2 and 3 showing the maximum distances at which stars can be seen pro-
vide an indication of the sensitivity of the infrared survey relative to
visual surveys as far as the detection of various types of stars is

concerned, More will be said about this later.

B. The Correlation of Color Index I-K with Spectral Type

In order to relate the information in Tables 2, 3, and 4 to
the survey results to be presented in this chapter, it is necessary to
have some idea of the relationship between the color of a star as mea-
sured on the survey by I-K and the spectral type of the star. Spectral
types are known for stars in the infrared catalog which have been iden-
tified in the Yale Catalogue of Bright Stars (17). The mean colors
I-K and V-K for these identified stars of various spectral types are
given in Figure 5. Figure 6 shows how the 5612 survey stars are dis-
tributed in I-K. Since many distribution functions will be displayed
in a form similar to Figure 6, a description of the method used to
calculate the data points and error bars is given in Appendix B. A

comparison of Figure 6 with Figure 5 shows that about half of the survey
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stars are red enough to be of spectral type M5 or later; i.e., about
half the area under the curve in Figure 6 is contained in the region
I-K > 3.2 and this I-K value is well into the late M spectral types
of Figure 5. However, this does not allow us to conclude that half
the stars must be later than M4 because such a conclusion would ne-
glect the possible effects of catalog selection criteria and inter-
stellar reddening on the observed I-K values. Identifications of
survey stars with catalogs which are more complete than the Yale
Catalog of Bright Stars show that a significant proportion of earlier
M stars have I-K greater than 3.2. A more modest conclusion regarding
the spectral type of the redder half of the survey stars can be drawn
from the comparison of Figures 5 and 6, if one also introduces some
reasonable assumptions about interstellar reddening. Figure 5 shows
that stars earlier than MO have I-K less than about 2.5, and Table 3
shows that most of these stars must be within 300 parsecs of the sun.
Now, in order for a star this close to the sun to be reddened by 0.7
magnitude in I-K, the interstellar absorption in the visible wave-
length band (V) would have to be about twice as great, corresponding
to a rate of more than 4 magnitudes per kiloparsec. (See Appendix A,
especially Table 16, on interstellar absorption at different wave-
lengths.) There is no evidence for such a large amount of interstel-
lar absorption in the solar vicinity. A value of 1-2 magnitudes of
visual absorption per kiloparsec in the galactic plane is more like
the average (32,33). Therefore, it is safe to conclude that in general

the survey stars with I-K greater than 3.2 are of spectral type later
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than MO.

C. The Completeness of the Infrared Catalog Relative to the Visual

Catalogs

Three star catalogs have been searched in order to make identi-
fications of the infrared survey stars. The identification searches
were described in Chapters II and III. The catalogs searched were the
Yale Catalogue of Bright Stars (17), the General Catalogue of 33342
Stars for the Epoch 1950 (18), and the special catalog of infrared
stars compiled by Walker and D'Agati from the SAO (16). As one might
expect, the survey stars which are reddest in I-K are generally not
found in any of these catalogs, while those which are least red are
found in all three of them. This result is shown in Figure 7 where
the fraction of stars identified in each of the three catalogs is
shown as a function of I-K. Each of these three curves will now be
considered in the light of the information in Tables 2 and 3 and the
completeness of the visual catalogs involved.

Figure 7 shows that all stars with I-K less than 2.1 are
identified in the Yale Catalogue of Bright Stars. According to Figure
5 this would mean that all stars earlier than K3 which are seen on the
survey are found in the Yale Catalogue, which is said to be complete
to visual magnitude 6.5 (34). All this is in agreement with Table 3
which says that for giant stars of type later than K2 the maximum dis-
tance for inclusion in the infrared catalog (rmax) is greater than the
maximum distance for detection by a visual survey complete to magni-

tude 6.5.
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For the General Catalogue, Figure 7 shows complete identifi-
cation of the survey stars out to an I-K of 2.4, which would mean all
stars earlier than K5 according to Figure 5. The completeness of the
General Catalogue is not as well defined as that of the Yale Catalogue.
Trumpler and Weaver (34) say it is nearly complete to visual magnitude
7.5. Using 7.5 as the completeness limit of the General Catalogue,
Table 3 would predict 100 percent identification for all stars earlier
than MO or K5.

For identificatiorns with the Walker~-D'Agati selection from the
SAO, Figure 3 shows 100 percent out to an I-K of 2.9, which would mean
all survey stars earlier than M5 are found in the SAO if Figure 5 is
applied to convert I-K to spectral type. But the M giants earlier than
M5 may well be about 500 parsecs away, and, therefore, may be reddened
by several tenths of a magnitude in I-K. (See Table 3 and Appendix A.)
A more reasonable conclusion would be that the infrared catalog stars
earlier than M3 are all found in this visual catalog. It is impossible
to compare this conclusion with one arrived at by using Table 3 to~
gether with the visual completeness of the SAO as was done for the
other two catalogs, because the completeness of the SAO is not known.
The selection criteria used by Walker and D'Agati in compiling their
catalog from the SAO were genercus enough to make it likely that any
K or M star in the SAO which could be seen on the infrared survey would
be in their selection, but identifications made with the entire SAO
did find over 200 infrared stars which could be identified with SAO

stars not included in the Walker-D'Agati selection. What is important
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for purposes of comparison with the survey is the completeness of the
Walker-D'Agati SAO for K and M stars. One way of estimating this is
to use the data shown in Figure 8 which are based on the infrared stars
identified in the Walker-D'Agati SAO. This figure shows K magnitude
plotted versus V magnitude for various spectral types of stars identi-
fied in the Walker-D'Agati SAO catalog. In such a plot a line at 45°
is a constant V-K line. The effect of interstellar reddening would be
to make the more distant stars appear redder; i.e., to make those with
larger K magnitudes have larger V-K. None of the spectral type groups
in Figure 8 shows such a reddening tendency. In fact, the groups of
stars of type Ml and later show the opposite tendency; i.e., the
fainter Ks are associated with the smaller V-K values. This result can
be explained by the incompleteness of the Walker-D'Agati SAO. The stars
later than MO which have V magnitudes faint enough to keep the data
points on or to the right of the constant V-K line are simply not in
the Walker-D'Agati SAO catalog. The incompleteness effect becomes evi-
dent at a V magnitude somewhere between 8.0 and 8.5 according to Figure
8. Table 3 predicts that the survey would become more complete than a
catalog of limiting visual magnitude 8.5 for stars later than M4. But
the direct evidance of Figure 8 is that the Walker-D'Agati SAO becomes
incomplete with respect to the survey for stars later than MO.

There are inconsistencies in spectral types as determined by
different observers, so some of the disagreement mentioned above could
be accounted for by such differences. For instance, in a group of 17

stars which were called MO in the SAO the spectral types assigned in
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the Yale Catalogue of Bright Stars were distributed as follows: one
MO, seven M1, three M2, five M3, and one S5. Thus the average Yale
Catalogue type was nearly 2 subtypes later than the SAO type in this

sample.

D. Distribution of Spectral Types within Various I-K Ranges

Further data on the relationship between the color I-K and the
spectral type of the survey stars are presented in Figure 9, parts a
and b. This figure was constructed by dividing the survey stars into
groups of various I-K range and plotting the percentage of the identi-
fied stars in each range‘which have the spectral types indicated. The
numbers in the upper left hand corner of each histogram give the I-K
range, the number of identified stars in that I-K range, and the total
number of stars in that I-K range. Many of the stars, especially those
with small I-K, are identified in two or three of the catalogs. 1In
such cases the order of preference used in assigning the spectral type
was as follows: Yale Catalogue of Bright Stars, General Catalogue of
33342 Stars for the Epoch 1850, and Smithsonian Astrophysical Observa-
tory Star Catalog. Therefore, according to the percent identified
versus I-K plots in Figure 7, one can assume that nearly all the spec~
tral types for stars with I-K less than 2.33 are from the Yale Cata-
logue and that most of them for stars with I-K greater than 2.87 are

from the SAO.

E. Positions of the Stars Plotted on Galactic Coordinate Maps

The positions of the infrared catalog stars on the celestial
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sphere are shown in Figures 10 through 13. The positions of the stars
are shown in the mew galactic coordinate system QII,bII (35). The
north galactic pole is at the top of each figure. The direction of the
galactic center is in the center of each figure. Longitude is increas-
ing to the left. The grid lines mark 30 degree intervals of longitude
and latitude. Two areas, one large and one small, which contain no
stars are specially marked off. These are regions not covered by the
infrared survey. The small area near longitude QII = 120° and latitude
bII = +30° is the region of sky north of declination (1965.0) + 81°,
and the large area is the region of sky south of declination (1965.0)
-33°. The coordinate grid is constructed to make the map an equal area
plot, so equal areas anywhere in the figure correspond to equal areas
in the sky. Surface densities at different latitudes can be compared by
counting the number of stars in equal areas in the figure,

The survey stars have been divided into groups based on color
and brightness for purposes of plotting their positions. Each plot
contains about 500 stars. All the survey stars brighter than K = 3,01
have been divided into three groups of about 1000 stars and one group of
about 2500 on the basis of I-K. Within each I-K group the stars were
sorted in order of K magnitude. The groups of 1000 were separated into
the brightest half and the faintest half, and each half was plotted
separately as part a and part b of the figure. This procedure produced

Figures 10, 11, and 12. The stars with I-K greater than 3.38 and K

less than 3.01 form a group of 2532 stars which was divided in five
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subgroups based on K. Only the brightest fifth and the faintest fifth

were plotted. These plots are shown in Figure 13, a and b.

F. The Distribution in Galactic Latitude

Figures 10 through 13 show an increasing degree of concentra-
tion of stars toward the galactic plane as the stars plotted increase
in I-K. Some of the quantitative details of this concentration toward
the plane are shown in Figure 14 which has resulted from counting the
number of stars in various latitude zones and dividing the number in a
zone by the area surveyed within that zone. In Figure 14 the latitude
zones are indicated by a positive or negative integer depending upon
whether the zone is in the northern or southern galactic hemisphere.
The actual latitude range included in each zone is given in Table 5.
The ordinate in the graphs of Figure 14 is the logarithm to the base
10 of the number of stars per 100 square degrees. The error bars on
each point are indicative of the statistical uncertainty due to the
finite number of stars in the zone. Thus, if the surface density in
a particular zone is calculated from N stars found in that zone, it

is plotted as having a fractional standard deviation of 1/VN .

G. Discussion Based on the Distributions of the Spectral Types and

Positions of the Stars in Each of Four I-K Groups

The spectral types of the stars whose positions are plotted
in Figures 10 through 13 and summarized in Figure 14 can be determined
in a statistical sense by referring to Figure 9. Thus it is possible

to compare the observed latitude distribution of the infrared stars
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Figure 14. Galactic Latitude Distributions
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TABLE 5

THE LATITUDE ZONES AND THE LATITUDE DISTRIBUTIONS

Latitude Area Number in zone for I-K group indicated:
range surveyed
Zone  in degrees in sq. deg. <2.33 2.33-2,87 2.87-3.38 >3.38
+8 +90 to +50 4822 120 116 83 96
+7 +50 to +30 5407 167 149 111 164
+6 +30 to +15 4056 139 146 145 278
+5 +15 to +10 1346 46 43 56 156
+4 +10 to +5 1322 41 54 66 228
+3 +5.0 to +2.5 651 26 33 29 153
+2 +2.5 to +1.5 258 9 11 21 76
+1 +1.5 to +0.5 é57 6 13 15 95
0 +0.5 to -0.5 256 9 15 18 140
-1  -0.5 to -1.5 254 4 16 26 101
-2 =1,5 to -2.5 252 9 11 17 84
-3 -2.5 to -5.0 626 36 28 45 159
~-4 -5 to ~-10 1220 60 62 68 237
-5 -10 to -15 1178 51 48 54 148
-6 -15 to -30 3225 108 91 109 250
~7 -30 to =50 3406 97 94 90 113

-8 -50 to -90 3432 82 81 56 56
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with that which would have been predicted on the basis of the data
in Tables 2, 3, and 4 giving roax the maximum distance for inclusion
in the infrared catalog and ¢ the characteristic half-width of the
space density distribution perpendicular to the galactic plane for
various spectral types.

I-K < 2.33.~-The stars with I-K less than 2.33 show very
little tendency to be concentrated toward the galactic plane. Fig-
ure 14 shows a definite excess of these stars in the range -10.0° <
2.5° compared to the same positive latitudes, but taking the average
of both hemispheres results in a mean surface density of about 4 stars
per 100 square degrees over the region within 30 degrees of the plane.
Within 40 degrees of the poles the mean surface density is about 2.5
stars per 100 square degrees. According to Figure 9, almost 2/3 of
these stars have spectral types from KO to K9 and nearly all of the
rest are earlier than KO. Tables 2 and 3 indicate that none (except
10 or 20 OB stars) of these spectral types are expected to be seen at
distances I oy BTeater than their characteristic half-width o .
Therefore, the nearly isotropic distribution of these stars is consis-
tent with predictions based on previous work at visible wavelengths.

2.33 < I-K < 2.87 .--The survey stars with I-K between 2.33

and 2.87 do not show much more tendency to concentrate toward the
galactic plane than the preceding I-K group. Figure 14 shows a surface
density of about 5 stars per 100 square degrees throughout the lati-
tude zones between -10.0° and +10.0°., The surface density within 40

degrees of either pole is about 2.3 stars per 100 square degrees.
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Figure 9 indicates that of the stars in this I-K range about a third
are K4-K9, another third are MO-M1, and the other third are split
quite equally into those which are earlier than K4 and those which are
later than M1. Table 3 indicates that most of these stars have about
the same ratio of L ax £O O as the somewhat earlier K giants which
predominated in the group with I-K less than 2.33. Again the observed
latitude distribution seems to be consistent with Table 3.

2.87 < I-K < 3,38.~-The next group in order of redness is that

plotted in Figure 12, These stars have I-K in the range 2.87 to 3.38.
For this group there is an obvious concentration of stars within 20

or 30 degrees of the galactic plane when this region is compared to
the polar regions. The quantitative data in Figure 14 show that the
surface density of stars in this I-K range increases steadily in going
from the south pole through the zone -5.0° < bII < =2.5°, 1In the
northern hemisphere the steady increase in surface density toward the
galactic plane continues through the zone +5.0° < bII< 10.0°. There
is a definite asymmetry between the hemispheres in the latitude zones
+(30.0° - 50.0°), but in either hemisphere there is clearly an increase
in surface density to within 10 degrees of the plane. The average
surface density within 10 degrees of the plane is about 7 stars per
100 square degrees while that within 40 degrees of the poles is less
than 2 stars per 100 square degrees. This I-K group must contain some
stars which can be seen to distances well beyond the characteristic

half-width of their space density function perpendicular to the plane.

Figure 9 provides the following statistics concerning the types of stars
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in this I-K group: 11 percent earlier than MO, 38 percent MO-M1,

31 percent M2-M3, 10 percent later than M3, and 10 percent not identi-
fied. Since there are no previous measurements of ¢ , the character-
istic half-width of the space density function, for late M giants,
Table 3 cannot confirm or deny the conclusion that the survey must be
able to see M stars later than M2 to distances L definitely larger
than ¢ . The latitude distribution and the spectral type identifica-
tions of the stars with I-K between 2.87 and 3.38 point to just that
conclusion. A more quantitative argument leading to this conclusion
will be presented in Chapter V.

I-K > 3,38.~~A comparison of Figure 12b with Figure 13a sho%s
that the brightest fifth of the stars with I-K greater than 3.38 are
slightly more concentrated toward the galactic plane than the faint
half of the stars with I-K between 2.87 and 3.38. Figuré 13b gives
the positions of the faintest fifth of this I-K group, and shows that
these stars are extremely concentrated toward the plane, especially in
some longitude ranges. The latitude distribution of all the stars
with I-K greater than 3.38 is much more concentrated near the galactic
plane than any of the other I-K groups. This is very obvious in Fig-
ure 1l4. The increase in surface density continues to within one half
of a degree of the equator, as is shown by the fact that the point at
latitude zone -0.5° < bII< 0.5° is significantly higher than the points
at latitude zones -1.5° < bII < =0.5° and +0.5° < bII < +1,5°. The
actual numbers of stars in these zones are given in Table 5. The con-

clusion to be drawn from the latitude distribution of this group, the
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reddest 45 percent of the survey stars, is that these stars can be
seen to distances roax which are large compared to the distance from
the plane o at which their space density is appreciably below what
it is in the galactic plane. The data in Figure 9 show that only
about a quarter of these sfars have been identified in the star cata-
logs used to get spectral types. Virtually all of those identified
are type MO or later, and of these nearly 40 percent are very late type
stars, i.e., classified as M5-M9, R, N, S, or C. 1In the discussion
above concerning the stars with I-K in the range 2.87 to 3.38 it was
pointed out that some stars in that group have spectral types later
than M2, and the suggestion was made that such stars must account for
the anisotropy of the latitude distribution of that I-K group. In the
group with I-K greater than 3.38 the majority of the stars must be of
these late spectral types. Some indication that this is the case is
found in the fact that the stars of spectral types M5-M9, R, N, S,

and C which are identified as such are among the brightest stars in
this I-K group. Sixty~five percent of the 234 stars identified as
belonging to these late spectral types are in the brightest fifth;

i.e., 153 of the 234 have a K magnitude less than 1.58.

H, The Longitude Dependence of the Latitude Distribution of the

Stars with I-K > 3,38

Looking at the positions of the faintest fifth of the reddest
survey stars plotted in Figure 13b one can get the impression that two
different groups of stars are represented in the plot. One group would

be the stars which account fcr a moderate concentration of stars
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within 10 or 20 degrees of the galactic equator. The effect of this
group would be to make the latitude distribution at all longitudes
resemble that in the longitude range from 120° to the survey limit
near 240°. The second group would be the stars which account for the
very high concentrations which are shown within 5 degrees of the equa-
tor at various longitudes between the galactic center direction and
120°, In order to examine such dependence of the latitude distribu-
tion on longitude in a more quantitative way Figure 15 has been con-
structed., This figure shows the logarithm of the surface density
plotted versus latitude zone in the same manner as Figure 14, but in
this case all of the stars have I-K greater than 3.38 and the figure
is divided into eight graphs on the basis of longitude ranges. The
latitude zones referred to in Figure 15 are the same as those defined
in Table 5 and used in Figure 14.

An important feature‘of the distribution of the positions of
the stars with I-K greater than 3.38 is revealed by Figure 15. This
is the fact that the extreme concentration toward the galactic equator,
which appeared in Figure 14 as a significant increase in surface den-
sity within 1/2 degree of the equator, is due almost entirely to stars
between 0° and 30° of longitude. The longitude zone between 90° and
120° shows increasing surface density to within 1-1/2 degrees of the
equator, and the longitude zones 30°-60° and 6C°-90° show such increase
to within 2-1/2 degrees of the equator. The longitude zone 120°-150°
shows increasing surface density to within 5 degrees of the equator in

both hemispheres, although there is a significantly greater surface
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density between latitudes -0.5° and -5.0° than between +0.5° and +5.0°.
For the longitudes between 150° and the survey limit, the constant sur-
face density within 10 or 20 degrees of the equator which was suggested
by Figure 13 is on the whole confirmed by the last three plots in
Figure 15. 1In this longitude range the increase in surface density
ends about 10 degrees from the equator, and the surface density within
this distance from the equator fluctuates around an average value of

about 17 stars per 100 square degrees.

I. Interpreting the Extreme Concentration toward the Galactic Equator

as Being Due to Supergiants

The significance of the latitude at which the surface density
stops increasing can be illustrated using Figure 16. Assume that all
the stars in a particular sample have the same luminosity, so they can
all be seen to the same maximum distance roax’ Assume also that these
stars are all located in space within a distance o of the galactic
plane and that within this distance they are uniformly distributed in
sbace. Now if T oax is less than o, as is shown in Figure 16a, the
number of stars seen per unit solid angle will be the same in all dir-
ections. 1If T oax is greater than o, a critical latitude bC (or—bc) can
be defined as the latitude at which a sphere of radius T oax intersects
the plane z = 0 (or z = -g). Here z measures diétance from the galactic
plane. Now, because the space density of the stars is constant every-

where between z = 0 and z = -0, the number of stars seen per unit solid

angle is the same at all latitudes b such that —bC < b < +bC. But for
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latitudes b outside of this range the number of stars seen per unit
solid angle will decrease as b moves from equator to pole, because the
effective volume over which stars can be counted will decrease. Thus,
the latitude at which the surface density (i.e., number of stars per
unit solid angle) becomes constant as one goes from pole to equator

is bC where |sin bcl = rc . This is illustrated in Figure 16b.

max
Therefore, the assumption that the group of stars with I-K

greater than 3.38 congists of two components would lead to the follow-
ing conclusions. The component which reaches a constant surface den~
sity at about 10 degrees from the equator contains a significant num-
betr of stars which can be seen to a distance T oax which is about six
times ¢ the characteristic half-width of their space density distribu-~
tion., This ratio of ¥ ax £O O appears consistent with what Table 3
‘would predict for the very late M giants if the value of o given for
early M giants also applied to the very late types. The component
which causes the very high surface density increasing to latitudes
very close to the galactic equator would have to include stars at dis-
tances from 12 to 100 times o, depending on the longitude zone. Such
large values of rmax/c are more consistent with supergiant stars than
with giant stars. For instance, if ¢ is taken to be 200 parasecs a
ratio of 50 would mean the stars being seen are 10 kiloparsecs away.
Stars bright enough to be seen at such a distance would be supergiants
like o Orionis, which has an absolute K magnitude of ~11 and could be
seen at & distance of 6 kiloparsecs (36). The estimates of rmax given

in Table 4 for class Ia supergiants of spectral type K and M are
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greater than 4 kiloparsecs. Assuming that the supergiants are young
stars and are associated with O and B type stars (31), the character-
istic half-width o of 50 parsecs given in Table 2 for O stars should
be applicable to supergiants. Using this value of o, the latitude
distribution shown in Figure 15 for the stars in the longitude range
0°-30° would imply that a significant number of these stars are 5
kiloparsecs away. Table 4 shows that such a maximum distance is not
unreasonable for supergiants of spectral type M. But the ratio

rmax/c = 12 suggested for the longitude range 120°-150° is not consis-
tent with the assumption that these are stars within 50 parsecs of the
plane which are several kiloparsecs from the sun. Before concluding
that supergiants do not contribute significantly to the latitude dis-
tribution in this latter longitude range, some information gained from
the actual identification of supergiants in this region must be con-

sidered.

J. Identifications with Known M Supergiants Near the Clusters

h and yx Persei

Eighteen of the stars with I-K greater than 3.38 and longitude
between 120° and 150° have been identified with stars known to be
supergiants of spectral type M associated with the association I
Persei, which is centered on the double cluster h and y Persei. The
lists of these M supergiants used for making identifications are those
published by Wildey (37) and Sharpless (38). The actual identifica-

tions are listed in Table 6. If these known M supergiants are removed
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TABLE 6

INFRARED CATALOG STARS IDENTIFIED WITH
M SUPERGIANTS OF I PERSEL

Wildey
or

CIT Sharpless BD I 11 Sp.-lum.
number  number number K mag I-K 2 b class
+60074 W- 4 +55°529 2.10 3.44 133.68  -4.66 M2 Ib
+60078 W-16  +56°512 2,28 3.86 134.52 -3.46 M3.5 Ib
+60079 W-19  +58°439 2,67 3.40 134.06 -2.00 M2 1ab
+60081 W-20  +58°445 2,55 3.75 133.95 -1.28 M1
+60082 W-21  +56°547 2,15 3.52 134.87 ~3.80 M2,5 Iab
+60083 W-23  +56°551 2,54 3,54 134.89 -3.61 M1 Iab
+60085 W-24  +57°550 2,32 3.35 134.72 -2.93 M1 Ib
+60086 W-27  +455°597 1.50 3.44 135.21 -4.09 M3.5 Iab
+60087 W-29  +56°583 1.72 4,18 135,09 -3,61 M4.5 Iab
+60088 W-30  +57°552 1.31 4.39 134.62 ~2.20 Mébe Ila
+60089 W-33  +56°595 2.45 3.40 135.15 ~3.47 MO Iab
+60090 W-36  +56°609 1.95 3.63 135.33 —3.15 M3 Iab
+60091 W-39  +60°478 1.89 5.35 134.42 -0.02 M2 Iab
+60093 W-45  +56°673 2,17  3.35 137.12 -2.85 M2.5 Iab
+60094  S-WS1 +58°501 1.97  4.25 136.26 -0.44 M2 Iab
+60100  S-WS2 +57°647 2,11 4,11  138.32 -1.40 M2 Ia
+60111  S-WS91  +59°594 2,05 4.04 138.95 +1.93 M2 Ib
+60106  S-WS31 2,39 4.37 139.15 -1.31 M1 Iab:
+60110  S-WS33 1.43 5.16 141.23 -2.26 M3 lab:
~+50089  S-Ws34 1.87 4.20 142.68 -2.38 M1 Ib
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from the latitude distribution given in Figure 15b for the stars with
longitudes between 120° and 150°, the resulting latitude distribution
is that shown in Figure 17. A comparison of the two latitude distribu-
tions shows that the M supergiants associated with I Persei are re-
sponsible for the high surface density in latitude zones -3 and -2

in Figure 15b. The latitude distribution in Figure 17 could be attrib-
uted to a group of stars whose surface density is constant within 10
degrees of the galactic equator plus a group whose contribution to the
surface density is significant only within a degree or so of the equa-
tor. This latter group could consist of some M supergiants which are
more distant than those associated wigh I Persei. The average K magni-
tude of the identified M supergiants in I Persei is 2.05, which is
bright enough to lead to the conclusion that a good proportion of such
stars could be seen at distances 1-1/2 or 2 times as far as the 1
Persei association. The accepted distance for I Persei is 2.3 kilo-
parsecs (37), so the estimate of roax for M supergiants derived from the
I Persei identifications is over 3 kiloparsecs.

Therefore, once the identifications with known M supergiants
are taken into account, the latitude distribution of the survey stars
with I-K greater than 3.38 in the longitude range 120°-~150° is not
inconsistent with the assumption that both giant and supergiant stars
contribute to the distribution. The identifications do suggest, how-
ever, that the statement made earlier to the effect that supergiants
may be expected to be found within 50 parsecs of the galactic plane

should not be taken too strictly. Most of the M supergiants in
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(dashed line is before removal)

loglo (stars per 100 sq. deg.)
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LATITUDE ZONE
(defined in Table 5)

Figure 17.--Latitude Distribution of Stars with I-K > 3.38
and 120° < g1l < 150° after Known M Supergiants from I Persei Associa-
tion Have Been Removed.
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I Persei are found at latitudes between -1° and -4° (see Table 6),
which at a distance of 2.3 kiloparsecs would mean between 40 and 160

parsecs from the galactic plane.

K. Summary of This Chapter

This chapter has presented data taken directly from the infra-
red survey together with data based on other work done primarily at
visible wavelengths. The conclusions which have emerged in the process
of interpreting these data on colors, spectral-luminosity classes, posi-
tions, and mean absolute magnitudes may be summarized as follows. Most
of the 2024 survey stars which have I-K values less than 2.87 are K
giants and cannot be seen at distances ¥ .y Breater than their charac-
teristic distance from the galactic plane. Most of the 1012 stars with
I-K in the range 2.87 through 3.38 are giants of spectral type MO-M4
and some of them can be seen out to distances about six times their
characteristic distance from the galactic plane. The survey stars with
I-K greater than 3.38 can be seen at distances at least several times
their characteristic distance from the plane. Such stars must be of
late M spectral type, if they are of luminosity class III. Some of the
stars in this I-K group are concentrated so close to the galactic equa-
tor that their ratio of maximum distance to characteristic distance

from the plane suggests that they are supergiants of late spectral type.
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CHAPTER V
DERIVATION OF THE LUMINOSITY DISTRIBUTIONS

In the previous chapter the relationship between the lumin-
osities of the stars and their characteristic distance from the galac-
tic plane was discussed on the basis of their latitude distribution.
No attempt was made to take into account the apparent brightnesses
(K magnitudes) of the stars. If interstellar extinction at 2,2y is
negligible, the observed latitude and the observed brightness at 2.2u
give a direct measurement of the ratio of the luminosity L of a star
to the square of its distance =z from the galactic plane. Thus, it
is possible to derive a relationship between D(z), the space density
function in the z direction, and pL(L), the luminosity function (i.e.,
the probability demsity function for luminosity L).

In this chapter it is shown that the functions D(z) and pL(L)

are related to the distribution function n(t) of an observable quantity

2 I1
t —-g(B.O—K) + 2 loglolcsc b I (9]
by the integral equation
1051 [ 3v/2
n(t) = (log 10)m——=—7= |o3D[z(v-t)Ip_(v)10 dv [10]
e 103ti2 v

where

L = ¢g210V , [11]
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p,(v) = PL(L)%; , [12]

10(V—t)/2’

z(v-t) = ¢ [13]

and ¢ is the distance scale factor. This equation is used to calcu-
late distribution functions n(t) assuming a particular form of D(z)

with characteristic distance ¢ and a gaussian form of pv(v) with the
mean and the standard deviation taken as parameters. The parameters
which result in the calculated n(t) that best fits the observed n(t)

are determined by applying a x? test. As a result of this analysis the
range of luminosity distributions which are consistent with the observed
n(t) distribution is obtained for each of the three groups of stars
with I-K greater than 2.33. The luminosities so obtained are in units
of o2, so the absolute luminosity scale is not known unless the charac-

teristic half-width of the z distribution is known.

A. Derivation of the Integral Equation

Let s be the apparent brightness of a star at 2.2y measured as
a ratio to the minimum brightness included in the catalog. Since the
minimum brightness included in the catalog is a K magnitude of 3.00,

this definition of s means

_ lOO.4(3.0—-K) [14)

Defining luminosity L in units such that

s = ;% (no interstellar extinction), {15]
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we can write

Smin = 1 = ;—2—-— [16]
max

so this definition expresses the luminosity of a star as the square
of the maximum distance at which the star would appear bright enough
to be included in the catalog. Expressing the distance r in terms of

the distance from the plane z gives the relationship

5 = Z2csclh ° [(17]

so the observed quantity s csc?b is equal to the square of the ratio
rmax/z for each star. Figure 18 illustrates the quantities involved
here. (It is assumed that the sun is in the plane of the galaxy. This
assumption is justified by the fact that various ways of measuring the
distance of the sun from the galactic plane give results ranging from
4 to 20 parsecs north of the plane (39,40,41), results which are small
compared to the characteristic half-width o > 200 parsecs suggested
by the data given in Table 3 for late K and M giants.)

The distribution function of the observed quantity s csc?b
can be expressed as an integral over the product of the space density
function and the luminosity function. Define a space density function

D(r,2) and a luminosity function pL(L) as follows:

D(r,Q) = number of stars per unit volume in the region
of space at distance r in the direction Q

pL(L) = probability per unit luminosity that a star has
luminosity L
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Figure 18.--An Illustration for Defining Some Symbols
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Then the number of stars in a volume element dV located at distance

r in direction Q with luminosity in the range L to 1L + dL is
D(r,2)dVp, (L)dL = D(r,Q)rzdrdeL(L)dL [18]

where df? is an element of solid angle. Since L = sr? the number of
stars in the volume element which will give a signal in the range
s to s+ ds is

8L 3r
238 98

AL 3
dr Jr

D(r,Q}pL(srz)r ldrdsdQ = D(r,Q)pL(srz)r“drdsdQ . [19]
Integrating this expression over all distances r gives the number of
stars in solid angle dQ in direction Q@ which have a signal in the range
s to s + ds. Calling this number n(s,Q)dsd? we can write the distribu-
tion function for brightness s and position Q as

o2}

n(s,N) = JD(r,Q)pL(srz)r“dr . [20]
0
This is the integral equation which must be solved to find the space
density as a function of distance along a line of sight in direction Q
when a luminosity function is assumed and the distribution in apparent
brightness is observed.
In the present case there are not enough stars within solid

angles small enough to be considered a single direction to use success-
fully Equation [20] to determine either the space density or the lumin-

osity function. In order to combine the data from all directions
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(latitudes) it is useful to take the distribution function for the

quantity x defined as

x Z s csc?h = ;%-EIE%E = ;% . [21]
The distribution function for x may be obtained by integrating the
distribution function n(s,f) over the strip in the s,8 plane which
contains the stars having s csc?b (i.e., s/cos?6) in the range x to
x + dx. Here direction 2 is being indicated by the single coordinate

6 (the colatitude) because the space density D(r,R) is assumed to be a

function of distance from the plane z only.

D(r,8) = D(z) = D(r cos 8) . [22]

The integral in the s,6 plane must exclude the region s < 1, since
stars with s < 1 are too faint to be included in the catalog. Fig~
ure 19 illustrates the integration used to get n(x)dx, the number of
stars with x in the range x to x + dx. Assuming north~south symmetry,

D(z) = D(-z), n(x) is given by

n(x)dx

OC )
Jn(s,e)dgds + Jn(s,e)des
o

T
c

1]

B¢
2 J n(s,6)dQds
o

by

L]

c v
n(s,0) sin 6 d6 ds {23]

O Y@
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8, is used in Equation [23].

Figure 19.--Integration in the s,8 Plane
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Now, 6, is determined by the fact that s, which is related to x by

s = x sin?b = x cos?6 [24]
is equal to unity at ec, therefore giving
6o = cos-1Vl/x . [25]

Using Equations [20] and [24] in Equation [23] gives

=]
~~
ke
e
(=9
"

]
o~
=

—
-~

D(r cos 6)pL(xr2cosze)r“dr sin® do cos?6 dx, [26]

where the change of variables from s,6 to x,8 has been

3s 30
3x 9x

ds do = dx d6 = cos?0 dx d6 . [27]
as 33

8 96

Changing variables from r,8 to L,6 where

r = VL/s = 1 vYL/x [28]

results in the expression

L3/2 sin 6
n(x) = 27 D(VL/x)pL(L)——~—- dL de, [29]

X5/2 cos 36

O YD
O +~——— 8

after the differentials have been transformed according to
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3 20
oL 9L
dr de = dL de = _dL d6 . [30]
or 38 2 cos 6 VxL
306 3

Finally, carrying out the integration over & in Equation [29] and
expressing 6. in terms of x according to Equation [25], the distribu-

tion function for x is

X—

5/2

n(x) = m D(/L'/'x')pL(L)L3"2dL : [31]

et
O e 8

X

Because the space density function D(z) takes a simple form
when z is replaced by a logarithmic variable, the following trans-

formation will be made:

t = loglo(x) x = 10 [32]
z2 u/2

u = loglo(gz) z = ol0 {33]
= 1 L = ~210V

v = oglO(gy) L = 010 [34]

The parameter ¢ used in this transformation is to be a characteristic
distance associated with the space density function D(z). It may be
viewed as a measure of the width of D(z). Carrying out this trans-

formation on Equation [31] gives
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n(t) n[x(c)}g§ = n[x(t)](log_10)10°"

t o0
(logeIO)ﬂ 10 -1 f

—3t72 03D[010(v—t)/z]pv(v)103v/2dv [35]
10

where pv(v)dv is the probability of a star having a luminosity L such

that loglOCE%) is in the range v to v + dv. 1In fact
pv(v)dv = pL(L)dL [36]

with L(v) given by Equation [34]. The complicated argument of the
space density function in Equation [35] is removed by defining the

function

K(u) = D[z(w)1/D(0) = D[o10“/2)/D(0) , [37)
which results in
0010772} _ poyR(v-t) . [38]
Then Equation [35] becomes
~ 1051 | 3 3v/2
n(t) = (logelO)wIa§E7§ [o D K(v-0)p (v10°"/ %4y | [39]

where D(0), the space density in the galactic plane, has been written

as D .
o

This equation can be put in the standard form for a Fredholm

equation of the first kind by defining the functions
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3t/2
4 10
f(t) = n(t) [40]
3(1oge10) lOt_l
and
u(v) = Dd%wo3103V/2pv(v) . [41]

With these definitions Equation [39] becomes

[

f(t) = JK(V—t)U(v)dv . [42]

-~00

In what follows the integral equation will be used in the form
of Equation [42], taking f(t) as a function known from the observed
n(t) distribution, the kernel K(u) as a function assumed known from
previous work on the z distribution of red giant stars, and U(v) as
the unknown function to be determined. Notice that because L = r2 =

max
0210V (from Equations [16] and [34], U(v) can be written

U(v)dv = %’nrliax(v)Dopv(v)dv ) [43]

This way of writing U(v) shows that U(v)dv is the product of Dopv(v)dv,
the number of stars per unit volume in the galactic plane with a lumin-
osity characterized by v to v + dv, and %ﬁr;ax, the volume of the

sphere throughout which they would appear bright enough to be included

in the infrared catalog.

B. The Limiting Case of a Sharp Cutoff in D(z) and K(u)

As an illustration of the relationship among the functions
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f(t), K(u), and U(v), consider the limiting case where there is a
constant space density of stars out to some definite distance from the
plane but no stars are found beyond that distance. In this case, the
obvious choice for the parameter ¢ would be the distance at which the

space density falls to zero, so D(z) and K(u) would be given by

D0 z <g¢
D(z) = [44]
0 Z >0
and
1 u<o
K(u) = [45]
0 u>20

This form of K(u) makes the solution of the integral Equation [42]
trivial. That equation is

(e o]

f(t) = JK(v—t)U(v)dv

—0

t
= fU(v)dv . {46]
Therefore,
uw =& - £ (v) . [47]

Thus, in the case of a sharp cutoff in the z distribution the luminosity

function can be obtained from the first derivative of f(t).
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C. Adoption of an Analytic Expression for K(u)

Unfortunately for purposes of determining the luminosity func-
tion of the stars in the infrared catalog the actual space density
function D(z) does not have a sharp cutoff. Some curves of D(z)/Do
for various kinds of late type giant stars are shown in Figure 20.
These curves taken from the work of various authors are all derived
from star counts at high or intermediate latitudes with the exception
of the curve derived by Oort for K giants (44). Oort's curve is de-
rived from dynamical considerations as well as star counts, When
Oort's D(z)/D0 function is transformed into the function K(u) given
in Equation [37] taking the characteristic width ¢ to be 210 parsecs,
the resulting K(u) can be closely approximated by the normal error

functicn as is shown in Figure 21. The approximation is

2
o X
Y NSAYA
K(u) > —n f 2(0.7)° 4 [48]
0.7V2m
u
where
_ z
u=2 loglociia—sz) . [49]

That a normal error function with a standard deviation of 0.70 is also
a fair approximation for most of the other D(z)/DO curves is demon-
strated in Figure 22. This figure shows the K(u) derived from each
of the D(z)/D0 curves shown in Figure 20 using a characteristic width
o of 200 parsecs in each case. The ordinate in Figure 22 is scaled

so that a normal error function is a straight line with a slope
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determined by its standard deviation. The lines drawn in the figure
have the slope for a standard deviation of 0.70. The fact that the
value of u where K is equal to one half is not zero in many cases in-
dicates that a characteristic half-width other than 200 parsecs should
be used in these cases in order to approximate K(u) by Equation [48].
The conclusion to be drawn from Figure 22 is that Equation [48] is a
reasonable way to express the space density function as long as o is
viewed as an adjustable parameter indicative of the distance scale of
D(z). Values of o suggested by Figure 22 for the various types of

stars shown there are given in Table 7.

D. Observed n(t) Distributions Compared to the Limiting Case of

Constant Space Density

In Section I of Chapter IV it was pointed out that the galactic
latitude below which the surface density of stars assumes a constant
value provides an indication of the ratio of distance to character-
istic z thickness for the most distant stars included in the selection.
The same information may be obtained from the observed distribution
function n(t) for a group of stars by comparing it to no(t), the dis-
tribution function which would result from a constant space density of

stars. Constant space density would mean

K(u) = comstant = 1 , {50]
so the distribution no(t) would be given by
3 10t - 1 3 10°-1
n (t) = >(log 10)——————]-f(t)] = >~(log 10)A———= , [51]
o 4 e l03t/2 t K=1 4 e 103t/2
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TABLE 7

VALUES OF o WHICH WOULD GIVE BEST FIT FOR THE DATA
OF VARIOUS AUTHORS SHOWN IN FIGURE 22

u at which line o (pc) which
of 0.7 std. dev. puts crossing
Author Type of stars crosses K = 0.5 at u = 0,00
Upgren KO III -0.38 129
Elvius gG5-Ké6 -0.38 129
Oort gK 0.05 212
van Rhijn gKO0-K5 0.15 238
Blanco gM2 and later 0.30 282

Hidajat & Blanco gM2-M4 0.70 448
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where A is the constant which results from setting K(v-t) equal to
unity in Equation [42]., 1In fact,

(o]

A= JU(v)dv [52]

-00

the area under the U(v) curve. Figure 23 shows the functions no(t)
and loglono(t) normalized to a maximum value n, = 1000 at t = 0.,5.
The constant space density form of the distribution n(t) will be ap-
plicable whenever K(v-t) is equal to unity over the range of v which
contributes significantly to the area under U(v). Thus, for stars

which cannot be seen to distances comparable to their characteristic

z thickness (i.e., rmax<<o), n(t) will go as no(t) even at t = 0, No-
tice that as a result of Equations [21] and [32]
t = lo signal from star csc?b [53]
£10| minimum signal in catalog >

so t = 0 corresponds to a star of minimum apparent brightness located
at the galactic pole. If a group of observed stars contains a signi-
ficant number which can be seen to distances o220 then n(t) for

these stars will not go as no(t) until t is large enough to make

z = YL/x = vo410V/10t = olO(V_t)/2 [54]

small compared to o. The larger the ratio (from Equations [16] and

[341)
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T
max _ lOv/2

[55]

for stars in the selection the greater the value of t at which K(v-t)
becomes equal to unity.

The observed n(t) distributions for the three groups of catalog
stars with I-K less than 3.38 are shown in Figure 24. The procedure
used to construct these observed n(t) distributions is described in
Appendix B. As explained there, all of the n(t) distribution to be
presented are extrapolations to the whole sky (4m steradians) from
the fraction of the sky actually covered by the infrared catalog. The
integral equation (Equation [39]) was derived on the assumption that
stars in all directions are counted. The plots of loglon(t) versus t

t/2

in Figure 24 show the tendency for n(t) to go as 10~ at large
enough values of t, which is expected according to Equation [51] and
the discussion following it. The constant space density curve
loglono(t), fitted by eye to each of the loglon(t) curves over the
linear range where n(t) is proportional to lO—t/z, has been drawn in
for purposes of comparison.

The vertical positions of the loglono(t) curves in Figure 24
are of course arbitrary, reflecting the value of normalization con~
stant A in Equation [51]. The loglono(t) curves actually drawn in
Figure 24 are close to the observed distributions loglon(t) for t

approximately in the range 1.0-2.5. Because the observed n(t)

distributions are significantly above these no(t) curves for some
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values of t greater than 2,5, larger values of the normalization con-
stant A would be required to make no(t) (v 10t/2) consistent with the
observed n(t) for all t greater than some critical value t.- The sig~
nificance of another choice of normalization will become clear in the
following interpretation of the n(t) and no(t) curves shown in Figure
24,

For stars with I-K less than 2.33 the observed distribution
n(t) becomes consistent with the constant space density distribution

no(t) shown in Figure 24 at t = 1.0. Since according to Equations [40],
[42], and [51] o
JK(v-t)U(v)dv

-—C0

n(t) = no(t) [56]

‘U(v)dv

this means that there are not a significant number of stars with I-K
less than 2.33 which have v large enough to make K(v-1.0) appreciably
less than unity. Taking the z = 0 as the distance where D(z) is
"appreciably less than" D, would mean taking u = 0 as the value of u
above which K(u) is "appreciably less than one" and would therefore

lead to the conclusion that virtually all of these stars have

¥ max /2 1/2

= 10V < 10 = 3.16 . [57]

Since according to Figure 9a nearly all of the stars with I-K less

than 2.33 have spectral types earlier than MO and according to Table 3
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the ratio rmax/o for MO stars is in the range 0.6 to 1.2, the only
surprising aspect of the conclusion that there are no stars in this
I-K group with rmax/c greater than about 3.0 is the implication that
there may be some with rmax/O that large.

The n(t) distributions for the two other I-K groups shown in
Figure 24 become consistent with the no(t) curves also shown in the
figure at t =~ 1.2 and t = 1.5 for 2.33 < I-K < 2,87 and 2.87 < I-K <
3.38, respectively. According to the above analysis, these values are
suggestive of maximum ratios rmax/o v 4 and rmax/c ~v 6. However, if
one insists on choosing a normalization for no(t) such that 1oglono(t)
agrees with the observed n(t) at the largest values of t for which data
points are available, then the loglono(t) curves would have to be
raised and the value of t at which n(t) becomes consistent with no(t)
would be increased. Thus, if the loglono(t) curve for the group with
2.33 < I-K < 2.87 were drawn through the last two data points, the
comparison of the observed n(t) with the assumed no(t) would lead to
the conclusion that some of the stars in the selection must have

, (3.6)/2
rmax/c as large as 60 (i.e., 10

). Making the assumed no(t)
agree well with the four data points with t > 3.0 for the stars

with 2.87 < I-K < 3.38 would result in the conclusion that n(t) does
not become consistent with no(t) until t > 3.0, suggesting rmax/o as
large as 30 for some stars in this I-K group. It was pointed out in
Section I of Chapter IV that such large values of rmax/o are charac-

teristic of late type supergiants rather than late type giants. By

normalizing no(t) as done in Figure 24, the observed n(t) data can be
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interpreted as due to a giant component giving rise to a distribution

which goes as lOwt/2

for t greater than 1.0 or 2.0 and a supergiant
component which causes the observed excess of n(t) over no(t) at
values of t > 2.5,

For the stars with I-K greater than 3.38, the extreme concen-
tration toward the galactic equator which was shown in the latitude
distribution presented in the previous chapter takes the form of a

t/2

distribution function n(t) which deviates from the 10~ law at even
larger values of t. The observed n(t) data for the stars with I-K
greater than 3.38 are presented in Figure 25 together with two curves
of l°g10no(t) having different normalization constants. For these

t/2

very red stars there is no sign of n(t) going as 10 until t is
greater than 2.0, and, whatever normalization is used for no(t), there
are significant deviations of n(t) from no(t) at values of t greater
than 4.0. Thus, the n(t) distribution for the reddest catalog stars
points to the conclusion that some of them must be characterized by
values of rmax/c on the order of 100, To obtain estimates of the num-
bers of stars of various luminosities the functions U(v) which satisfy
the integral equation (Equation [42]) will be found. The conclusions
reached by the somewhat qualitative analysis of the n(t) distributions
based on comparing them with the limiting case of a constant space

density distribution function no(t) can then be put in more quantita-

tive terms.
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loglO n(t)

Figure 25.--Observed n(t) for Stars with I-K > 3.38 Compared to

no(t) on a Logarithmic Scale.



108

E. Definitions of the Luminosity Function Parameters

Functions U(v) which satisfy the integral equation

3(log,10) .t , <
A 103t/2 fK(v—t)U(v)dv [58]

n(t) =

to within the uncertainty in the observed distribution functions n(t)
have been found by using a three parameter gaussian representation of
U(v) together with the error function form of the kernel K(u), which
was derived from Qort's D(z)/Do curve and given in Equation [48]. The
gaussian form of U(v) follows from assuming a gaussian luminosity func-
tion pv(v). To be specific, if it is assumed that the probability of

a star having luminosity

'

= 2 = ~210V
L T = O 10 [59]
such that v' is in the range v to v + dv is given by
(v-v )2
p, (v) = exp| - —5rr—| [60]
v MTn 28
then the function U(v) defined by Equation [41] is
2
4 3/2v 1 (V_vo)
U(v) = 503D 10 — eXp| - —5v—| , [61]
3 o A/E—'I; 2A

which can be rewritten in gaussian form as
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A (v—vm)2
U(v) = exp| - —so—| , [62]
wim |8
where
log. A = lo (ﬁﬂc3D ) + é{v +-§(10g 10)A2] [63]
Bic 810'3M9 V) T 3V T G0, -
and
v = v+ 2(log 10)A2 [64]
m o 2 e ‘

Therefore, the three parameters used in the expression for U(v) are

the mean Vo the standard deviation A, and the normalization A. No-
tice that, as in Equations [51] and [52], A is the area under the func-
tion U(v).

If theoretical curves of n(t) calculated from Equation [58]
using the three parameter gaussian U(v) are compared with the observed
n(t) data on logarithmic plots such as Figures 24 and 25, the shape of
the calculated 1oglon(t) is a function of v and A, and its vertical
position is determined by the normalization constant A. Such compari-
sons have been made by eye, and from these comparisons the values of
v and A which appear to fit the data reasonably well have been deter-
mined. But the range of v and A which appear to the eye to fit a
particular observed loglon(t) curve is quite large. Therefore, a quan-

titative measure of goodness of fit has been adopted.
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F. The x2 Test for Goodness of Fit

The method adopted here to test the agreement between an ob-
served n(t) distribution, normalized to apply to the whole sky as de-~
scribed in Appendix B, and a theoretical n(t) distribution, calculated
from the parameters A, Voo and A using Equations {58] and [62], is
essentially the one described by Cramér (46). The range of t from O
to » is divided into m intervals. The number of stars with a value
) of t in the range of interval 1 is vy (More precisely, vy is the
number of stars weighted according to the procedure described in Appen-
dix B, The actual number of stars in interval i will be referred to
below in Equation [67] as Ni’ which is typically about three quarters
of vi.) The number of stars in interval i as predicted by the assumed

U(v) is

i
= fnc(t)dt . [65]

where nc(t) is the calculated distribution function and ti is the
upper limit of interval i. The normalization parameter A is chosen so
that the calculated total number of stars in intervals 1 through k

(k £ m) is equal to the observed total number of stars in intervals

1 through k; i.e.,

Tk K K
j n (0t =T u =, . [66]
o =
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The reason for possibly not normalizing the theoretical distribution
to give the same total number as the observed distribution over the
whole range of t from O to « is that both the latitude distribution
and the logarithmic plots of n(t) have shown some evidence that a dif=-
ferent population of stars, supergiants, contributes significantly to
the sample of stars observed at very low latitudes. The first step

in testing for goodness of fit over the range 0 < t < t, consists of

k

calculating the quantity

k
x2 =) ———— =, [67]

Here Ni is the actual number of stars with ti < £ < ti' Then the

1
probability that x? would be this large or larger due only to random
sampling errors is obtained by looking in the standard XZ table for

k-1 degrees of freedom. Cramer indicates that this procedure can be
used "for ordinary purposes" if the intervals are chosen large enough
to make i > 10.

Table 8 shows the application of this method in comparing the
observed n(t) distribution for stars with I-K > 3.38 to that calculated
from a U(v) with mean v = 1.80, standard deviation A = 0.55, and A
chosen to give agreement on the total number of stars with t < 2.28.
Table 8 shows that the total x2 after the first 8 groups (i.e., up to
t = 2.28) is 3.5. Interpolation using a standard x? distribution for

/ degrees of freedom gives a probability of 0.83 that random errors

would give rise to a value of x° greater than 3.5. Therefore, the
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TABLE 8

x? TEST APPLIED TO n(t) CALCULATED FROM
U(v) WITH v 1.80 AND A = 0.55

Inter- Upper Actual Weighted Calcu- (u,-v_ )N,
val limit number number lated —= 1 = Total x2
i ti Ni Vi ui pi-vi Vi Vi through i
1 0.31 50 61 53.3 -7.7 0.8 0.8
2 0.58 100 123 138.4 15.4 1.6 2.4
3 0.88 200 256 251.6 =4.4 0.1 2.4
4 1.19 250 336 346.8 10.8 0.3 2.7
5 1.45 250 340 332.2 -7.8 0.1 2.8
6 1.70 250 344 331.1 -12.9 0.4 3.2
7 1.98 250 347 358.0 11.0 0.3 3.4
8 2.28 250 349 344,6 ~b.4 0.0 3.5
9 2.70 250 351 388.3 37.3 2.8 6.3
10 3.23 250 352 331.9 -20.1 0.8 7.1
11 4.14 250 352 278.9 -73.1 10.8 17.9
12 o 182 257 154.3 =102.7 29.0 46.9

These data are from stars with I-K greater than 3.38.

The U(v) used was normalized to agree with the total number observed
through interval 8, i.e., for 0 < t < 2,28,
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disagreement between the theoretical and the observed distribution
over the range O < t < 2.28 would have occurred in five out of six
cases due purely to random fluctuations. The theoretical and observed
n(t) are in good agreement over this range. In the last 4 groups in
Table 8, where t is greater than 2.28, the differences between the
calculated and the observed n(t) become so pronounced that by group

12 the total x? has risen to 46.9. Such a large x? is way beyond the
limit of a standard x2 table for 11 degrees of freedom and has virtu-
ally no chance of occurring due to random errors. This failure to agree
with the observed n(t) for stars with I-K > 3.38 at large values of t
is typical of the calculated n(t)'s which fit well in the range

0 <t <2.28. This is shown graphically in Figure 28 below.

Figures 26, 27, and 28 show the observed n(t) distributions
for the I-K groups 2.33-2.87, 2.87-3.38, and greater than 3.38 respec-
tively. The observed n(t) distributions in these figures are dis-
played by showing the values of'Ei, the average of n(t) over the

interval ti—l < t < ti used in the x2 test.

number of stars with ti—l < t < ti

n, = — . [68]
i~ Ti-1

The curves in each of the figures are distribution functions n(t)
calculated using various values of the parameters A, Vo and A. All
of the calculated curves shown in Figures 26, 27, and 28 are at least
half as probable a fit to the observed n(t) as the most probable fit

found. '"Probable" here refers to the probability that the x“ could be
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due to random fluctuations. The range of t (0 < t < tc) over which the
x2 test is applied is very important, as was illustrated by the results
given in Table 8, so the upper limit tC is indicated by an arrow in

each figure.

G. I-K < 2.33: No Attempt to Derive Luminosity Function

As shown in Figure 9a in the previous chapter, the stars with
I-K less than 2.33 have spectral types ranging from B through K and
are, therefore, not at all a homogeneous group. The data in Tables 2
and 3 in the previous chapter make this clear. No attempt has been
made to determine a luminosity function for these stars by finding a

U(v) which gives the observed n(t).

H., 2,33 < I-K < 2.87: Poorly Determined Luminosity Function

For the next group in order of redness, namely those stars with
I-K between 2.33 and 2.87, attempts have been made to find a calcu-~
lated n(t) which agrees with the observed distribution. Figure 26
shows that parameters A, Voo and A have been found which give a good
fit to the observed distribution. However, the parameters which fit
the n(t) data for these stars are very poorly determined. The two
calculated curves shown in Figure 26 are for quite different functions
U(v), one having a mean of 0.60 and a standard deviation of 1.20 while
the other has a mean of 1.60 and a standard deviation of 2.20. When
these two gaussian U(v) functions are converted into gaussian lumin-
osity functions pv(v) using the relationships given in Equations [60]

“through [64], the difference is extreme indeed. U(v) with mean
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4

v

o 0.60 and standard deviation A = 1,20 implies pv(v) with mean

v

o ~4.37 and the same standard deviation A. U(v) with v = 1.60

and A = 2.20 implies pv(v) with vo = ~15.12 and the same A. It would
be absurd to claim any validity for such results, because it would
amount to determining a luminosity function for stars which can be
seen only to distances like

v /2

010 © = 5107 ¢,
max

2]
[

(691

or even

v /2

o
r = gl10
max

510776 | [70]

Il

by a method which uses the decrease in space density at a distance ¢
from the plane as the means of measuring luminosity. The indetermi-
nacy for the stars with I-K between 2.33 and 2.87 may be due to the
fact that many of these stars cannot be seen to distances roax C 0.
To see whether or not this is the case the distribution in the lumin-

osity variable v will be calculated for those stars which can be seen.

" I. Derivation of N(v), the Luminosity Distribution of Observable

Stars
The starting point for calculating the luminosity distribution
of those stars which can be seen is the physical interpretation of
U(v) given in connection with Equation [43]. There it was pointed out
that U(v)dv is the number of stars with luminosity L = 0210" such

that v' is in the range v to v + dv which could be seen if the space
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density were given by Dopv(v)dv throughout the volume of the sphere of
radius rmax(v). To calculate the distribution in luminosity of the
stars actually seen we must take into account the fact that the space
density is not constant throughout the volume é'nr[?lax(v) but is instead

3
given by

D(z)pv(v)dv = K[u(z)]Dopv(v)dv. [71]

Therefore, N(v)dv, defined as the number of stars with luminosity char-

acterized by v to v + dv which are close enough to be seen, is given by

N(v)dv = JDOK[U(Z)]PV(V)dV dv , [72]
\Y

/2

. ; . , v
where the volume of integration V is the sphere of radius roax 010 .

This differs from U(v)dv by the factor K[u(z)] in the integral, so

N(v) can be written as

JK[u(z)]dV
N(v) = U(v)—
dv

A -1 max
= U(v){;mr3 } 2 JK[u(z)]n(réax—zz)dz . [73]

¢}

Changing the variable of integration to y = 2 10810(240) this becomes
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1 Or2
[0 1 max
4 -1 o u (logelO) w/2
N(v) = U(v) ]:gﬂr;ax:[ 2 K(u)w(r;ax—ozlo )—5—10""" du
-1
v
= U(v) {%03103"/ Z}r(logelO)o:"JK(u)[lOv-lOu]lOU/ 2qu . [74]

For the function K(u) adopted here, namely Equation [48],

1 o] 7] -
0.7/ | L 20D

the integration can be carried out by parts. The resulting relation-
ship between N(v) and U(v) is

N(v) = U(V)[ﬁ(v) + 3

-2-10°/ 4k (e-v) 10772 _ %109‘:/ 4

K(3c-—v)10—3v/2] ., [76]

where
c = %(0.7)2(1055610) = 0.564 . (771

The factor for converting U(v) into N(v), the quantity in brackets in

Equation [76], is shown in Figure 29.

J. 2.33 < I-K < 2.87: Luminosity Distribution of Observable Stars,
N(v)

Since the spectral types are known for virtually all of the
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stars in the I-K range 2.33-2.87 (see Figure 9a), the work of other
authors summarized in Table 3 can supply information on the luminos~
ities of these stars. Such information can be compared directly with
the derived function N(v) for these stars and can therefore help to
establish the best choice of a distance scale o for them. The first
step in carrying out this procedure is the obtaining of the functions
N(v) from the functions U(v) which were found to give good agreement
with the observed n(t) distribution of Figure 26. Figure 30 shows the
N(v) curves derived from the two extreme U(v) functions discussed in
Section H which fit the data in Figure 26. These two N(v) curves
differ in width but are in agreement on the conclusion that the mean
luminosity of the stars in this I-K group is that characterized by a
value of v somewhere near zero. This would correspond to an average max-—
imum distance (rmax) approximately equal to the characteristic z dis-
tance o. Figure 9a in the previous chapter shows that the average
spectral type for the stars with I-K between 2.33 and 2.87 is about

MO and about 2/3 of these stars have spectral types between K4 and

Ml. Table 3 puts the average value of T oax for K4~-M1l giants at between
200 and 300 parsecs. Therefore, the comparison of the N(v) curves in
Figure 30 with the data on spectral types and luminosities points to
the conclusion that a characteristic width ¢ of 200 to 300 parsecs is
appropriate for the stars in this I-K range. The best estimate of o
for these stars would be to set it equal to the average T oax for MO
stars; i.e., o = 290 parsecs. Table 7 gives values of the character-

istic width of the z distribution for K and M giants taken from the
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work of various authors. The value given here, namely, o = 290 parsecs,
is consistent with the value one might estimate from Table 7 for MO
giant stars.

The widths of the N(v) functions given in Figure 30 are def-
initely greater than the width one might estimate f-om the spread ia
absolute K magnitudes M'< of K and M giant stars given in Table 3., Over
95 percent of the stars with I-K between 2.33 and 2.87 have spectral
types between KO and M3, and the range in average absolute magnitude
MK for this range in spectral type is from -1.6 to -5.9. The disper-
sion of absolute magnitudes about the mean for stars of the same spec-
tral type is usually about 0.5 magnitude and certainly less than 1.0
magnitude (7,42,47). From these data one would estimate that over
95 percent of the stars in this I-K group must have MK between -~0.6 and
-6.9. This range of about 6 magnitudes corresponds to a range of about
2.4 in v, since v is the loglO of the luminosity and the magnitude
scale is such that 5 magnitudes correspond to a factor of 100 in lumin-
osity. Clearly, neither N(v) curve in Figure 30 has 95 percent of its
area within a v range of 2.4. The N(v) curve with the smaller width
has over 2/3 of its area within a range of 2.4 in v, and is to be pre-
ferred over the other because of its closer agreement with the estimates

based on the work of other authors.

K. 2.87 < I-K < 3.38: Luminosity Distributions U(v), p.(v), and N(v)
The n(t) distribution of the stars with I-K between 2.87 and

3.38 was presented in Figure 27 together with two n(t) curves calculated
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using the two extreme values of Vo which give a probable fit to the
observed data. It is clear from Figure 27 that the theoretical n(t)
curves do not match the data as well as the theoretical n(t) curves
in Figure 26 matched the data for the stars with I-K between 2.33 and
2.87. Yet the curves in Figure 27 indicate the best fit, according
to the x? test, that could be found by varying the mean and standard
deviation of U(v). The probability that a x? as large as that calcu~
lated from the difference between the best-fit theoretical n(t) and
the observed n(t) would be due entirely to random errors is about 0.2.
The same kind of probability for the best-fit curves in Figure 26 for
the stars with I-K between 2.33 and 2.87 was about 0.8. The most
serious discrepancy between the calculated and observed n(t) distribu-
tions in Figure 27 is quite obviously over the range 0.53 < t < 1.44.
It appears that the excess of calculated over observed in the interval
0.53 < t < 1.02 may be balanced by an excess of observed over calcu-
lated in the interval 1.02 < t < 1l.44. That this is, in fact, the
case can be demonstrated by treating the range 0.53 < t < 1.44 as a
single interval in the x? test. When this is done the probability
that the x? is due to random errors increases from about 0.2 to about
0.9. The conclusion to be drawn is that a gaussian form of U(v)
does not do a good job of accounting for the rather sharp fluctuation
in the observed n(t) near t = 1.0 but that it can account for the
average of the observed n(t) over the range from t = 0.5 to t = 1.5,
The parameters of the two extremes of gaussian U(v) which fit

the observed n(t) in Figure 27 as well as can be done are A = 2913,
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v, = 1.20, A = 0.90, and A = 3523, v, = 1.60, A = 1.30. The gaussian
luminosity functions pv(v) which are associated with these two U(v)
according to Equations [60]-[64] have the parameters v, = ~1.60,

A= 0.90 and v, = -4.24, A = 1.30, respectively. As in the case

of the stars with I-K between 2.33 and 2.87, it is not reasonable to
claim any validity for luminosity functions such as these which have
nearly all of their area contributed by stars too faint to be seen at
distances comparable to the characteristic width of their z distribu-
tion. But N(v), the luminosity distribution of the stars which can be
seen, does have significance and can be obtained from U(v) using Equa-
tion [76]. Figure 31 shows the functions N(v) derived from the two
extreme U(v) for the stars with I-K between 2.87 and 3.38. Both of
these N(v) curves give a mean (and also a median) near v = 0.7. This
would say that, on the average, the stars with I-K between 2.87 and

3.38 can be seen to distances

&0 e 610272 = 5,95 . (78]

As in the case of the previous I-K group, something is known about

the luminosities of the stars in the present I-K group due to their
spectral type identifications and the data given in Table 3. Figure
9b shows the spectral type distribution of those stars with I-K be-
tween 2.87 and 3.38 which have been identified in the visual star
catalogs. Of the 1012 stars in this I-K range 922 have been identi-
fied. Assuming that those not identified will tend to be of the later

spectral types, the median spectral type for these stars falls between
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Ml and M2; i.e., 516 of the 1012 are identified as stars of spectral
type M1l or earlier. Table 3 gives the mean value of T ax for M1 giants
as 330 parsecs and that for M2 giants as 420 parsecs. Taking the mean
of the N(v) curves for these stars as v = 0.7 and making this consis-
tent with (rmax) = 330 or 420 parsecs gives o = 150 or 190 parsecs re-
spectively. These estimates of ¢ are definitely low compared to other
values listed in Table 7 for M giants. In order for ¢ to be 300 parsecs
<rmax> would have to be 660 parsecs which would mean that the M1 and M2
giants in this I-K group are about one magnitude brighter than the aver-
age absolute magnitudes given in Table 3.

The widths of the N(v) curves in Figure 31 can be compared with
the range of absolute magnitudes M, which would be predicted from the
spectral type distribution in Figure 9b with the aid of Table 3. Nearly
800 of the stars with I-K between 2.87 and 3.38 were identified as having
spectral types between K4 and M3. Recalling that about 10 percent of
the 1012 stars were not identified with any spectral type, it is safe to
say that over 80 percent of the stars in this I~K group have spectral
types from K4 through M3. According to Table 3 the range in average
absolute magnitude M, for this range in spectral type is from -3.3 to
=5.9. Allowing for a dispersion of somewhat less than *1.0 magnitude
for the M. values of giant stars of the same spectral type, one would
estimate that over 80 percent of these stars have M, values within a
range of about 4.5 magnitudes, which would correspond to a range of
1.8 in v. The narrower of the two N(v) curves given in Figure 31 has
about 80 percent of its area in a range of about 2.8 in v. Therefore,

as in the case of the previous I-K group, the range of luminosities
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predicted on the basis of identified types and their expected absolute
magnitudes is smaller than the width of the theoretical N(v) curves and

would suggest the narrower N(v) curve as the one to adopt.

L. I-K > 3.38: Finding a Probable and Reasonable U(v)

The observed n(t) distribution for the reddest 45 percent of
the stars in the infrared catalog was presented in Figure 28, together
with four theoretical n(t) curves. The x2 test for goodness of fit
and the normalization of the U(v) were carried out using the first 8
intervals of t shown in the figure, i.e., for t < 2.28. The four theo-
retical n(t) curves shown in Figure 28 are the best fits for
0.00 < t < 2.28 which could be obtained with 4 different values of the
mean of U(v), namely, Vo= 1.6, 1.8, 2.0, and 2.2 for curves Nos. 1,
2, 3, and 4 respectively. For values of v equal to 1.4 and smaller
or 2.4 and larger, no value of A could be found which gave a fit over
the range o < t < 2.28 which was half as probable as the best fit shown
in Figure 28. Table 9 gives the x2? and the probability of x2 being
that large due to random errors for the curves shown in Figure 28. No
gaussian U(v) can give a reasonable fit to the observed n(t) over all
12 intervals.

For t > 2.28 the four curves in Figure 28 become quite differ-
ent., One way to choose among them would be to require that the calcu-
lated n(t) be less than the observed n(t) at large values of t. This

criterion would be in keeping with the conclusion drawn from the lati-

tude distribution that some of the stars observed at very low latitudes
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TABLE 9

SOME DATA ON THE CURVES IN FIGURE 28

Mean of x2 test over the range 0 < t < tC
U(v) parameters Py(¥) t, = 2.28 t, = 3.23 t, ==
Curve n & A Vo x2 Prob. x2 Prob. X2 Prob.
1 1.60 0.40 10033 1.05 4,6 .70 12.1 .21 85.4 ..00
2 1.80 0.55 12102 0.76 3.5 .83 7.1 .62 46,9 .00
3 2.00 0.68 14406 0.40 4.2 ,75 11.5 .24 28.4 .00
4 2.20 0.77 17368 0.15 5.0 .66 24,4 ,00  29.1 .00
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(high values of t) must be from a population which has a value of
rmax/o characteristic of supergiants rather than giants. Thus the
excess of observed stars with large values of t could be attributed
to the supergiant contribution while the n(t) calculated from U(v)
would be due to late type M giants. This interpretation would favor
curve No. 1 over the other three.

Table 9 also gives the mean of the gaussian luminosity func-
tion pv(v) associated with each of the four U(v) functions which gave
the n(t) curves in Figure 28, The standard deviation of pv(v) is the
same as that of the U(v). Unlike the pv(v) derived for the previous
I-K groups, a significant fraction (over half) of the area of these
luminosity functions is in the ramge v > o, where it is possible to
measure luminosity by making use of the decrease in space density in
the z direction. But because the differences among the four pv(v)
functions are very great, it is desirable to have a criterion for pre-
ferring one of them over the others.

Before comparing the results derived from the n(t) distribu-
tion of the reddest stars with what little data is available on late
M giants, a "most probable'" luminosity distribution U(v) will be ob-
tained and its consequences discussed for various assumed values of
the characteristic distance ¢. The '"most probable" U(v) is to be

taken as the gaussian function

2
(v—vm)

eXp |~ 207 [79]

A2
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which gives the best fit to the observed n(t) distribution. Goodness
of fit is measured by the probability that the x? calculated from the
differences between the theoretical and the observed numbers of stars
within the various t intervals could have arisen purely from random
fluctuations. This x2 procedure was described in Section F, and
Table 8 was given as an example. For the stars with I-K greater than
3.38 the range of t over which the x? test is applied is critical in
determining the parameters of U(v) which give the best fit. In keeping
with the idea that the excessively high concentration of red stars at
very low latitudes can be attributed to supergiants rather than giants
the following criteria have been used to select the number of intervals
over which the x? test is to be applied:

1. Groups 1 through 8 (0 < t < 2.28) must be included in the

x? test. TFor the faintest stars in the catalog (K = 3.00),

t = 2,28 corresponds to a latitude b given by

b] = sin"t1072+28/2 _ 4oy | [80]

according to Equation [9]. This allows for the exclusion
of all stars within 4.2 degrees of the equator and of all
but the faintest at somewhat higher latitudes.
2. All groups not included in the x? test (i.e., groups k + 1
through 12 when the test is applied to groups 1 through k)
must have a calculated number less than the observed number.
The division into groups of stars on the basis of t intervals is given

in Table 8 and in Figure 28. The x° test for the data presented in
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Table 8 could not be applied over intervals 1-8 only, because criterion
No. 2 is not met. The assumed U(v) would result in 37.3 more stars in
group 9 than are observed in that range of t. Therefore, the probabil-
ity that a U(v) with vo= 1.80 and A = 0.55 accounts for the observed
n(t) must be measured by a x% test which includes groups 1-9 rather
than only 1-8. When this is done the probability of these parameters
accounting for the distribution of t is .68 as opposed to the .83
which resulted from the x° test applied to groups 1-8. Thus the appli-
cation of criterion No. 2 has reduced the probability that this U(v)
accounts for the observed n(t) distribution. The probabilities asso-
ciated with curves No. 3 and No. 4 in Figure 28 are markedly lowered
by the requirement that the x? test be applied up to the group where
the calculated number permanently falls below the observed number.

The probability derived according to the procedure described
above is shown as a function of the parameters v and A in Figure 32,
This figure shows that the most probable combination of Vo and A is
close to v, = 1.70, 4 = 0.48. The range of values of v and A which
give reasonably good fits to the observed data can be determined from
Figure 32. For instance, v, can be taken to be as small as 1.50 or as
large as 1.90 and still result in a fit which is over two thirds
as probable as the one with maximum probability. For Vo= 1.70 the
standard deviation A can range from 0.42 to 0.53 without the probability
falling below two thirds of the maximum probability. A knowledge of the
range of Vo and A over which a reasonable fit to the data can be ob-

tained is needed to estimate the uncertainty in any quantities derived
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from them. Figure 33 shows the observed n(t) compared to n(t) curves
calculated from the most probable U(v) and from some other U(v)'s

which are from two thirds to three fourths as probable.

M. I-K > 3.38: The Space Density and the Luminosity Function

An important quantity which can be derived from the parameters
of a gaussian U(v) is Do’ the number of stars per unit volume in the
galactic plane. Equations [60] through [64] give the relationships
between a gaussian U(v) and the gaussian luminosity function pv(v)
which would be associated with it. The space density DO of these
stars, counting all luminosities, is given by
3510731V, ~3(log 10)4%/4]/2

N = Dg3=-=4

o} o by : [81]

This follows from Equation [63] when Equation [64] is used for V-
Therefore, the parameters A, Vo and A of the gaussian U(v) can be

used to give the number of stars of all luminosities in a cube of edge

o if the space density were a constant D0 throughout the volume. The
range of values of N0 which are consistent with the observed data can

be estimated by calculating this number for the extreme values of the
parameters. Table 10 gives some extreme values of the parameters

Vo A, and A which result in fits to the observed n(t) which are from 1/2.
. to 3/4 as probable as the best fit, which is also included in the table.
The range of No associated with the range in parameters shown in Table
10 is from 20 to 50 with the most probable value being 29. The actual

space density D0 depends on the distance scale assumed, i.e., on the
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TABLE 10

U(v) parameters Mean
oi the
mean std.dev. norm. lum.funct.
v A A Probability v =D o3
m o) 0
1.50 0.28 9196 .61 1.23 20
1.70 0.42 11167 .51 1.09 21
1.70 0.48 10930 .81 0.90 29
1.70 0.54 10686 .46 0.69 41
1.90 0.64 12882 .54 0.49 50
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value of o. Figure 34 shows Do in units of stars per 106 cubic parsecs
as a function of ¢ in units of parsecs for the most probable fit

(Doo3 = 29) and for the two extreme values of N0 given in Table 10.

If the stars with I-K greater than 3.38 are taken to be giants of
spectral type M5 or later, Table 3 would predict a space density on

the order of unity. According to Figure 34, a space density Do =1
star per 106 pc3 would require a characteristic distance o = 310 par-
secs.

Table 10 also gives the value of Vs the mean of a gaussian lum-
inosity function pv(v) which would be associated with the gaussian func-
tion U(v), for each of the combinations of Vo and A given there. The
choice of U(v), a solution to the integral equation, together with a
choice of o, the characteristic distance in the z direction, amounts

“to taking the number of stars per unit volume in the galactic plane
with luminosity given by 0210V' where v' is in the range v to v + dv
as equal to

NO (V—VO)2
Dopv(v)dv ==3 exp| - —ZAT'—dV . [82]

A27

This luminosity function in terms of v can be converted to one in

terms of absolute K magnitude MK by making use of the fact that MK is
defined as the magnituce of the star as it would appear at the standard
distance of 10 parsecs. Since the limiting K magnitude is 3.00, the

relationship between v and M'< is
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0210V = r2 = |10-100-2(3.00-1) . [83]
max

which gives

<
]

2 + 0.4(3.00) - 0.4, - 2 logloc

-0.8 - 0.4M, - 2 loglo(c/lOO) ’ [84]

where ¢ is in parsecs. Therefore, the luminosity function in terms

of M 1is

d
POt = p (V) |G

l

exp|- E%z{—O.B - 0.4M

- 2 logy,(c/100) - vo}2 . [85]

K

2.50V27

This is a normal distribution with mean
MO = =2 -5 loglo(c/lOO) - 2.5V0 (o in parsecs) [86]

and standard deviation

= 87
By 2.5A , [87]

Table 11 summarizes the space density and luminosity function
data which result from the application of the above analysis to three
of the U(v) functions presented in Table 10. The three are: the most

probable (vm =1.70, A = 0.48, A = 10930) and the two extremes (vm =
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TABLE 11

POSSIBLE LUMINOSITY FUNCTIONS FOR STARS WITH I-K 2 3.38

EXPRESSED IN TERMS OF ABSOLUTE K MAGNITUDE, M,

Parameters of Extreme 1 Most Probable Extreme 2
gaussian p(Mc) v, o= 1.50 v, = 1.70 v, o= 1.90
f i 1
of o in passecs b =0.28 A = 0.48 A = 0.64
o A = 9196 A = 10930 A = 12882
D 2.5 3.6 6.3
o]
o = 200 MO -€.6 -5.8 -5.0
AM 0.70 1.20 1.60
D .73 1.1 1.9
o 4
o = 300 Mo -7.5 -6.6 -5.9
AM .70 1.2 1.6
D .22 .32 .55
(8]
o = 450 Mo -8.4 -7.5 -6.7
AM .70 1.2 1.6
| - (Mc=Mo) ?
. . . 1 203
Luminosity function p(M ) = ——— e M per unit M. .
AM/ZT

To get number of stars per unit volume multiply by Do which is in

units of number of stars per 10® cubic parsecs.
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1.50, 4 = 0.28, A = 9196, and voo= 1.90, A = 0.64, A = 12882). For
each of the three U(v), Table 11 gives the values of D0 and Mo which

result from setting o = 200, 300, and 450 parsecs.

N. I-K > 3,38: N(v) and Some Conclusions Regarding Late M Giants

Table 11 summarizes the conclusions which can be drawn regard-
ing the distribution of luminosities per unit volume of space. The
distribution of luminosities of the stars which are observable is given
by the function N(v) which was derived in Section I. The distribu-
tions N(v) derived from the U(v) functions being considered here are
shown in Figure 35. In addition to the v scale on the abscissa in
Figure 35 three M|< scales are indicated. These additional scales
correspond to the three choices of ¢ used in Table 1il,

As in the cases of the less red I-K groups already considered,
the different N(v) distributions in Figure 35 have about the same mean,
in this case somewhere between v = 1.35 and v = 1.55. This mean value
of v corresponds to a value of T oax 5 or 6 times 0. The procedure
used for the other I-K groups, that of finding the average spectral
type of the stars in the group and then looking up the average T oax
for that type in Table 3, cannot be applied here because about 3/4
of these stars have not been identified in the visual catalogs. The
spectral type distribution of those stars which have been identified
was presented in Figure 9b and discussed briefly at the end of Section
G in Chapter IV. The conclusion reached there was that the majority
of stars with I-K greater than 3.38 must be of spectral type later than

M2. When the M‘< values in Figure 35 are compared with the average
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values of MK given in Table 3, it appears that even for a ¢ of 200 par-
secs the average spectral type must be later than M4. If the average
rmax for M4 giants (760 parsecs) were taken as the average maximum
distance <fmax> for this I-K group, Figure 35 would imply the surprising
result that the o for these stars is only 125 (i.e., 750/5) parsecs.
Table 11 and Figure 35 pretty well summarize what the n(t)
distribution of the stars with I-K greater than 3.38 reveal about the
space density and luminosity of these stars. It is possible to adopt
values of the parameters Vo A, A, and o which result in conclusions
which are consistent with the data given in Table 3 for late M giants,
For instance, the most probable U(v) taken together with a character-
istic half-width o = 300 parsecs leads to the conclusion that the lumin-
osity function for these stars has a mean absolute magnitude MK of
about -6.6 and a standard deviation of 1.2 magnitudes. The integral
over all luminosities would give a space density in the galactic plane
of D0 = 1.1 stars per lO6 cubic parsecs. These numbers are in fair
agreement with the data of Table 3 for M3-M5 giant stars, if it is
assuned that an appreciable fraction of the M3 giants in the infrared
catalog have I-K less than 3.38 and are therefore not contributing to
this sample. The o assumed here, 300 parsecs, is a possible value for

late M giants according to Table 7.

0. I-K > 3,38: The Supergiant Camponent

Some stars with I-K greater than 3.38 were not accounted for by

the U(v) functions considered to be probable. These are of course the
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stars which caused the excess of observed n(t) over calculated n(t)
at large values of t and which were deliberately excluded from the
x2 test used to find probable U(v) functions. In accordance with the
interpretation adopted in Section L for setting up the x2 testing pro-
cedure, these excess stars will be called the supergiant component of
" the stars with I-K greater than 3.38. 1In this interpretation the
number of supergiants would be equal to the excess of observed over
calculated in the n(t) distribution beyond tc’ the upper limit of the
x2 test. Since the noxmalization of the U(v) function has been chosen
to make the calculated number with t less than tc agree with the observed
number with t less than tc’ the excess of observed over calculated for
the whole range of t is equal to the excess for t > t. Table 12 gives
the excess of the observed number of stars over the number of stars
calculated from each of the five U(v) functions which have been pre-
sented previously in this discussion. Fram Table 12 the number of
supergiants can be estimated as 250 * 100. The numbers given in Table
12 were taken from n(t) distributions weighted so as to apply to the
Qhole sky as explained in Appandix B. The weight assigned to stars
very close to the galactic equator was about 1.4, so the 250 supergiants
estimated from Table 12 would correspond to about 180 supergiants in
the region of sky covered by the infrared catalog.

Table 13 shows how the excess stars are distributed among the
last three t intervals. The fraction of stars not accounted for by the
luminosity function associated with U(v) (i.e., the fraction considered

to be supergiants) increases with t. This is shown in Table 13 for
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TABLE 12

THE NUMBER OF OBSERVED STARS NOT ACCOUNTED FOR BY THE

n(t) CURVES CALCULATED FROM THE PROBABLE
U(v) FUNCTIONS FOR I-K > 3.38

Excess of

U(v) parameters observed over
Curve v A Probability calculated
1 1.50 0.28 .61 354
2 1.70 0.42 .51 239
3 1.70 0.48 .81 258
4 1.70 0.54 .46 277

5 1.90 0.64 .54 153
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TABLE 13

FRACTION OF THE STARS WITH I-K > 3.38 NOT ACCOUNTED
FOR BY THE VARIOUS U(v) FUNCTIONS

Fraction not accounted for

Actual
aumber by curve No.:
Interval t range in range 1 2 3 4 5
10 2.70-3.23 250 .22 .09 .12 .15 -
11 3.23-4,14 250 .38 .26 .28 .30 .17

12 >4,14 182 .55 .45 .46 Ny .36
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each of the U(v). Assuming the luminosity function associated with the
most probable U(v) (i.e., curve No. 3 in Tables 12 and 13), the predic-
tion of Table 13 is that 84 (46 percent) of the 182 stars with

I-K > 3.38 and t > 4.14 are supergiants.
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CHAPTER VI
CONCLUSTIONS

Conclusions regarding the properties of the stars included in
the infrared catalog are presented in Table 14, The results presented
in Table 14 have been taken from the data and the analyses of Chapters
IV and V. The stars with I-K less than 2.33 have spectral types rang-
ing from O through K and were not analyzed for luminosity distribution
because they form such a heterogeneous group and because very few of
then could be detected at distances greater than the characteristic
half-width of their z distribution. -Only for the reddest group
(I-K > 3.38) has it been reasonable to draw conclusions regarding the
luminosity function itself, i.e., regarding the number of stars per
unit luminosity per unit volume of space. These conclusions were pre-
sented in Table 11, which shows values for the space density in the
galactic plane ranging from .2 to 6 stars per 106 cubic parsecs and
values for the mean absolute Krnggnitude ranging from ~-5.0 to -8.4.
Such large ranges are due to the uncertainty in the value of the char-
acteristic half-width o and the rather wide range of luminosity func-
tion parameters which fit the observed n(t) distribution.

In this chapter these conclusions regarding the properties of
the infrared catalog stars will be compared with the work of other
authors. In particular, the longitude distribution of the reddest
stars (I-K > 3.38) will be compared with the longitude distribution of

the stars found on the survey at Case referred to in Chapter 1, and
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TABLE 14

SUMMARY OF PROPERTIES OF OBSERVED STARS

I-K Range

Property 2.33-2.87 2,.87-3.38 >3.38
Luminosity class II1 I11 I11%
Spectral type K4-M1 © MO-M3 M4<
Characteristic half-width o 300 pc 300 pc 300 pc
Mean ¥ oox of observable stars 300 pc 700 pc 1700 pc
Mean absolute magnitude (MK> ~b4.4 -6.2 -8.1
Standard deviation of M. 2.5 2.0 1.0

To scale these values for ¢ # 300 use the fact that rmax is

proportional to o and the absolute K magnitude is given by

M, = 3.0 -5 loglo(rmax/lo pc)

*Section O of Chapter V indicates that about 4 percent of these stars
are probably supergiants.
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the longitude distribution of suspected supergiants found on the two
surveys will be compared. Finally, an estimate of the space density

gradient in the galactic plane will be made for late M giants.

A. Stars with 2.33 < I-K < 3.38: The Luminosity Distribution and

the Characteristic Distance from the Galactic Plane

The luminosity distributions of observable stars derived from
the catalog stars with I-K less than 3.38 and shown in Figures 30 and
31 indicate that a significant fraction of these stars are not luminous
enough to be included in the catalog if they were at distances greater
than the characteristic half-width o of their z distributions. As a
consequence of this fact, a meaningful determination of the luminosity
functions of the stellar populations from which these stars are drawn
is not possible using the n(t) analysis described in Chapter V, be-
cause that analysis makes use of the decrease in the space density of
stars in the z direction to measure the maximum distances at which the
stars could be detected. Therefore, in the case of stars with I-K
between 2.33 and 3.87, the determination of luminosities must rest
with the derived functions N(v) shown in Figures 30 and 31, i.e., with
the luminosity distribution of the stars actually included in the infra-
red catalog. In Chapter V it was indicated that the narrower functions
in Figures 30 and 31 were to be preferred because they were in better
agreement with the data given in Table 3. It was also indicated in
Chapter V that the means of the functions N(v) shown in Figure 30

(2.33 < I-K < 2.87) were consistent with the luminosities given in
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Table 3 for giant stars of spectral type K4~M1l with a characteristic
half-width ¢ of 200-300 parsecs, but that the means of the functions
N(v) in Figure 31 (2.87 < I-K < 3.38) were not consistent with the
luminosities given in Table 3 for giant stars of spectral type MO-M3
with a characteristic half-width o of 200-300 parsecs. The specifics
of these two cases will now be considered.

The avéfage star with I-K between 2.33 and 2.87 can be seen

to a distance
0.0/2
<rmax> = g10 /2 _ g, [88]

where <&max> is the distance associated with the mean of the N(v) curves
in Figure 30. The average star in this I-K group has a spectral type
MO according to Figure 9a. The average absolute K magnitude of MO

giant stars is M, = -4.3 according to Table 3. The maximum distance

at which a star of this M, would have an apparent K magnitude less

than 3.0 and therefore be included in the infrared catalog is

.= 10-1070-2(=3.0) _

max .9 + 102 parsecs, [89]

as is also given in Table 3. A characteristic half-width o of 290 par-

secs would be within the rather wide range of estimates of the charac-

teristic half-width given in Tables 3 and 7 for K and M giant stars.
The average star with I-K between 2.87 and 3.38 can be seen

to a distance

0.7/2

(rmax}z 010 = 2.250 , [90]



153

according to the means of the N(v) functions in Figure 31, and has a
spectral type M1l.5 according to Figure 9b. Table 3 gives the average
M, and Lo for this spectral type as about -4.8 magnitudes and 3.6 x
lO2 parsecs respectively. But applying Equation [90] to stars with a
characteristic half width o = 280 parsecs, a value which agrees with
Tables 3 and 7 for M giants, gives Toax 630 parsecs and M, = -6.0 mag.
Therefore, either the average luminosity at 2.2y of the early M giants
in the infrared catalog is about one magnitude brighter than the re-
sults of other authors.summarized in Table 3 would indicate, or the
characteristic half-width of the distribution of these stars perpendicu-
lar to the plane of the galaxy is considerably less than other studies
have suggested; i.e., 360/2.25 = 160 parsecs, as opposed to 280 parsecs.
To conclude that the characteristic half-width is smaller for
the stars with I-K between 2.87 and 3.38 than it is for the stars with
I-K between 2.33 and 2.87 would be qualitatively consistent with the
values of o given in Table 3 for the K3-K5 giants as compared with the
M giants. The result given in Table 3 that the space density of giant
stars of type K3-K5 falls to one half its value in the galactic plane
at a distance of 500 parsecs from the plane is from the work of Upgren
(42) and is based on about 90 stars in a 400 square degree area near
the north galactic pole. The characteristic half-width of 250 parsecs
for M giants is from a space density function D(z) derived by Blanco (7)
from a list by Upgren (48) of 50 giant M stars in the same 400 square

degree area. Blanco says the result applies to stars M2 and later.

Upgren estimated that his survey in the north galactic pole arca was
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complete to a photographic magnitude of 13.0. The method used in
Chapter V to derive the relationship between the luminosities of the
red giant stars and their characteristic width in the z direction is
obviously very different from that of Upgren and Blanco and gives re-
sults which represent some kind of average over many directions in
addition to that of the north galactic pole.

There is also some justification for drawing the other conclu-
sion mentioned above, namely that early M giants in the infrared cata-
log have an average M, of -6.0 rather than the value of -4.8 obtained
from Table 3. The values of M  given in Table 3 for giant M stars
were obtained by subtracting the intrinsic colors (V-—K)O given by
Johnson (25) from the absolute visual magnitudes Mv given by Blanco
(7). (An additional 0.2 mag. was subtracted to account for an average
difference between Johnson's V magnitude and the old visual magnitude.)
Now, Johnson's intrinsic colors (V—K)0 were determined from measure-
ments of stars in the Yale Catalogue of Bright Stars (17), which con-
tains stars selected on the basis of brightness in V magnitude, while
the stars included in the infrared catalog are selected on the basis
of brightness in K magnitude. This difference in selection criteria
would account for the stars in the infrared catalog having a larger
(V—K)O and therefore a smaller MK. It is even possible that a differ-
ence in average M _ on the order of a magnitude could be attributed to
this selection effect. Evidence that this is possible comes from a
comparison of the average color index V-K obtained from infrared cata-

log stars identified in the Walker-D'Agati selection from the SAO with
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the average intrinsic color index (V-—K)o given by Johnson (25) for
M giant stars. For each spectral type MO through M3 the average V-K
based on the SAO and the infrared survey is more than 1.2 magnitudes
greater than Johnson's (V—K)o.

Before leaving the matter of the conclusions to be drawn from
the luminosity distributions derived for the catalog stars with I-K
between £.33 and 3.38, it should be pointed out that an explanation of
the inconsistencies described here is not to be found in the difference
between a mean absolute magnitude determined from a sample of stars
within a volume of space and that determined from a sample of stars
brighter than some apparent magnitude. This difference is discussed
by Blaauw (24) in the article which is the source of the absolute
visual magnitudes Mv given in Table 3 for the stars earlier than MO.
Blaauw places the Mv vélues which have been used in Table 3 in a group
of those which "generally refer to stars selected according to apparent
magnitude." The MV values for the M stars in Table 3 are taken from a
review article by Blanco (7) and are described by him as generally de-
rived from stars brighter than apparent visual magnitude 6.0. Thus,
_both the mean absolute visual magnitudes given in Table 3 and the mean
absolute K magnitudes derived from the infrared catalog are based on

stars selected according to apparent magnitude.

B. Stars with I-K > 3,38: The Luminosity Distribution and the

Characteristic Distance from the Galactic Plane

The luminosity distribution of observable stars derived from

the catalog stars with I-K greater than 3.38 was presented in Flgure 35,
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which shows a N(v) distribution with a mean near v = 1.5 and a stand-
ard deviation of about 0.5. This indicates that virtually all of
these stars are luminous enocugh to be included in the infrared catalog
even when at distances greater than the characteristic half-width of
their z distribution. For this reason it is possible to attach some
significance to a luminosity function per unit volume of space de-
_rived from the n(t) analysis described in Chapter V. The parameters
of possible luminosity functions of the stellar population from which
these stars are drawn were presented in Table 11, and it was pointed
out in Section N of Chapter V that the most probable luminosity func-
tion, the one in the center of the matrix in Table 11, could be inﬁer—
preted as consistent with data presented in Table 3 for a population
of giant stars generally later than M3. This luminosity function
assumes that o is 300 parsecs and gives the number of stars per unit

M, per 106 cubic parsecs as

‘ (M, +6.6) 2
Dop(MK) = 1.1 exp|- —'2"(*:[—2—)7— . [91]
1.2V/2n :

Since neither (MK>, the average absolute K magnitude, nor o,
the characteristic half-width of the z distribution, are very well
established by previous work on the late M giants (spectral type > M4),
there is little basis for a decision to adopt a value of either <MK>
or ¢ and then to calculate the other from the fact that the average
luminosity of the observed stars with I-K > 3.38 corresponds to v = 1.5;

i.e.,



157

- o 2
Mp= -2 -5 loglo(m) - 5(1.5) . [92]

The space density function D(z) presented by Blanco (7), which was the
source of the o = 250 parsecs value given in Table 3, was not considered
by Blanco to be significantly different from Oort's D(z) function for

K giants (44), which was adopted in Section C of Chapter V as the empir-
ical standard for the shape of the function K(u) used in the n(t) anal-
ysis. However, according to Figure 22 and Table 7, Blanco's curve im-
plies a ¢ of 282 parsecs and Oort's curve fits the standard form with

a 0 of 212 parsecs. The study by Hidajat and Blanco (45), which was
the basis of the large value o = 450 parsecs in Table 7, is a space
density analysis for the M giant stars brighter than an infrared (I)
magnitude 13.0 in three fields of area 5 square degrees each. In such
a small area of sky there are not enough bright stars to obtain an
estimate of the space density in the solar vicinity, and the D(z)
Values derived apply to regions of the galaxy from 1 to 8 kiloparsecs
away from the sun (45). The absolute magnitudes of the giants later
than M4 are considered uncertain by Blanco (7), as is indicated by the
colon (:) in Table 3. For the spectral types later than M7 Blanco
expects that the mean absolute visual magnitude is +0.3 or fainter.

If this expectation is correct, extrapolation of the intrinsic color
indices (V—K)O given in Table 3 would suggest that the mean absolute

K magnitude ié about -9 or -10 for the latest M giants. Given these

uncertainties, Table 11 and Figure 35 must remain the summary of what
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can be concluded from the n(t) analysis of the catalog stars with I-K

greater than 3.38.

C. Comparison of the Longitude Distribution of the Reddest Stars

(I-K > 3.38) with that of M5-M10 Giants from the Case Survey

Some confirmation of the conclusion drawn in Chapter V that
the stars in the reddest I-K group are generally of spectral type
later than M4 can be obtained by comparing the longitude distribution
of these stars with that of M5-M10 giant stars found on the Case photo-
graphic infrared survey mentioned in Chapter I (5,6,7). Figure 36
shows the distribution in longitude QII of the stars with I-K greater
than 3.38 which are within 2.5 degrees of the galactic equator compared
with a similar distribution of the M5-M10 stars found on the Case sur-
vey (5). The results of the Case survey were reported in terms of the
old galactic coordinates bI and RI defined by Ohlsson (49), in which
the pole is placed 1.5 degrees from the pole of the new coordinates

bII and QII. Figure 36 presents the distribution in new longitude &

11
of the Case stars within 2.0 degrees of the old galactic equator. The
surface density is 6 or 8 times greater on the Case survey, but the
relative numbers of stars in different longitude intervals are about
the same in the two surveys. As was mentioned in Chapter I, identifi-
cations of individual infrared catalog stars with the brighter stars

from the Case survey reveal that there is an appreciable number of

stars common to both surveys.
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D. The Longitude Distribution of Possible Supergiants

The lonéitude distribution in Figure 36 for the stars with
1-K greater than 3.38 would show less concentration toward KII < 120°
if the stars called supergiants in Section O of Chapter V were removed
from the distribution.'! This cannot be done on an individual basis be-
cause the supergiant component is revealed and defined only in a
statistical sense, i.e., in the excess of stars at low latitudes and
large values of t. According to Table 13 the most probable luminosity
function for the stars with I-K greater than 3.38 does not account for
46 percent of those with t greater than 4.14. Therefore, nearly half
of the stars in a longitude distribution of those with t greater than
4,14 and I-K greater than 3.38 would be supergiants in the sense of
Chapter V. Suca a longitude distribution is given in Figure 37/.
Clearly the removal of about half of the stars in this distribution
from the one shown in Figure 36 would decrease, but not remove entirely,
the concentration toward QII < 120°. For purposes of comparison,
Figure 37 also presents the longitude distribution for reddened MO-M4
stars which were found on the Case survey within 6 degrees of the old
galactic equator (IbI‘ < 6°). Lists of these reddened stars were pub-
lished by Nassau, Blanco, and Morgan (12) and by Blanco and Nassau (50).
Like the infrared catalog stars with t greater than 4.14, these early
M stars which show highly reddened spectra on the Case survey plates
should constitute a sample rich in supergiants, because a large amount
of reddening may be due to a star's being at a great distance. In fact,

Sharpless (38) used the above lists of reddened early M stars to
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associate 8 more M supergiants with the double cluster h and y Persei.
The principal difference between the two distributions in Figure 37 is
the greater concentration of the reddened early M stars in the 120° <
EII < 150° range. This is the longitude range which includes the h
and Y Persei stars. In Section O of Chapter IV it was pointed out that,
as shown in Table 6, the M supergiants associated with h and x Persei
are not distributed symmetrically about the new galactic equator but
are between bII = -1° and bII = -4°., Since nearly all stars with

t > 4,14 are of necessity well within a degree of the equator, the h
and y Persei M supergiants would tend to be excluded from Figure 37

by the statistical definition used here. The most striking feature of
the longitude distribution of the catalog stars with I-K greater than
3.38 and t greater than 4.14 is the high concentration in the range

IT

-5% < 3 < 30°. Unforturately, the Case survey did not extend quite

far enough south to provide a comparison within 5 degrees of the longi-
tude of the galactic center.
The very high concentration of possible supergiants shown in

11

Figure 37 for the longitude range -5° < 2~ < 0° is due to there being

10 stars within half a degree of the galactic equator in the 5 degrees

of longitude which were surveyed south of the galactic center direction,
. . ; . . o 11
There is no corresponding concentration in the longitude range 0° < &
< 5°, The overall high concentration of possible supergiants between

QII = =5° and QII

= 30° can be taken as an indication of spiral arms
in the galaxy between fhe sun and the galactic center. Such spiral

arms are shown in various studies of galactic spiral structure; e.g.,
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work by Sharpless (31) and Becker (51). Bidelman (52) has studied the
space distribution of supergiants of spectral type later than A4 and
finds evidence of three spiral arms between the sun and the galactic
center. He places the innermost of these arms about one third of the
distance from the center of the sun. The sun is generally taken to be

10 kiloparsecs from the galactic center (53).

E. An Estimate of the Space Density Gradient in the Galactic Plane

for the Stars with I-K > 3.38

The higher concentration of the stars with I-K greater than
3.38 at longitudes toward the galactic center as compared to longitudes
toward the anti-center suggests that the space density of these stars
decreases with distance from the galactic center. This asymmetry of
the longitude distributior. is evident in the galactic coordinate map
(Figure 13) and in the loﬁgitude histogram of stars within 2.5 degrees
of the equator (Figure 36). Using the luminosity distribution of
observable stars N(v) derived in Section N of Chapter V to obtain
the average distance to which stars with I-K greater than 3.38 can
be seen, the distance scale for changes in space density in the galac-
tic plane can Be related to the distance scale for changes in space
density normal to the plane.

As indicated in Chapter V in connection with the N(v) functions
shown in Figure 35 the average star with I-K greater than 3.38 can be
seen to a distance 5 or 6 times ¢ the characteristic half-width of the
z distribution of these stars. Thus the number of stars in a particu-

lar longitude range at all latitudes is indicative of the number of
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stars at those longitudes at an average distance <}max> of 5 or 6
times ¢. By taking the ratios of the numbers of stars in different
longitude ranges one obtains an estimate of the relative space densi~-
ties in the different directions but at about the same average dis-
tance <rmax>' Table 15 presents the relevant data for making such an
estimate of relative space densities. The "weighted total" of stars
in each of the longitude ranges (Column 4) refers to the total number
of stars which would be seen if the whole celestial sphere were like
that particular longitude range. The general procedure for weighting
the observed stars in order to extrapolate their numbers to the parts
of the sky not covered is described in Appendix B. The actual number
of stars counted in each longitude range is given in Column 3 of Table
15. In order to remove the contribution of the stars interpreted as
being supergiants rather than late M giants, stars with a value t
greater than 4.2 were not counted in making up Table 15. The relative
weighted totals given in Column 5 have been normalized to unity near
T < g0e,

For stars which are in the galactic plane at longitude QII
and at an average distance (rmax) from the sun, the average projection
along the line from the sun to the galactic center is (rmax) cos ZII.
To first order in <rmax>/Ro’ where RO is the distance from the sun to
the galactic center (10 kiloparsecs), the distance from the galactic
center to a point in the plane <rma¥> from the sun at longitude QII
is given by

11 .
R =« R0 - <imax> cos % . 193]
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TABLE 15

DATA FOR GRADIENT ESTIMATE

1oglO of

Actual Weighted Relative relative

cos 11 at number total weighted weighted
R II range mid-range of stars of stars total total
0°-30° +0.965 402 5056 1.410 .150
30°-60° +0.707 318 3816 1.065 .028
60°-90° +0.259 306 3672 1.024 .010
90°-120° -0.259 286 3491 .974 -.012
120°-150° -0.707 231 2857 .796 -.099
150°-210° ~-1.000 413 2478 .692 -.160
210°-240° -0.707 162 1993 .556 -.255
120-1%0 ~0.707 393 2498 697 -.156

210°-240°
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In the limit where this is true, a plot of the number of stars at
distance <rmax> as a function of cos QII is a plot of the number of
stars at a distance Ro - r from the galactic center as a function

of r where r is measured in units of (rmax?. Figure 38, which is

based on the data given in Table 15, shows both the relative numbers

of stars and the logarithms of those numbers plotted versus cos QII.
The error bars on the points indicate the standard deviation associated
with the actual number of stars which went into determining the point,
i.e., a fractional standard deviation of 1//N where N is given in
Column 3 of Table 15. The straight lines drawn in Figure 38 were de-
termined by applying a x? test to lines of various slope and intercept
and adopting the ones with smallest x2. For purposes of the x2 testing
the two inconsistent points at cos QII = -0.707 were averaged together
as in the last line of Table 15. ©Neither line is a good fit, but some
estimate of the space density gradient can be obtained from Figure 38,

The straight line in the linear plot in Figure 38 gives the

relationship
II
D/DO = 0.95 + 0.30 cos % . [94]

where D/DO is the space density at distance RO - (rmax) cos QII from
the galactic center relative to that a distance just under R0 from the
galactic center., Equation [94] says that the relative space density
decreases linearly from 1.25 to 0.65 as one goes from a distance (rm >

ax

toward the galactic center to the same distance directly away from the
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center. The straight line in the logarithmic plot in Figure 38 gives
the relationship

11
100715 cos £

D/DO = ’ {951

which gives about the same linear approximation as Equation [94].
Therefore, the gradient estimate obtained from Figure 38 is a factor

of lO0.15

(=1.4) per <r__ >, where <%max> is 5 or 6 times the charac-
teristic half-width o.

In a review of the literature on galactic structure Scheffler
and Elsdsser (54) cite some results for the radial gradient near the
sun of the space density of various stellar objects. The only result
given there for giant M stars is one from a paper by Sanduleak (55)
in which the space density in the galactic plane of gziants M7 or later

is estimated from star counts in 25 selected areas of one square degree

each. Sanduleak gives this space density as

-0.23 R 3

D(R) = 150 x 10 stars/lO6 pc” , [96]

where R, the distance from the galactic center in kiloparsecs, is in
the range 4 kpe < R < 12 kpc. (Sanduleak apparently used about 8
kiloparsecs as the distance from the sun to the galactic center.)
Thus, Sanduleak's estimate of the logarithmic radial gradient of den-

sity near the sun, defined as

a = ° [97]



169

is -0.23 per kiloparsec. The average value of this quantity o for
other objects which Scheffler and Elsasser group together with red
giants as '"disk-population' objects is given by them as -0.3 per kpc,
i.e., a factor of 2 per kiloparsec.

To compare the gradient derived here with the other results
just cited it is necessary to assume a value of the characteristic

half-width o and then to take the logarithmic gradient as being

{98]

For the three values of o used in Chapter V as indicative of the range
of possible values, namely o = 200, 300, or 450 parsecs, the logarith-
mic radial gradient near the sun would be o = -0.15, ~0.10, or -0.07
per kiloparsec respectively. All of these values of a indicate a
smaller gradient that the other results cited. This fact could be
used as a reason for preferring the smallest of the suggested values
of o, i.e., 200 parsecs. Some reconciliation of the difference in the
gradient estimates may be found by taking into account the fact that
<xmax> is the average distance to which the stars could be seen rather
than the average distaace at which they actually are. Assuming the
average K magnitude of the stars to be 2.5 would mean that the stars are
closer than their maximum distance by a factor of

r/r = /s 78 =10 0:2(3:0-2.3) _ 5 o [99]

max min

(See Equations [14], [15], and [16].) This modification makes the
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gradient estimate larger by a factor of 1.25, but it is still smaller
than Sanduleak's value, even if o is taken as 200 parsecs., For the
assumption ¢ = 300 parsecs, which was used in Table 14, the present
estimate of the logarithmic radial gradient of space density for late

M giants in the solar vicinity is

0.15

a = —1.25m=

~0.125 per kiloparsec. {100]
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APPENDIX A
INTERSTELLAR REDDENING AND ABSORPTION

Interstellar extinction can affect the analysis given in

this thesis in two ways. One is by causing a star's observed color
index I-K to be greater (i.e., redder) than the intrinsic color index
(I—K)o. Since I-K has been used to separate the stars in the infrared
catalog into four groups which were analyzed separately, interstellar
reddening could cause a star to be put into an I-K group which is not
representative of its intrinsic color (I—K)O. The other effect of
interstellar extinction would be to make a star's apparent brightness
at 2.2y less than it would be if there were no interstellar extinction
at 2.2u. Thus the signal s from a star of luminosity L at distance r

would not be given by
L . . .
s = 77 no interstellar extinction [101]

as assumed in Equation [14], but would be smaller than L/r2 by a factor
which depends on the amount of interstellar extinction between the earth
" and the star.

H. L. Johnson (56) has summarized much of the work related to
the determination of the wavelength dependence of interstellar extinc—
tion, The data in Table 16 have been taken from this article by Johnson.
Table 16 gives the reddening in three different color indices relative
to the reddening in the color index B-V. Reddening in a color index,

B-V for example, is denoted by E(B-V) because the wavelength dependence
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TABLE 16

COLOR EXCESS AND ABSORPTION RATIOS

E(V-R) E(V-I) E(V=-K) Ay,

Description E(B-V) E(B-V) E(B-V) E(B-V)
van de Hulst curve #15 0.80 1.62 2.78 3.0
Whitford 0.88 1.54 2.84 3.0
Perseus (21 stars) 0.84 1.60 2.62 3.0
Cygnus (6 stars) 0.87 1.63 2.81 3.6(3)
Cepheus (6 stars) 0.82 1.58 2.50 4,8(2)
NGC 6611 (5 stars) 0.95 1.78 3.20(1) 3.5(1)
NGC 2244 (5 stars) 0.81 1.65 3.14(3) 5.6(3)
Scorpius (5 stars) 0.67 1.55 3.35 3.6
Ophiuchus (4 stars) 0.89 1.69 2.78
NGC 6530 (4 stars) 1.23(3) 2.13(3) 3.38(2)
Orion sword (4 stars) 1.25 2.55 5.00 5.0
Aquila (2 stars) 0.84 1.59 2.72 3.5
Taurus-0rion (2 stars) 0.89 1.69 2.78
Orion belt (2 stars) 1.08 2.15 4,26(1) 4.8
Capricornus (1 star) 0.87 1.53 3.00
Auriga (1 star) 0.57 1.57 2.52 6.3
Average of 1lst 3: 0.84 1.59 2,75 3.0
Average of Johnson's: 0.89 1.72 2.96 3.3
Explanation:

These data are taken from the article by Johnson (56). Johnson
reproduces the results of Whitford (57) and van de Hulst (58), and pre-
sents the other results based on his own data. When one of the ratios
given by Johnson is based on fewer stars than indicated in the left
hand column, the actual number is given in parentheses following the
ratio in question. The values for the ratio R = A /E(B-V), which are
based on Johnson's work, are taken from his extrapolations of the rela-
tive absorption versus reciprocal wavelength (1/A) to 1/x = 0. He pre-
sents such extrapolations only for those regions where there are results
availsble from another method of determining R.

The average of Johnson's data presented in the last line of the
table was taken giving each ratio a weight equal to the number of stars
used to obtain it.
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of the interstellar extinction causes the blue (B) light to be reduced
by a greater factor than the visual (V) thus causing the observed dif-
ference in magnitudes B-V to be in excess of the actual color index

(B—V)O at the surface of the star. The defining relationship is

E(B~V) = (B-V) (B-V) = (B-V) - (B-V) . [102]

observed intrinsic
The response as a function of wavelength for each color band is that

given by Johnson (22) and the effective wavelengths of the bands are

(59):
Effective wavelength
Johnson's Band (microns)

B 0.44
v 0.55
R 0.70
I 0.90
K 2.2

As given in Section A of Chapter III, the I magnitude used in the Cal-
tech infrared survey has an effective wavelength of 0.80py, and is
therefore about midway between the R and I bands defined by Johnson.
To estimate the ratio of the reddening in the color index I-K used on
the infrared survey E(I-K), to the reddening in the color index B-V

defined by Johnson, E(B-V), the following formula is used:

E(I_K)survey _ E(V-K) E(V-R) h(V—I)Johnsox:{

E(B=V) T EG-V) V) T TRV J . [103]

-k
2
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The result, taken from the average values at the bottom of Table 16,

is
E(I-K)
survey _ E(I-K) _ 1 _
E(B-V) = E(B-V) 2.75 2[0.84 + 1.59] 1.54 , [104]
or
E(I-K)
survey _ E(I-K) _ _1 _
E(B-V) S EGBV) 2,96 2[0.89 + 1.72] 1.66 , [105]

depending on which set of averages is used. This means that if a star
is reddened by m magnitudes in B-V the average interstellar reddening
law predicts that it is reddened by about 1.6 m magnitudes in I-K. In
terms of signal strength s this means that if the ratio of observed

signal at 0.44u to observed signal at 0.55u is

s(0.44) _ |s(0.44) -0.4m
5(0.55) ‘:S(O.SS)]iO [106]
then the ratio of observed signals at 0.8y and 2.2y is
s(0.8) s(0.8) -0.4(1.6)m
= == 1 . 1
5(2.2) L(z.z)L 0 [107]

In Equations [106] and [107] the brackets with subscript zero refer to
intrinsic brightnesses.

Equations [104] and [105] are useful for estimating the amount
of reddening in I-K because the amount of reddening in B-V has been
measured in different regions of the sky by various observers, Some

values for EO(B—V), the total reddening in magnitudes of the color
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index B-V toward the galactic pole, are:

E_(B-V) Author
.060 £ .007 van den Bergh (60)
.055 + ,003 Kron and Mayall (61)
.067 + .003 Kron and Mayall (61)
.028 + .036 Peterson (62)

These values for EO(B—V) are derived by measuring the color excess
E(B-V) for distant objects at various galactic latitudes b and fitting

the data with a function of the form
E(B-V) = constant + EO(B—V)cscibI . [108]

This assumes that the objects measured are beyond the absorbing layer
of interstellar dust. The half~width of the dust layer is between 20
and 100 parsecs (63,64)., Actually, the color excess E(B-V) in many
directions in the sky cannot be accounted for by a single absorbing
layer (60,63,65), and Equation [108] should be taken as expressing
some kind of an average value of E(B—V) for objects which are more than
about 200 parsecs from the galactic plane.

At low galactic latitudes, say |b| < 5°, the amount of inter-
stellar absorption and reddening varies a great deal from one region
of the sky to another. This has been demonstrated by T. Neckel (63)
who used photometric B and V magnitudes for about 4700 stars of known
spectral-luminosity class to derive the color excess E(B-V) as a func-

tion of distance in 207 regions covering the entire celestrial sphere.
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In the zone bII

<7° Neckel finds 3 regions, with a combined area of
about 50 square degrees, where E(B-V) is greater than 1.3 magnitudes
within one kiloparsec of the sun, and 7 regions, with a combined area

of about 300 square degrees, where E(B-V) within a kiloparsec is less
than 0.2 magnitude. Regions of the sky where E(B-V) is somewhere be-
tween these two extremes are mixed together all along the galactic
equator. Neckel's analysis of the data yields an average B-V reddening
in the galactic plane of about 0.8 magnitude per kiloparsec, with most
of the absorbing matter concentrated within 20 parsecs of the galactic
plane, Fernie (66) also used B and V magnitudes together with spectral-
luminosity classes to derive values for the reddening per kiloparsec near
the galactic equator. His results show a range in E(B-V) from about

0.2 mag/kpc to about 1.0 mag/kpc with an average of about 0.6 mag/kpc.
Allen (64) gives values for Av’ the total absorption in V, near the
galactic plane obtained by three different selection criteria. The
values of AV can be converted to E(B-V) using the relationship AV =

3.0 E(B~V) which is also given by Allen. The E(B-V) obtained with

various selection criteria are:

0.7 mag/kpe from stars selected by true distance,
0.3 mag/kpc from stars selected by visibility,
0.1 mag/kpc from stars selected by avoiding clouds.

All of these results confirm the rather spotty nature of interstellar
reddening and absorption in the galactic plane. The three average values
of E(B-V) given here are in good agreement, but an average value should

not be used without being aware of the fact that large deviations from
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it are to be expected in many areas. The average E(B-V) near the
galactic plane suggested by the above results is about 0.7 mag/kpc;

From the above results the following conclusions may be drawn
concerning the amount of interstellar reddening to be expected in I-K.
For stars not in the galactic plane,vsay about 200 parsecs or more

from it, the reddening in I-K (in magnitudes) goes as
E(I-K) = 0.08 csc|b]| . [1091]

In the galactic plane the average reddening in I-K is about 1.1 mag/kpc,
but the variation from one direction to another may be very large, rang-
ing from 0.2 mag/kpc in clear areas to 2.0 mag/kpc in areas of heavy
obscuration.

The amount of reddening per kiloparsec required to make a
giant star of a particular spectral type have an apparent I-K greater
than 3.38, i.e., have I-K large enough to be in the reddest I-K group,
is estimated in Table 17. For each spectral type in Table 17 the
intrinsic color (I-—K)0 is taken to be the mean I-K given in Figure 5
and the maximum distance at which that type star will be bright enough
to be in the infrared catalog is taken to be the L given in Table 3.
The reddening in magnitudes per kiloparsec required to make a star with
intrinsic color (I—K)O at distance L have an apparent I-K equal to
3.38 is given. The required reddening in I-K estimated in Table 17
becomes comparable to 1.1 mag/kpc, the above estimate of the average
reddening in the galactic plane, for spectral types later than M2.

Therefore, it is likely that some of the stars with I-K greater than
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TABLE 17

SOME REDDENING ESTIMATES

Reddening (mag/kpc)

Intrinsic color in I-K needed to
Spectral type (I—K)o rmax(kpc) make I~K > 3,38
KO 1.87 .083 18.2
K3 2.10 .145 8.8
K5 2,37 .275 3.7
MO 2,49 .290 3.1
M1 2.60 .33 2.4
M2 2.59 42 1.9
M3 2.73 .60 1.1

M4 2.94 .76 0.6
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3.38 are intrinsically more like the stars in the group with I-K be-
tween 2.87 and 3.38 but are included with the reddest group due to
interstellar reddening.

In order correctly to interpret the latitude and n(t) distri-
butions of the stars in the reddest I-K group one must know to what
extent the high concentration toward the galactic equator as compared
with the galactic poles is due to interstellar reddening. If a sig-
nificant number of the stars near the galactic equator are intrinsi-
cally more like stars with I-K less than 3.38 than like the other stars
with I-K greater than 3.38, the fact that the counterparts of these
stars at higher latitudes, where the reddening is not as great, are not
included in the latitude distribution will result in a greater concen-
tration toward the equator than would result from a grouping based on
intrinsic properties. One method of testing whether or not this effect
has played a significant role in determining the observed latitude
distribution is to see how many low latitude stars may be missing from
the group with I-K less than 3.38 and therefore, presumably, reddened
into the group with I-K greater than 3.38. Figure 39 shows the two
latitude distributions which must be compared to make this test. This
figure shows the number of stars per 100 square degrees in various lati-
tude zones. The dashed lines are for stars with I-K greater than 3.38
and the solid lines for I-K less than 3.38. There is no evidence in
Figure 39 that stars which are reddened out of the group with I-K less
than 3.38 are contributing significantly to the large increase in the

surface density of the redder stars observed at low latitudes. In
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fact, since the surface density of the stars with I-K less than 3.38
is either constant or increasing (within the statistical accuracy) as
the equator is approached, any low latiﬁude stars which are trans-
ferred from the redder group to the less red group would still be
contributing to an excess of stars at low latitudes rather than
accounting for a deficiency. The actual numbers of stars in the var-
- ious latitude zones used in Figure 39 are given in Table 18, and from
these numbers the statistical uncertainties in the calculated surface
densities can be estimated.

The possibility that interstellar dust is affecting the data
through its extinction (absorption) of 2.2y radiation must also be con-
sidered. There is less agreement on the ratio of AK, total absorption
in the K band, to E(B-V), the color excess in B-V, than there is on
the ratio E(I-K)/E(B-V), which was calculated from the data in Table
16. Table 16 gives some values of the ratio of total to selective ab-

sorption, usually called R and defined by

AV
R = m‘ . {110]

Johnson (56) cites values of R determined by various observers for
various regions of the sky, and these values range from 2.6 to 6.5.

Converting absorption in V into absorption in K by

Ac = A = E(V-K) [111]

results in the conclusion that such a large range in R would imply
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TABLE 18

Area covered

Number of stars

Number per

Range of by survey in in this area 100 sq. deg.
latitude bl this pII range with I-K: with I-K:
(degrees) (sq. deg.) <3.38 >3.38 <3.38 >3.38

+90 to +50 4822 319 96 6.6 2.0
+50 to +30 5407 427 164 7.9 3.0
+30 to +15 4056 430 278 10.6 6.8
+15 to +10 1346 145 156 10.8 11.6
+10 to + 5 1322 161 228 12,2 17.3
+5.0 to +2.5 651 88 153 13.5 23.5
+2.5 to -2.5 1277 200 496 15.7 38.8
-2.5 to -5.0 626 109 159 17.4 25.4
- 5 to -10 1220 190 237 15.6 19.4
-10 to -15 1178 153 148 13.0 12.6
-15 to =30 3225 308 250 9.6 7.8
-30 to =50 3406 281 113 8.2 3.3
-50 to -90 3432 219 56 6.4 1.6
All latitudes 31968 3030 2534 9.5 7.9




183

that the absorption in K ranges from less than a tenth to about a half
of that in V. If the old standard reddening curve, which is essen~
tially that of Whitford (57), is adopted, the absorption in K would be
less than one tenth the absorption in V and about one third the redden-
ing in B-V. 1In this case the average absorption A  near the galactic
equator would be about 0.2 mag/kpc.

One effect of absorption at 2.2u would be to decrease the
number of stars observed in regions of large absorption. This would
result in the observed star density being lower near the galactic equa-
tor than it would be if there were no absorption. There is certainly
no evidence of this effect in the latitude distribution of the infrared
stars shown in Figure 39, but it cannot be ruled out, because the com-
parison is with a hypothetical '"no absorption" case.

Another effect of absorption of 2.2u would be to change the
apparent K magnitudes measured. Since, according to Equations [21] and

(321,

£ = 0.4(3.0K) + 2 log,|csc pII| | [112]

an absorption in K of about 0.2 magnitude per kiloparsec would mean a

change in t given by

At = 0.1 per kiloparsec . [113]

The effect of absorption is to make t smaller than it would be other-
wise. For stars within 5 degrees of the equator t must be greater

than 2.1. The intervals used in Figures 26, 27, 28, and 33 for
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presenting the observed n(t) distributions are considerably larger
than the changes in t which would result from the rate given in Equa-
tion [113] applied in a dust layer with a characteristic half-width
of 100 parsecs or less. For instance, a star 100 parsecs from the
plane and 2000 parsecs from the sun would have t greater than 2.6 and
At about 0.2. The width of the intervals used in the observed n(t)

distributions are about 0.5 or greater for t above 2.6.
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APPENDIX B
THE CONSTRUCTION OF THE DISTRIBUTION FUNCTIONS

The general method used to present the distribution of some
observed quantity, say y, in this thesis has been to count the number
of stars which have a value of y in a particular range, to divide the
number by the range to get the average density T over the range, and
to take W as applying to the value of y which is the median of the
values of y observed in the range. The fractional standard deviatiom
of each value of W calculated this way has been taken to be 1//N,
where N is the number of stars with y in the particular range. 1In
constructing the latitude distributions the ranges, or intervals, of
the galactic latitude b were specified and the number in each range
was then counted. For the I-K distribution (Figure 6) and for the
many n(t) distributions the range of each interval was determined by
a choice of the number of stars to be in the interval.

The fact that not all of the sky was covered by the infrared
survey is reflected in the procedure used to construct the latitude
distributions and the n(t) distributions. The procedure used to con-
struct the latitude distributions will be explained first. Figure 40
shows the northern and southern survey limits as a function of the
galactic longitude QII and latitude bII plotted on a linear scale.
This figure has been used to construct Table 19 which gives, for each
of the longitude-latitude zones, the area (in square degrees) actually

covered by the infrared survey. The dashed lines in Table 19 are used
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Figure 40.-~The Galactic Longitude and Latitude of the

Limits of the Infrared Survey.
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to set off the longitude-latitude zones which are not completely
covered by the survey. To construct the latitude distributions in
Figures 14, 15, 17, and 39 the number of stars N in each particular
zone was divided by the area surveyed in that zone. As mentioned
above, the standard deviation for the surface density S so computed
was taken to be *S//N .

The n(t) distributions which are presented in Figures 24, 25,
26, 27, 28, and 33 are extrapolations to the whole sky of the distribu-
tion of t for the stars actually included in the infrared catalog. In
order to carry out this extrapolation the entire sky was divided into
30 zones each covering 6 degrees of galactic latitude, a 3 degree range
of bII in the northern hemisphere together with the corresponding 3
degree range of bII in the southern hemisphere. The fraction f of the

sky surveyed in each zone was calculated using Figure 40. Then the

n(t) distribution was constructed after giving each star a weight
w=1/f [114]

determined by which of the 30 latitude zones it happened to be in.
Table 20 gives the latitude zones and weighting factors used. To
illustrate the use of Table 20 consider the following example: Each
star with latitude bII between +30° and +33° or between -30° and -33°
is counted as 1.27 stars because out of the 720 degrees of longitude
(360 degrees in each hemisphere) only 569 are covered by the survey

thus giving the weighting factor

_ 720
w= x5 = 127 . [115]
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TABLE 20

WEIGHTING FACTORS FOR n(t) DISTRIBUTIONS

11 Number of deg. Weight given to
Zone Range of Ib | of 211 surveyed each star in zone
1 0°- 3° 512 1.41
2 3°- 6° 512 1.41
3 6°- 9° 514 1.40
4 9°-12° 516 1.40
5 12°-15° 520 1.38
6 15°-18° 522 1.38
7 18°-21° 517 1.39
8 21°-24° 522 1.38
9 24°-27° 518 1.39
10 27°-30° 548 1.31
11 30°-33° 569 1.27
12 33°-36° 574 1.25
13 36°-39° 583 1.23
14 39°-42° 583 1.23
15 42°-45° 582 1.24
16 45°-48° 581 1.24
17 48°-51° 580 1.24
18 51°-54° 579 1.24
19 54°-57° 578 1.25
20 57°-60° 578 1.25
21 60°-63° 579 1.24
22 63°-66° 580 1.24
23 66°-69° 582 1.24
24 69°-72° 584 1.23
25 72°-75° 591 1,22
26 75°-78° 597 1.21
27 78°-81° 610 1.18
28 81°-84° 640 1.13
29 84°-87° 720 1.00

30 87°~-90° 720 1.00
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Obviously, this procedure makes the assumption that the stars in the
longitude range covered by the infrared survey are representative of
the stars in the longitude range not covered. The value of @ for a
particular range of t is the quotient of the weighted sum divided by
the range of t. The standard deviation of this value is calculated
from the actual (not weighted) number of stars in the particular range

of t.
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