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Abstract

This thesis explores the application of geometric mechanics to problems in
2D, incompressible, inviscid fluid mechanics. The main motivation is to
try to develop symplectic integration algorithms to model the Hamiltonian
structure of inviscid fluid flow. The main manifestation of this Hamiltonian
or conservative nature is the preservation of the infinite family of Casimirs
parametrized by the body integrals of vorticity in the 2D case. The main
difficulties encountered in trying to model the Hamiltonian structure of a
fluid mechanical system are that the configuration space for the Hamilto-
nian flow is an infinite dimensional Frechet space and that the phase space
is not symplectic but Lie-Poisson. Therefore, an appropriate finite mode
truncation must be constructed under the constraint that it too remains
Poisson and in some sense converges to the infinite dimensional parent man-
ifold. With such a truncation in hand, there still remains the obstacle of
non-symplectic structure. This geometry invalidates the application of tra-
ditional symplectic integrators and requires a more sophisticated algorithm.

We develop a Lie-Poisson truncation on the Lie group SU(N ) for the Eu-
ler equations on the special geometry of a twice periodic domain in R?. We

show that this finite dimensional analog is compatible with the Arnold[5]



formulation of Hamiltonian mechanics on Lie groups with a left or right
invariant metric. We then proceed to review the Lie-Poisson integration
literature and to develop Hamilton-Jacobi type symplectic algorithms for a
broad class of Lie groups. For this same class of groups, we also succeed
in constructing an explicit Lie-Poisson algorithm which radically improves
computational speed over the current implicit schema. We test this new al-

gorithm against a Hamilton-Jacobi implicit technique with favorable results.
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Introduction

The following is a summary of the topics covered in this thesis.

Chapter One and Appendices A and B provide an introductory tutorial
on the theory and techniques of the modern formulation of classical mechan-
ics. Chapter One starts with a description of classical mechanics over linear
vector spaces and proceeds to generalize the theory to smooth manifolds. In
the applications that we will explore, symmetries propagated by the action
of Lie groups will play a pivotal role. Thus, section 1.4 provides a com-
plete introduction to Lie group theory with an emphasis on the computing
of derivatives of group and algebra mappings. The first chapter concludes
with the development of the Hamiltonian formalism on Poisson manifolds.
These manifolds are characterized by the fact that the Poisson bracket is
degenerate and they are of importance because so many physical systems
are most naturally described on them.

Chapter Two reviews the major result of Hamiltonian fluid mechanics
which is that vortex dynamics can be incorporated into the modern for-
mulation of geometric mechanics. The phase space for vortex distributions

is shown to be Lie-Poisson. The 1983 Physica D paper by Marsden and



Weinstein[8] is reviewed in great detail and the calculations fully explained.
Chapter Two concludes with a Hamiltonian truncation of the equations of
motion for a vortex patch with a single-valued boundary. This result is of
very little practical interest as it is only valid on a small co-ordinate patch
around an equilibrium point on the vortex patch co-adjoint orbit.

Any attempt at building symplectic integration algorithms for fluid me-
chanical systems will have to rely on some suitable truncation of the infi-
nite dimensional function group introduced in Chapter Two. The goal of
Chapter Three is to develop the most promising Lie-Poisson truncation for
the evolution of a vortex distribution on a twice periodic domain in RZ.
The symmetry group which replaces the infinite dimensional group of area-
preserving diffeomorphisms on the 2-torus is SU(N). This configuration
space has some very useful properties which makes it accessible to the ap-
plication of standard techniques in Lie-Poisson integration. We fully develop
the theory of vortex dynamics on su*(V).

Chapter Four develops a self-contained exposition of Symplectic Integra-
tors from the basics to the current state of the literature. The formulation
of Lie-Poisson integration through the Hamilton-Jacobi theory is presented
in detail. The description is heavily influenced by the papers of Ge and
Marsden[9] and Channell and Scovel[14].

Chapter Five applies the techniques of the previous two chapters to the
test-bed problem of the rigid body motion and to the SU(N) truncation for
fluid dynamics. The Channell and Scovel algorithm is successfully imple-

mented for both algebras. However, it is found that in the case of high di-



mension SU(N), the implicit generating function integrator of Channell and
Scovel is inadequate in the sense that run times become prohibitively expen-
sive. However, we also provide a new explicit Lie-Poisson algorithm which is
based on the same natural exponential atlas as used in the Hamilton-Jacobi
integrator. The new integrator is Lie-Poisson by construction and provides
a far faster alternative to the implicit scheme of Channell and Scovel. The
integrator is tested against the implicit Lie-Poisson scheme for SO(3) with

favorable results.



Chapter 1

Hamailtonian Mechanics

1.1 Introduction

The purpose of this chapter is to lead the reader through the modern for-
mulation of Hamiltonian Mechanics. The familiar Hamiltonian formalism
is developed in terms of linear spaces which can be easily furnished with
a canonical co-ordinate system. Examples of these include classical point
particle mechanics in conservative force fields and also classical field theory
which even though infinite dimensional, parallels the finite dimensional point
particle case. The discussion will then proceed to the construction of Hamil-
tonian mechanics over more mathematically abstract configuration spaces.
Configuration space is simply the set of physical variables in terms of which
we choose to describe the dynamics under consideration. For example, for
point vortices in 2-D fluid mechanics, the configuration space consists of the
x and y ordinate of each vortex within the domain of the fluid. In the case

of rigid body motion, the configuration space will be a Lie group, namely



the special orthogonal group SO(3). After the assignment of configuration
space, phase space is constructed by forming the bundle of dual tangent
spaces to each point in configuration space. For the point vortices, this will
simply reduce to the velocity 1-form at each vortex location. For the rigid
body, the situation is more complicated. SO(3) is not covered by one chart,
so the formation of phase space has a more involved underlying geometry.

The connection between the more intuitive point particle dynamics and
the apparent sophistication of field theory whose description is embedded in
infinite dimensional Banach spaces is most easily bridged by the employment
of symplectic forms. The use of symplectic structures to express Hamiltonian
dynamics is most easily understood on configurations spaces which are linear
vector spaces such as R™. The more general case of viewing the physical
configuration as an element of a differentiable manifold can be accomplished
by recalling that most manifolds can be described by assigning an atlas of
charts to the manifold so that locally, the evolution equations are expressed
on Banach spaces reducing the analysis to the linear case. This is one
way of generalising the geometric setting. Perhaps more far-reaching, at
least from the context of this thesis, is to extend the traditional Poisson
bracket formalism. Once a space P has an associated symplectic structure,
a mapping

{.;.}:C¥(P) X C®(P) — C*=(P),

on the smooth functions on P can be defined in terms of the symplectic
structure and the Hamiltonian dynamics reduce to an evolution equation

F = {F,H}. The properties of the symplectic form are inherited by the



Poisson bracket. However, by weakening some of these properties, a new
regime of interesting dynamics can be unlocked such as those modeled on
Lie-Poisson systems.

The structure and content of this chapter draw heavily from a rich vari-
ety of sources. The main references include V.I.Arnold[3], R.Abraham and

J.E.Marsden[1] and R.Schmid[2].

1.2 Mechanics Over Linear Spaces

We start by first defining a symplectic structure on an arbitrary Banach

space, V.

Definition 1.2.1 A symplectic space (V, ) consists of a linear space V and

a weakly non-degenerate, bilinear, antisymmetric 2-form €.

If v; and v, are elements of V, weakly non-degenerate means that if
vy, v2) = 0 Vog € V , then vy is identically zero. Given a 2-form , we

can define an associated mapping Q° : V — V* by
Q(v)(w) = QUv,w)Vo,w €V,

Q) being a weak symplectic form simply means that the above mapping from
V to V* is one-to-one but not necessarily onto,i.e., Q* : V. — V* does not
define an isomorphism. If it does, then Q is said to be symplectic. We will
see in future examples that this distinction is of crucial importance.

We next need to define the symplectic maps from one symplectic space

to another. This concept correlates with the traditional canonical mappings



as encountered in classical mechanics. If (V,Q) and (W, ¥) are symplectic

spaces and f:V — W, then f is said to be symplectic if
o= (1.1)

It will be recalled from Appendix B that f* is the pull-back of f to the
tangent bundle which in this case is isomorphic to W x W*.
Finally, before defining Hamiltonian mechanics on a linear space, we

discuss flows of vector fields.

Definition 1.2.2 A flow on phuase space is o I-parameter diffeomorphism
¢y : P — P. This usually corresponds to the time evolution for some initial

condition located in the physical system’s phase space P.

A flow {¢:|]t € R} generates a corresponding vector field X : P — X(P)

through
d
X(y) = alt:o@(y)-

The flow forms a 1-parameter group of diffeomorphisms on P and it can be
easily seen that these properties lead to an equivalent differential equation

formulation
d
(1) = X(y(1)), y(t) = ¢u(y), ¥(0) = v.
Equipped with a symplectic structure and a familiarity with the connec-

tions between vector fields, 1-forms and flows/differential equations, we can

produce a Hamiltonian Mechanics.

Definition 1.2.3 Gwen a symplectic structure €@ on a Banach space, V,

a vector field X :'V — V is called Hamiltonian if there exists a function



H :V — R which is at least C* such that
Q(X(v))=dH(W)Yv € V. (1.2)

Such X are referred to as Hamiltonian and the set of all such vector fields
will be denoted Xppom (V). It will be recalled that given H : V — R, dH is
the differential mapping, dH : V — T*V (2 V x V*).

The above definition has a very familiar interpretation. We understand
V to represent the phase space for some physical system and H as the Hamil-
tonian defined on this phase space. We see that it is the symplectic form
which allows one to define the link between the Hamiltonian and the possi-
bility of a corresponding vector field. It is this connection which is so crucial.
The above discussion of phase flows allows one to express the contents of
the above definition into a differential equation setting. By considering the
integral curve of Xy, ¢: R — V, Hamilton’s equations are

de(t)

dt

= Xn(c(t))

assuming of course that ¢ exists for all t. We will now show that these
equations produce Hamilton’s equations when canonical co-ordinates are

chosen on a finite dimensional V.

Example 1 Consider V to be 2n dimensional and choose canonical coor-
dinates on V, (¢',p;) where i ranges from 1 to n. The q are usually
referred to as the generalised coordinates and the p as the conjugate
momenta. In the next section, we will see that such a pair constitutes

a canonical description of the dual tangent bundle where ¢ locates the



base in the configuration space and p specifies the momentum 1-form

in the dual tangent space to q. In these coordinates, we assume that
Xu = (A;, BY).

Since we are using a canonical description, the two form § can be

written as §; ; = J; ; where

O I
-1 0

Therefore, given a w € V where w = (a;, b?)

QU Xp(z),w) = XpJw = A;b' — Bla;

oH OH

b,

By choosing w = (ax,0) and then w = (0,*), for some k in the range

1 to n, we see that

oH

Ap=——,BF = ——.
k (9qk

qz = apz I (1'3)
. 0H
pPi = _B_(Ji (1-4)

from the integral curve form of the evolution equations.
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So, we have reproduced the standard classical form of Hamilton’s equa-
tions. Of course, the formulation that we have used is not coordinate de-
pendent so we are not locked into having to do mechanics in only canonical
settings.

One of the main results of classical Hamiltonian mechanics is that the
flow of X g preserves the value of H j.e., H(c(t)) is an invariant. This is
quite easily seen to be a consequence of the anti-symmetry of Q. Take the

time derivative of H to obtain

de(t)
dt

d
SH(e(0) = dH(e(t))

de(t)

= Q(XH(C(t)%'jﬁ‘

) = YXu(¢), Xu(c)) = 0,
by the antisymmetry of 2.

Before making our theory more accessible via a suitable example, the
above can be reformulated in terms of a bracket structure on (V). Again,

this Poisson structure can be completely defined in terms of the symplectic

2-form.

Definition 1.2.4 Given F,G : V — R, the bracket {F,G} : V — R is
defined as

{F,G}(v) = U Xp(v),Xa(v))VveV. (1.5)

The Poisson bracket inherits the properties of Q. It is bilinear, anti- sym-
metric and can also be shown to satisfy the Jacobi identity which states that

given F,G and K in C>(V),

({F,G}, K} + {{G, K}, F} + {{K,F},G} = 0.
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The equations of motion can also be expressed in terms of the Poisson
bracket. We can show that if ¢; is the flow corresponding to the Hamiltonian

vector field with Hamiltonian H : V — R, then for some F
d
~d—t(F0<]5t)={F0¢t,H}={F,H}O¢t- (1.6)

It is an easy corollary to show that F will be constant along the integral
curves of Xy if and only if {F, H} = 0.

In conclusion, by simply providing a Banach space with a symplectic
form, we can construct vector fields from C! functions on the linear space.
We can recover the traditional Hamilton equations for canonical coordinates
defined on the phase space and finally derive a bracket formulation for the
dynamics.

In order to demonstrate that the theory is not much more difficult in the
setting of infinite dimensional Banach spaces, we will construct a symplectic

form and a Poisson bracket for classical field theory.

Example 2 In classical field theory, configuration space is usually some
function space whose elements have certain differentiability and in-
tegrability conditions associated with them. In the case of the wave
equation which can be shown to be Hamiltonian, the configuration
variable is the displacement of some material from some base equi-
librium state. For our purposes, we will take a vector space which is
basically of the form V = W x W* where W is the space of smooth
functions over some domain D which we will just take as R>. The dual

space will be the space of densities over R®. A density can simply be
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written as the product of a smooth function times a volume form for

R3. This allows us to express a natural duality between W and W*

< ¢, >:/ ¢ dz®
RS

where ¢ € W and 7 € W*. With this we can define a 2-form Q,

Q(b1,m1), (P2, 72)) =< J1, T3 > — < g, Ty >

——-/¢17F2—/<1527F1-

The properties of the symplectic form are easily shown to hold true
for 2. We now proceed to construct a Hamiltonian vector field cor-
responding to a H : V — R. We recall that if F : W x W* — R

then

DiF(¢,m)(¢) = DF(¢,7)(¢,0),6,9 € W,m e W~
and
DF($,m) (¢, p) = D1F(¢,7)(¢) + D2 F(¢,7)(p)
where if F': V3 — V,, V4, Vo Banach spaces, then

DF(z):Vi =V, z €W

and DF(z) is a linear transformation satisfying

o IE G+ ) = F(z) = DE(2). bl
h—co 1Al

= 0.

Also, we will need to remember the definitions of functional derivative

and partial functional derivative. From the total Frechet derivative,
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we can define the functional derivative of a real-valued function F on

V as the unique element of V* such that

§F
DF(z).y =< a0 V> Vy eV

where <, > is the natural pairing between V and its dual. The partial
functional derivatives for a function F': V3 X Vo — R are defined in a
similar way. We have pairings between V; and its dual and between

V5 and its dual, <, >1 and <, >3 respectively. Therefore,

6F
< g Wi Zi= D;F(vy,ve)w;i = 1,2.

Using these results, if H : W x W* — R, then

Df](¢,7l')(¢,,0) = DIH(¢7W)¢+ D2H(¢v W)P

‘<¢ﬂ{—>+<§£ >
- 76¢ 57T’p ]

noting that %I—; € W* and %g € W. The last equation above becomes

(G55 1 ().

Therefore, X (¢, 7) = (%Iv’r—r, —%) and the equations of motion are

. O6H
¢_—(§—7—T_’

o
5

Finally we write down a Poisson bracket for our infinite dimensional
example. If F,G € C*°(V), then

0F 6G  6GOF

{FvG}:Q(XFvXG’): '@E‘gg
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The above analysis will now be carried out for configuration spaces which
are modeled on differentiable manifolds. Many of the results carry over
quite easily from linear spaces to differentiable manifolds as differentiable

manifolds are locally modeled on Banach spaces.

1.3 Mechanics Over Manifolds

If we wish to build Hamiltonian mechanics over manifolds, we simply loosen
Q from its local definition over a linear vector space to a closed, weakly non-
degenerate 2-form over the manifold as defined in Appendix C. A symplectic
pair is now a (P, ) such that P is a manifold and § is as defined above.

The 2-form Q will vary from point to point and by the definition of 2-
forms, for ¢ € P, Q(z) : T, P X TP — R is nondegenerate and bilinear on
the tangent space.

A major result in Mechanics is that locally a symplectic manifold looks
like a symplectic vector space, i.e., in the neighbourhood of a point ¢ € P,
Q(z) is constant. This is a more general statement of the theorem that
when P is finite dimensional, P is of even dimension and locally there exist
coordinates (p, ¢) such that Q = Y dg A dp.

We will concentrate on the special case where the symplectic manifold is
a cotangent bundle, 7*Q) where () is some configuration space co-ordinatized
by a set {¢'}. For each ¢ € Q, T;Q has a basis dq* and every 1-form over
can be expressed as a = p;dq’.

We can define a 1-form on T*@) such that its differential will be a closed

(weakly) non-degenerate 2-form and we can do this in a co-ordinate free
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manner. Take the cotangent bundle 7 : T*@ — ¢ and choosing § € T*Q,
v € T(T*Q), globally define the 1-form 8 at 3 by

6(8)(v) =< B, TTv >

where from Appendix C, Tt : T(T*Q) — T*Q is also a vector bundle. Let
) = —df and this then defines a co-ordinate free sympletic two form on the
cotangent bundle.

We will now introduce the lift of a diffeomorphism from @ to the bundle
Q. If f:0Q — @ is a diffeomorphism on ), then T*f, defined as a map
from T*¢) to T*(Q) by

T flag)v =< aq, T fv>

is called the lift of f where v € T-1(,)@) and oy is a 1-form at ¢ € Q. An
important observation is that T* f preserves the global 1-form defined above.

To see this, take § € T*Q and v € T(T*Q) and form
(T 0(B)(v) = 8T f(8)).TT" f(v)
=<T*f(8),(TTTT*f)v>=< B, T(foToT*f)v>

= 6(83).v.

So, T* f@ = 6 and consequently, T* f preserves ().
In a similar fashion to the previous section, Hamiltonian vector fields
can be defined using the symplectic 2-form. If X is a vector field on P, then

it is called Hamiltonian if there exists a function H on P such that

Qz)(X,v)=dH(z).v (1.7)
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for all z € P and vector fields, v on P.
Also, the Poisson bracket of two functions has a similar form as in the

linear case. If I, G : P — R are smooth, then

{F,G}(z) = Q2)(XF(2), Xa(2))

and if ¢; is the flow of some Hamiltonian X on P, then

d ,
-C?t-(Fqut) = {FOQ)t,H}.

So, we see that all of the results that were demonstrated for the linear
vector space case carry over, more or less, to the more abstract manifold,
both infinite and finite dimensional.

In order to develop computational skills, we will study the problem of
a Hamiltonian system which evolves on a symplectic space which has quite
an involved function space component. The following example is due to

Baessens and MacKay.

Uniformly Traveling Water Waves We consider an inviscid, 2-D body
of water with an air interface and of infinite depth. The fluid is as-
sumed to be irrotational and any surface tension will be ignored. The

equations of motion are

u= Ve,

1
p=po =~ = 5(Ve) - gy,

Do =0,
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where ¢ is the velocity potential, p is the pressure , pg is the atmo-
spheric pressure and u = (u,v) is the velocity field. To set up the
problem we will need the boundary conditions at the free surface and

at infinite depth.

The free surface is denoted by y — n(z,t) = 0 and is defined by the
observation that fluid does not cross it. Therefore, the normal velocity
of the interface must equal the normal component of velocity of the

fluid at the interface. This leads to the boundary condition
Nt + Ul =V

at y = 1. The other boundary condition at the free surface is that

p = po. This gives

bt 5(6:2+ 6, +gn =0,

For the fixed bottom at infinite depth, we have the boundary condition
¢y = 0.

We consider the case of a uniformly travelling wave of velocity c relative
to the fluid at infinite depth. This reduces the first boundary condition

at the free surface to ¥ = constant, where 1) is the stream function for

the flow and at infinite depth, we now have (u,v) — (—¢,0).

Before showing that the above system is Hamiltonian, we will trans-
form to new co-ordinates. Let Y = y — 5 be the vertical height below
the surface and F(a,Y) = ¢(z,n+Y) +cz, U(z,Y) = w(z,n+Y).

When surface tension is not zero, we can derive the equations of motion
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from a variational principle defined with respect to some Lagrangian
density. A Hamiltonian system can then be constructed via a Legen-
dre transformation. However, in the case of zero surface tension, such
a transformation is singular and thus cannot be enacted. So, we will
just write down a Hamiltonian as a function over some constrained
function space and then show that with a particular choice of closed

2-form, we can retrieve the equations of motion for the traveling wave.

Our phase space, M is
{(F,U,n,w)|F,U :(-,0] = R; F,Fy - 0andU — 0asY — —oo},
with the following constraints on w and 7
0

= —/ UFydY
and

Lo oy _ 1o

77+2(U +Fy )0— 26 .

The symplectic form is the canonical one restricted to our phase space

above, namely
0 :
w:dw/\dn—[-/ dU A dFdY,

which is non-degenerate provided Uy = 0. The Hamiltonian we choose
is
AR Um0 =50+ 5 [ (U +07 = BrAay,

We now show that the equation

w(vaH) = dH(.f)
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leads to the travelling wave equations.

However, we need a general result on the evaluation of functional
derivatives before we continue. The definitions of Frechet and func-
tional derivatives that we employ here were encountered in section 1.3.

If we have a functional dependent on a function, f say, given by

F() = [ 1, S0, Lydo

over some range £ in R, then the functional derivative will satisfy

6F d d
Q E}-g(x)dm = EEIe:OLL($vf+ €g, zi_a;(f + Eg))d.’lt

by definition. Differentiating, the above gives
' ' dg
[ Dalta, £, fYgdo+ | Dsl(e, f, 1) 5 do
Q Q x

- /ﬂ DyLgds — /ﬂ(%DgL)gd:U + /ag DsLgda
after applying the chain rule.
We now wish to calculate the implied equations of motion by identi-
fying
w((6U,6F), (U, F))
and

dH(6U,§F)

where H is the Hamiltonian and (U, F) is the Hamiltonian vector field
associated with the Hamiltonian function defined on M and (6U,6F)

is some arbitrary perturbation in (U, V). Implicitly, perturbations in
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w and 7 are included but they depend on the perturbations in F and

U. In fact, we can derive them from the constraints on M. We obtain

on = =UpbéUy — Fyob Fyo,

and for w,

0
w+ fw = -/ (U + 6U)(F + §F)ydY

0 0 -0
- / UFydY — / FyéUdY — / U6FydY.
— OO0 - OC O

We have ignored the second order terms. Applying the chain rule, the

above expression yields
0
bw = / (USFy — FysU)dY — UgsFo.
—00
We now find that

- 0 - -
W((6U,6F), (U, F)) = 6wi — wén+ | §UF — USFAY.
-0
Through the functional derivative result presented above for a density

which depends on the first derivative of a function in addition to the

function itself, we find that

4]
dH(§U,6F) = —néy + / (U + ¢)§U - Fy§FydY

0
— —pén+ / (U + )6 + Fyy6F)dY — FyosFp.

Substituting for éw and for én and equating both dH and w for all

perturbations, we find
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F=0Fy+U+e,

U=nUy - Fyy,
n = Fyo/Uo,

w = 1.

These equations are only satisfied for non-zero Up. This set of equa-
tions corresponds to the travelling wave solution to the water wave

equations in the absence of surface tension.

For applications of this Hamiltonian formulation of the water wave

problem, the reader is referred to the paper by Baesens and MacKay.

1.4 Lie Groups

Before we can develop a Hamiltonian theory of inviscid, incompressible fluid
mechanics, a large number of results concerning Lie groups must be accumu-
lated and understood. This section will describe Lie groups and Lie algebras
and will introduce the concept of group action on manifolds.

A Lie group is a differentiable manifold with a group structure attached.
The group composition or multiplication will be smooth in the C'*® sense.

We will denote group mutliplication by

p:GXG—G,ul(g,h)=gh for g,h € G.
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Usually, smoothness of inversion is also included in the definition of a Lie
group but this in fact easily follows from the smoothness of the multiplication
operator. We now define the two most fundamental mappings associated

with a Lie group, the left and right translation maps
Ly:G—G,Lh=ghand Ry: G — G,R;h=hgV g,h €.

Here, we have used gh instead of u(g, h). Because these mappings are defined
using the multiplication operator, they are both smooth and since R,-1 =
(Rg)~! and L,-1 = (Ly)~%, both maps are diffeomorphisms on G.

An example of a Lie group is the space of linear isomorphisms from
R™ to R™ which is denoted GL(n, R) in the literature. Each element can
be represented by an n X n, non-singular matrix and the group operation

becomes matrix multiplication
w(A,B)= AB for A,B € GL(n, R)

and the inverse map is simply matrix inversion. Smoothness follows from
the fact that matrix multiplication is smooth in the matrix components.
For our applications in dynamics, Lie groups will play the role of con-
figuration space and thus, we will be interested in how the group structure
behaves on TG and on T*G. In particular, we will want specific results con-
cerning TL, : TG — TG and T* Ly : T*G — T*G and their R, counterparts.
In our applications to fluid mechanics, the adjoint mapping will provide the
starting point for all our computations. This is constructed from the inner

automorphism I;(h) = ¢g~thg. The tangent derivative or linearisation of I,
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at the identity of GG defines the adjoint mapping
Ady = Toly = Te(Ry—ily) : T.G — T.G.

The subset of tangent vectors which are invariant under T'L, and TR,
are denoted X7 (G) and Xr(G) respectively. A vector field X is left-invariant
if

ThL,X(h) = X(gh) for every g € G,
where Ty L, @ ThG — Ty G. We can form an isomorphism between left-
invariant vector fields on G and the tangent space at the identity of the

group. This is achieved through
p1:X(G) = T.G : X — X(e) and

p2 : T.G — X(G) 1 € — Xe(g) = TeLy€.

It follows that p; and py satisfy py 0 po = Idr,c and pz 0 p1 = Idy, (G)-
This observation makes the two spaces isomorphic in the vector space sense.
In fact, they both form Lie algebras which will be discussed next.

A Lie algebra can be defined independently of Lie groups even though

there exists a very useful relationship between the two structures.

Definition 1.4.1 A Lie algebra is a linear vector space on which a bracket
is defined. The bracket is denoted by [.,.] and has the following properties:
i) [,] : VXV =V and is bilinear, ii) [u,v] = —[v,u] V u,v € V, iii)

[, [v,w]] + [v, [w, u]] + [w, [u, v]] = 0 which is known as the Jacobi identity.

The space of left-invariant vector fields on G can be furnished with a Lie

bracket through the Lie derivative operator which was discussed in Appendix
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C. The Lie derivative of a function f on G with respect to a vector field X

is defined by

Lxf:G— R:Lxf(g)=df(g).X(g9). (1.8)
The bracket of two vector fields X and Y is then the vector field on G which
satisfies

[X,Y]= LxY such that Lixy) = [Lx,Ly]
where
[Lx,Lyl=LxoLy —LyolLx.

It can be shown that if X and Y are left-invariant, then [X,Y] is also left-

invariant and thus, X7,(G) forms a Lie subalgebra of the vector field algebra.

We can thus define a Lie bracket on T.G by

&5 ) = [Xe, Xq)(e)

(T.G,[,]) is called the Lie algebra of G and is denoted by G.

It should be pointed out that right translation can be dealt with in
a similar fashion and that the space of right-invariant vector fields on G
will play a major role in the diffeomorphism groups which arise in fluid
mechanics. Also, the adjoint mapping can now be regarded as a mapping
from G to G.

If a Lie algebra is finite dimensional .i.e., as a vector space, every element
can be generated by a finite dimensional basis which we will denote {e;} ,
then there are a set of structure constants which we can define with respect

to our choice of basis,

les, e5] = Cf‘;ek V e;,e; in the basis.
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We have now set up the connection between Lie groups, which are fun-
damentally topological in nature and Lie algebras which are algebraic. If
calculations on functions and mappings over the Lie group could be ex-
pressed in terms of its corresponding Lie algebra, a great computational
simplification would be achieved. So, how do we relate the two entities?

We now introduce the exponential mapping which maps elements of the
Lie algebra into the Lie group.

Take ¢ € G and form its left-invariant vector field, X¢ over TG. The

integral curve of X¢ is defined by

Vet R — G and (1) = Xe(16(2)), 76(0) = e.

This curve through G forms a l-parameter subgroup, i.e., v¢(t + s) =
Y¢(t)ys(s). This is easily seen by noting that both of sides of the equal-
ity satisfy the same differential equation in t and that they have the same
initial conditions at t = 0. This enables us to define the exponential mapping

as follows

Definition 1.4.2 The exponential mapping is defined as exp : G — G :
€ — v¢(1). It is C* in finite dimensions which follows from the smoothness
of both the group product and the solutions of the differential equation for
Ye. Due to the fact that expG is connected and G is in general not, the
exponential map is not onto. It will also be seen that exp has far more

restricted properties in infinite dimensional examples.

The mapping is called exponential because if £ € G, then exp((t+3)¢) =

exp(té)exp(sk) for t,s € R. However, the following does not generally hold,
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exp(€ + 1) = exp(&)exp(n). This is because [€, 7] is not usually zero. Also,
all 1-parameter subgroups in G are of the form exp(tf) for some £ € G.
Finally, exp provides an atlas for G. ezp is a local diffeomorphism for a
neighbourhood of the identity of G onto a neighbourhood of the Lie algebra
zero. Therefore, it defines a local chart which can be extended to an atlas by
using left translation. On an open set containing the origin of the Lie group,
we can thus define an inverse mapping to exp. This will be denoted In and
it will be used extensively in the design of symplectic integrators which will
be introduced in chapter 4.

We will now prove a number of results which will both provide a good
exercise in doing calculations on Lie groups and be useful later in the devel-

opment of Hamiltonian mechanics on Lie groups.

Proposition 1.4.1 Consider two Lie groups G and H. Take f : G — H, a
homomorphism. This means that if f,g € G, then f(gh) = f(g)f(h). The
mapping defined by taking the tangent derivative of f at the ideniity of G can
be shown to be a Lie algebra homomorphism, i.e., T. f([£,n]) = [Tef-€, Tef.n]

for all £, € G. Also, it can be demonstrated that

1. foexpg = expgoTl.f,

2. if f1, f2 : G — H are homomorphisms and both G and H are connected

Lie groups, then T.fi = Te fo implies that f1 = f;.

3. exp(Ady€) = g(expf)g™! where Ad, is the adjoint mapping and g € G
s 5 E g’
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4' %'t:oAdemptén = [€>77] v 5777 € g:

Proof If f: G — H is a homomorphism, then Ly, 0 f = fo L, and by

taking the tangent derivative and applying the chain rule,we obtain
TLigoTf=TfoTL,.

Choose £ € G(= T.G) and apply the above tangent derivative to £ at
the identity

ToLyg) 0 Tof(€) = T,f o T.Ly(€)

which reduces to

Xr.16(f(9) = Ty f(Xe(g))

when the identifications X¢(g) = TeLy(€) and Xr,5.6(f(9)) = TeLs(g)(Te f(£))
are made. These are just the left invariant vector fields which are gen-
erated by £ € G and T.f(£) € H. Now to prove that T, f is a Lie
algebra homomorphism, take n € G and form [£,n] which is also an

element of the Lie algebra. Apply T.f to this bracket
Tef1€,n] = Te f[Xe, Xyl(€) = [X1.p.2, X1 pm)(e)

= [Tef-& Tef m].

1. If f:G— Hthen ¢ : R — H :t — f(expgté) where £ € G is a 1-

parameter subgroup in H and can thus be generated by some 5 € H,
ie.,

#(t) = expp(tn).
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where 7 satisfies

n = %‘t:()(ﬁ(t) = Tef o %‘t:Oeprté = Tef'g'

By the uniqueness of the differential equation solution, this implies

that at t = 1,

flexpgt) = expu(T.f.€).

2. When G and H are connected, it implies that both ezpy and expg are
onto. Therefore, if f; 5 : G — H are homomorphisms and T, f; = T¢ fa,
i.e., the induced Lie algebra homomorphisms are identical, it is easy to
show that f; = f5. Since ezpg is onto, every ¢ € GG can be represented

as expg€ for some £ € G. Therefore,
fi(9) = fileapa) "E eapu(T.fr.6)

= ea:pH(Tefz-ﬁ) = f2(€$PGf) = f2(9)7

forall g € G.

3. This follows immediately from the result in 2. above. Take f = I, :

G — G. Then, since T, f = Ad,, we obtain

Iexp(€) = g~ texp(€)g = exp(Ady€) VE € G.

4. We know that the flow of X¢ is given by ¢:(g) = gexpt€ so given £,7 € G,

we can carry out the following computation

[6.7) = [Xe, X(€) = Ty temt Xl @e(Dlemo
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d
— ‘C‘lETe:vptﬁRﬁfﬁp-‘thn(eazpté) lt:O

d
= B}Tea:ptERemp—tﬁ T, Lexptﬁn ' t=0

d
= a‘tTe(LemptERemp-t§)7ﬂt=O

d
= a’; Adexpt.fn't:O-

This completes the proof.

We now discuss group action of G on a manifold M. Group action is
important as it is the main technique by which symmetry properties of phys-
ical systems are treated. If a Hamiltonian for a physical system is invariant
under the action of some Lie group operation, this degree of freedom can
be factored out of the equations of motion, leaving a reduced system in its
place. This decrease in the number of degrees of freedom leads to a sub-

stantial calculational simplification.

Definition 1.4.3 Let M be a smooth manifold. An action of G on M is a
mapping &

¢:GXM—M:(g,m)— ®(g,m)
such that i)if g = e, ®(e,m) = m, 1) (g, ®(h,m)) = ®(gh, m) for all
g,meG.

The following structure will prove useful throughout all our future work.

Define the ®-orbit of some m in M by

G.m = {By(m) = d(g,m)|g € G}
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® is called transitive if there is simply one orbit,i.e., every point in the
manifold can be joined to every other point by a suitable choice of an element
of the Lie group, ® is called effective if g — @4 is 1-1, and ® is called free
if for each m € M, the map g — ®,4(m) is 1-1.

We have already encountered a group action, namely the left translation,
L,. Thus in terms of our notation above, we have ®(g,h) = Lyh. Also, the
by taking M to be the tangent bundle of the group G itself we can show

that the adjoint mapping is also a group action. Let
P:GXxG:—G :(g,6):— AdyL.

The concept of action yields an infinitesimal analog which is vital to our

description of mechanics. We again pose a definition

Definition 1.4.4 Suppose ® : G X M :— G is an action of the Lie group
G on M. The infinitesimal approach to group action basically facilitates the
construction of a vector field on M from an element of the Lie algebra of
G. Tdking € € G, form the 1-parameter subgroup in G, exptf and look at
the flow on M given by ®(exptf, m). Differentiating this with respect to t at
t = 0 yields

Eni(m) = = B(eapté, m) o (1.9)

which is called the infinitesimal generator of the action corresponding to €.

As above, we have already encountered infinitesimal generators of group

action. In Proposition 1.4.1 iv), we showed that %Adexptﬁltzon = [£, 7]



31

Therefore, we conclude that g = ade where aden = [€, 7] for the adjoint
action.

Before proceeding to discuss co-adjoint orbits and symplectic leaves, it
will be instructive to consider an infinite dimensional example of Lie group

action.

Example 1 Consider the Lie group of diffeomorphisms from a manifold M
onto itself, Dif f(M). We will see later that Dif f(M) does not form
a Lie group in the sense that we have encountered so far. It is an
example of an Inverse Limit Hilbert (ILH) group and the implications
of this distinction will be investigated in Chapter 2. Ignoring these
difficulties, we will proceed as if all our computations to date can still

be implemented.

Define the action

S:Diff(MYX M — M :(f,2)— f(e)V feDiff(M)and z € M.

Then consider the adjoint action which can be deduced from this,
Ad': Dif (M) X ToDif f(M) — TiaDif f(M).

The Lie algebra of Dif f(M) may be identified with the algebra of
vector fields on M, X(M). Therefore, Ad : Dif f(M) x X(M) —
X(M). Ady, ¢ € Dif f(M) is evaluated by differentiating I, at the

identity where

Iy: Diff(M) — Dif f(M): ¢ — pogop™.
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Let X = ;j—lg ¢+ where ¢, is a 1-parameter group in Dif f(M). So,

‘t=0

Ad(X) = (LI)X) = 41 (I@) =X, (L0

We recall that 1), is the pushforward operation. Therefore, we have
shown that the adjoint action in this infinite dimensional example is

simply the pushforward which was encountered in Appendix 3.

1.5 Co-adjoint Action and Lie-Poisson Sytems

Group actions find widespread application in many of the examples in which
we will be interested. Usually, a Lie group G acts on the tangent bundle to

some configuration space ¢ giving the action
O:GxT*Q — T7Q.

However, a very special case arises which will be of central concern to us and
that is when () = G. So the group action is acting on the tangent bundle to
the group itself.

Given the Lie algebra G to (G, we can form its algebraic dual G* which is
simply a space for which a non-degenerate pairing <, >: G* X G — R exists.
In the case of volume preserving diffeomorphism groups, we will see that
G is identified with the divergence free velocity fields on R® and that G* is
associated with the vorticity field. For fluid mechanics this is obviously the
principal reason why these algebraic structures are of such interest. It will

be shown that G* forms a Poisson manifold with a bracket which is derived
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by extending functions on T*G to the whole of the dual tangent bundle and
then evaluating the bracket at e, the identity of G.
In this section, we will first show that if we take the space of C*° functions

on G*, that they form a Poisson manifold with bracket

{F,GHp) =+ <p,[— > YV F,G € C®(G").

We usually extend from C*°(G*) to C°(T*G) using left translations. This
induces a minus sign in the bracket structure. The plus sign comes from
translating to the right. We will then proceed to prove that by taking the
co-adjoint action of G on the dual to its Lie algebra, we can foliate the space
into co-adjoint orbits on which a non-degenerate, symplectic 2-form can be
defined with respect to which a bracket can be formed which is consistent
with the Lie Poisson bracket above. With these tools in place, we are ready
to study the physical systems in which we are interested.

Consider the space of real-valued functions on T*G. A function F in
this space is left-invariant if FoT*Ly = F for all g € G. T*L, preserves the
canonical Poisson bracket and thus the space of all left-invariant functions
on T*G forms a Lie subalgebra of (C*°(T*G), {,}). A major result which we

will present without proof states that

Proposition 1.5.1 The space C3°(T*G) of left invariant functions on T*G

is isomorphic to C*(G*).
Therefore, there will exist two mappings

L1 C®(GY) — CP(T*G)
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and
TR (T*G) — €C*°(GY),

such that if we take F' € C*°(G*), then
Flag) = F(T;Ly(ay)) for ay € T, G
and for H € C(T*G),
H(a.) = H(a,) for ae € G*.

It is then required that F be left-invariant and that F = F and H=~H.
Consequently, these two operations are inverse to each other and define an
isomorphism.

A Lie algebra structure is then endowed on C*(G*) via
{F,G}={F,GY V F,G € C™(G"),

where the bracket on F and G is taken with respect to the symplectic 2-form
defined on 7*G. This procedure gives rise to an explicit representation of
the bracket in terms of the functional derivatives of F' and GG and the natural

pairing between G and G*.

Proposition 1.5.2 The Poisson structure on G* takes the explicit form

(F.G)(n) = - < u,{%,%l > (1.11)

where F,G € C*(G*) and pn € G*. Of course, we recall that %5— is an element

of G.
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Proof We will only prove the above formula in the case that F’ and G are
linear functions. This may appear restrictive but it should be realised
that the bracket is a linearisation of the behaviour of F and G at g

and thus, there is no loss of generality.

It will be recalled from section 1.2 of the current chapter that if F' is
a linear function, then the Frechet derivative of F' is just F' again. We

can easily derive this from the definition of the derivative DF,
DF(x)h—limil F(z + €h)
T e—0 d€ t=0 ’

where F' : M — N, is a mapping between two Banach spaces and

z,h € M. Thus, we see that DF(z).h = F(h). Therefore in our case,

F(u)=DF(p).p =< p, %—f; > . (1.12)

Consider the extension of F' to the space C§°(G*) and note the following
— . F
Flag) = F(T? Ly(ag)) =< 1, '5"/; >

where ¢ = T L,(ay) € G*. We can simplify this further to

6F
< Ofg,TeLg(w) >=< Ozg,X(gF/‘gw(ag) > .

We then define a mapping o : X(G) — L(T*G), the linear transfor-
mation on the tangent bundle to G through o(X)(ay) =< a4, X(g) >.

This yields

F(ag) = O'(XSF/&L)(QQ)-
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It can be shown that o is an anti-isomorphism between L(T*G) and
X(G) and that it anti-preserves the bracket on X(G)i.e. {o(X),o(Y)} =
—o([X,Y]).

Bringing all these facts, we find that
{F,G}ay) = ~{0(Xsr/s0), 0 (Xsa/sup) Hayg)
= o([Xsrou, Xoaysul)(ay),
which completes the proof.

We could have identified C>(G*) with the right invariant functions on
T*G instead. Translating from the dual Lie algebra to the tangent bundle via
right translations would have endowed the dual algebra with a Lie-Poisson
structure almost the same as in the above theorem except that the minus
sign would have been replaced by a plus.

We now turn to the adjoint and co-adjoint actions. Recall that the
adjoint action of a Lie group is defined by the group acting on its own Lie

algebra
Ad:GXG—=G, Ady(§) =Te(Rym1 0 Ly)EVEEGand g € G.

The co-adjoint action acts on the dual Lie algebra and is defined via the

natural pairing <, > between G and G*
Ad_, :G" = G, < Ad o, >=< a,AdyE > .
For i € G*, the co-adjoint orbit of u is defined by

O, = {Ad}_.plg € G} (1.13)
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and the isotropy group of the co-adjoint action at p by
Gu={9 € GIAd,_1p = p}. (1.14)

The co-adjoint orbit construct will be seen to be of central importance
in fluid mechanics. We wish to build a tangent structure on these orbits and
prove that they are in fact symplectic spaces. The implied symplectic 2-form
which is defined on these orbits is known as the Kostant-Arnold-Kirillov-
Souriau (KAKS) form and we will see later that it’s intimately bound with
the the Lie-Poisson bracket defined in the first half of this section.

Before defining the tangent space to a co-adjoint orbit, we first write
down the infinitesimal generator of the co-adjoint action. By definition,
fge(a) = dit‘t=0Ad:acp—t§(a) and we can evaluate this by using the natural

pairing so that
d ¥
<Egr(a),n >= ah:o < Adwp_tga,n >

d
= Ei!t::() < Cl’,—[f, TI)] >= =< a’adé(n) >

Therefore, we make the identification
gg* - q—a,dg, (115)

forall £ € G. Counsider the co-adjoint orbit through px and define the curve
¢c: R — O, byt — Adl,_(n). We observe that ¢(0) = p and that
41,20c(t) € T,0,. It is quite easy to see from this that a tangent vector
to the co-adjoint orbit is an infinitesimal generator corresponding to the

co-adjoint action, for some £ € G. Therefore, we have that

T;LOM = {fg*(,u)]f € g}
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This should not be too surprising given that 7,0, C T,G* = G*. We now
have the definitions at hand to state a theorem on the co-adjoint orbit’s

symplectic structure.

Proposition 1.5.3 Let G be a Lie group and O a co-adjoint orbit. Then
O is a symplectic manifold and there exists a unique symplectic 2-form wo

on O such that

wo(p)(Eg=(p), ng+(1)) =< 1, [€,m] >

where £g«(1) and ng«(p) are elements in T,0,,.

We will now attempt to connect the two threads of this section. We
will show that the symplectic leaves of the Lie-Poisson bracket are just the
co-adjoint orbits equipped with the KAKS 2-form, i.e., for F' and G, smooth

functions on G* and p a representative member of the co-adjoint orbit O,

{F,G}(1) = {Flo,Glo} (1) = wo(XFlo, Xclo)(1)- (1.16)

Recall that {F,G}(p) = — < p, [%"—:, %%] >, where we have endowed the
Lie algebra with the Poisson structure derived from the subalgebra of left
invariant vector fields on 7*G. The Hamiltonian vector field Xp on G* can
be computed to be ady, where { = %—E—. However, we still need to show that
the Hamiltonian vector fields on O which are derived from the restriction

of F and G themselves restricted to O, are also equal to elements of the

tangent space 7,0, i.e.,

[
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We will assume this to be true and thus from the definition of the KAKS

2-form , we arrive at

OF oG

{F(%GO}(“): - </"’>[6“7 Sy

>

This concludes the proof as we have now retrieved the Lie-Poisson bracket.

In the next chapter, we will encounter the reduction theorem for Hamil-
tonian systems which are invariant under some group action. We will find
that when we have a situation in which a group G acts on the tangent
bundle to the group G itself, then the reduced space will be isomorphic to
a co-adjoint orbit. Thus, the Lie-Poisson bracket will be seen to be the

fundamental geometric construct on which the dynamical equations evolve.
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Chapter 2

The Reduction Theorem
and Hamiltonian Fluid

Mechanics

2.1 Introduction

In the last chapter, frequent references to Hamiltonian systems with sym-
metry were made. Traditionally, we are most familiar with conserved quan-
tities or integrals of motion such as linear and angular momenta which arise
through some Hamiltonian symmetry such as translational and angular in-
variance. This follows from Noether’s theorem which basically states that
for every Hamiltonian symmetry, there exists a corresponding conserved
quantity. However, in the formalism that we will develop, these conserved

quantities manifest themselves as mappings.
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In this section, we will start with a Hamiltonian system defined on some
symplectic space, P. We will then define an action of a Lie group G on
P as explained in the last chapter. Using this action, the concept of mo-
mentum map will be developed. The momentum mapping is the repository
of all information about the symmetries associated with the parent action
and it provides a generalization of Noether’s theorem for more topologically
involved phase spaces. Equipped with the momentum map formulation of
Noether’s theorem, a reduction of dimension technique will be constructed.
Essentially, what we wish to accomplish is the elimination of certain degrees
of freedom in the system which are redundant. The reduced system which
is obtained can be viewed as providing us with the most sparse description
possible of the underlying physics. The simplest mathematical analogy is
the formation of equivalence classes under some relational definition. If we
take the space of square integrable functions on R, we identify two functions
if they only differ by at most a set of measure zero. In the same way, we
can separate the dynamics of some Hamiltonian system with symmetry into
disjoint classes, members of the same class differing by properties which we
deem inessential to the bare description of the physics. Of course, this may
entail a loss of information but the gain in computational simplification is the
advantage. The principal application that we have in mind is moving from
a Lagrangian description of fluid flow to an Eulerian. In the Lagrangian,
we track each fluid particle’s trajectory, given its initial position. There is
however a symmetry associated with these dynamics, namely the particle

relabelling symmetry. The formalism will be developed later but effectively
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the result of factoring out this symmetry reduces the physics to the Eulerian
description. The information loss consists of no longer being able to track

individual particle trajectories.

2.2 Momentum Mappings and Reduction

In all the problems that we will look at, symmetries will manifest themselves
through some Lie group action. The physical system is assumed to evolve
on some symplectic phase space (P,Q) and the action ® is taken to be
a symplectic action of a Lie group, G on P. If we have a Hamiltonian

H : P — R which is invariant under the action @, i.e.,
H(®yz)=H(z)Vz € P, (2.1)

then we wish to construct some conserved quantity corresponding to this
invariance.

The conserved quantity is a mapping J from the phase space into the dual
Lie algebra of G called the momentum mapping. At first, the construction
of J seems very involved and contrived but this apparent complexity arises
due to how much information must be encapsulated in its definition. The
structure of the momentum mapping must reflect properties of the group
and the group’s action on phase space. It must in some sense preserve the
symplectic structure because the action is symplectic and be preserved itself
on G* under the flow of the invariant Hamiltonian. Before defining J, we

construct a related quantity which is a mapping from the Lie algebra to the

C*® functions on P.



43

We know that ®¥Q = Q by the fact that @ acts canonically. Therefore,
by using the usual trick of setting ¢ = expt€ where £ € G and differentiating

with respect to ¢ at ¢ = 0, we obtain

d *
Eq)e$pténtt=0 = 0

This is the definition of the Lie derivative of the differential form 2 along
the vector field X whose flow is given by some ¢; on P. In this case,
¢t = Peypte. This vector field turns out to be the infinitesimal generator of

the action corresponding to £. Therefore
L) =0.

By Poincare’s lemma, this implies that X is locally Hamiltonian, i.e., t¢, =
dH for some H : P — R. Assuming that {p is globally Hamiltonian, we

define a Hamiltonian function on P for every £ in G,

~

J g — COO(P),Xj(f) = fp.

~~
o
o
S~

If such a mapping exists, it can always be chosen to be linear. We can then
define the momentum map as a function J : P — G* which is defined using

the J construct,

< J(),€ >= J(€)(2), (23)
for all £ € G where <, > is the natural pairing between the algebra and its
dual.

To show that this actually represents a conserved quantity for a Hamil-

tonian H which is invariant under the group action, take the derivative with
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respect to time of

H(Qegpyn) = H(2),

at t = 0 to yield
dH(z).tp(z) =0Vz € P.

This is equivalent to the Lie derivative of H in the direction £p being zero

{H,J(©)} =0,

which proves that the function J(€) is invariant under the flow of X . From

the definition of J, this implies that

We will only encounter momentum mappings which are Ad*-equivariant, i.e.,
Ady_,J(z) = J(®,2z) for all ¢ € G and 2 € P. The most important exam-
ple of these equivariant momentum mappings arises when P is a cotangent
bundle. We have an action of the Lie group G on some configuration space
Q and we lift it to P = T*@Q by point transformations which we have en-
countered previously. This action is symplectic and has an Ad*-equivariant

momentum mapping J given by

J(0g)(§) =< ag,€o(q) >, (2.5)

where a; € P and £ € }.

As an example, take P = T*G and the action to be right multiplication.

Therefore, define
V:GxG— G, (g,h)— hg.
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U(g,h) = Lpg which implies

€a(h) = = Lneap(18)lizo
= TLL,E.

Lifting to T*G, we derive the following momentum mapping
J(an) = an(§g+(h)) = TeLjan. (2.6)

J(ap) € G* since (T.Ly)" translates a 1-form on TG to T¥G. This example
of lifted right group action on the tangent bundle will arise in the case of
fluid mechanics because the Hamiltonian for inviscid, incompressible fluid
flow will be seen to be right invariant.

We will now explore the reduction process. We will simply state the
theorem without proof so as to not detract from the main goal of this chapter

which is to show that the material description of fluid mechanics can be
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Lie-Poisson Hamiltonian system. The following
table will be used to summarise all the mappings that we will need in order
to state the theorem. Again, it should be emphasized that even though the
following appears to be extremely involved in both notation and conditions,
the main result is quite simple and is the important piece of information to
be digested fron this section before proceeding. We are simply saying that
if we have a symplectic manifold on which some group symplectic action is
defined, then as long as the momentum mapping can be defined and is Ad*-
equivariant, we can build a manifold from P which is also symplectic and

whose 2-form is derived from the parent space. This new manifold will be
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called the reduced phase space. Once we have defined a Hamiltonian system
on P, we will carry the dynamics onto this reduced space and explore the
physics there.

Summary of Structures and Mappings for the Reduction Theorem
(P,w) a symplectic manifold.
®:G x P — P asymplectic action.
J: P — G* an Ad* equaivariant momentum mapping.

g € G|Ad*_,p = p} isotropy subgroup of ¢ under the co-adjoint action.
g g
We need G, to act freely and properly on J=(x). An action is free if

for each z € P, g — ®4(2) is injective.

J=1(u)/G, the orbit space which is well-defined since J~1(u) is a subman-
ifold of P. We assume that p is a regular value of J, i.e., for all

z € J~'(u) the mapping TJ : T,P — Ty)G* = G* is surjective.

7, J7Y(u) — P, canonical projection which must be a submersion, i.e. ,

for each = € J~!(p), the mapping Tym, : TpJ 71 () — P, is surjective.
iy J71(u) — P the inclusion mapping.
With these constructs, we state the reduction theorem

Theorem 2.2.1 Assume that u € G* is a regular value of J and that
the isotropy subgroup G, acts freely and properly on J=1(u). Then P, =

J= Y1)/ G, has a unique symplectic form w, such that

ThWy = Ghw. (2.7)
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We will be most interested in the case where P = T*G. As we saw
previously, in this case {g(g) = TeR,¢ for left action and J(ey) = T R}ay.
Therefore,

TN () = {ay € T*Glay(T Ry £) = p(€)}, (2.8)

which is the graph of the right invariant 1-form «, which equals p at e;
au(g) = TyRy—1(p) = poTR,—1. We can see that this allows a diffeo-
morphism to be established mapping the reduced phase space P, to the

co-adjoint orbit O, through u € G*,

G s Pu— O mu(au(g)) = (Adg_)(p), (2.9)

for any g € (. Also, the reduced phase space inherits the symplectic struc-
ture of KAKS through its identification with the co-adjoint orbit through
7%

Up to this point, we have been only concerned with reducing the phase
space. Now, we introduce the idea of a reduced dynamics. If the physical
system defined on P is invariant under the group action, then the Hamilto-
nian flow on P induces a Hamiltonian flow on P,. The induced Hamiltonian
is denoted H, and obeys H,om, = H o1i,.

For the case of left action on the co-tangent bundle to the action group

itself, the reduced Hamiltonian on O, will be by definition
H(Adap) = H(T} Ry (1)), (2.10)

where H o T*L, = H for all ¢ € G. In the next few sections, we will also

be interested in the lifted right action on the co-adjoint orbits. However,
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the effect of this will only be to change the sign of the Lie-Poisson bracket
which is equal to the KAKS induced bracket as we observed in the final
section of chapter one. The main lesson to be learned from a study of
this section is that it is possible to make phase space smaller when certain
action symmetries exist in the Hamiltonian structure and that when the
group is acting on its own cotangent bundle, the reduced phase space and
dynamics can be described on the orbits of the co-adjoint action which are

diffeomorphic to the Lie-Poisson structure on the dual Lie algebra.

2.3 Geometric Vortex Dynamics

The following is a detailed account of the Marsden and Weinstein[8] treat-
ment of vortex dynamics as a Lie-Poisson system. In a fixed, compact
domain, 2 C R™, the motion of an incompressible, inviscid fluid is described
by elements of the configuration space SDiff(€2). This space is the Lie
group of volume preserving diffeomorphisms of {2 onto itself. The term Lie
group is employed loosely and the reader is referred to Appendix D for a
discussion of the structure of SDif f(2). The group is not strictly Lie but
ILH (Inverse Limit Hilbert) instead. We will show that the Hamiltonian for
the fluid flow which is defined on the cotangent bundle to the group is right
invariant under the action of the group itself. Thus, by forming the reduced
phase space under the right co-adjoint action as outlined in the last section,
the reduced dynamics is totally determined by a Hamiltonian structure on
sdif f*(Q) , the dual Lie algebra of SDif f(w). Elements of sdif f*(Q) are

the 1-forms a = v;dz’ acting on the divergence free vector fields in the Lie
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algebra, sdif f(2). The reduced phase space for some point in the dual Lie
algebra will be diffeomorphic to the co-adjoint orbit through that point and
thus, we will need to describe the co-adjoint action for SDif f(2) and find
the KAKS 2-form and tangent space to the co-adjoint orbits for this specific
case. For a € sdif f*(Q2), consider the exterior derivative of a, w = dao
which in R? reduces to V x v which is the vorticity of the velocity field, .
This can be derived by using the examples for the Hodge *-operator and the
b-operator outlined in Appendix C. So w may be thought of as a vorticity
2-form. This is the equivalence class of 1-forms on sdi f f*(Q2) where 1-forms,
oy and ag are identified if day = dag so that they differ by at most an exact
1-form. This is a consequence of the Poincare lemma which is also discussed
in Appendix C.

We recall from the end of section 1.4 that the adjoint action in the

example of the diffeomorphism group is given by

vV

Ady(X) = X,

o~
DD
[
[E
-

for X € T.Diff(Q) and ¥ € Diff(Q). Therefore, by using the natural
pairing between the Lie algebra and its dual, we can show that the co-
adjoint action is given by the pull-back of a diffeomorphism in the volume
preserving group. Therefore the co-adjoint orbit with generic element 2-form

w becomes

O, = {n"wln € SDif f(Q)}, (2.12)

where 7™ is the pull-back of . We now construct the tangent vector space

to O, elements of which are given by L,w, u € sdif f(Q2), where L, is the
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Lie derivative in the direction u. Since we know that tangent vectors to
a co-adjoint orbit through some w are given by the co-adjoint infinitesimal
generators at that point, we must show that such a Lie derivative of the
vorticity form w is the infinitesimal generator of the co-adjoint action on
sdif f*(2). To see this, take u € sdif f(}) and the definition of the co-

adjoint infinitesimal generator

d .
usdiff*(ﬂ)(w) = zl—t'h:OAdeo:p—tu(a)7 (2‘13)

where « is an element of the equivalence class corresponding to w. To
complete the calculation, form the product of wugy;sse(q) with some v €
sdif f(£2) via the natural pairing between the algebra and its dual. This

leads to

exp-—tu

d
E—t-[tzo < Ad? o, >

d
= a;%[tZO < aaAdea:p——tuU >=< «, [u,v] >

=< o, Ly >=< Lya,v > .

Noting from Appendix C that the differential is natural with respect to

the Lie derivative, we have
dL,o = Lyda = Lyw. (2.14)

Therefore, the generator of the co-adjoint action is seen to be the Lie
derivative of w in the direction u. (O,,,) forms a symplectic leaf in

sdif f*(2) where the symplectic 2-form is given by the KAKS form. §,, acts
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on pairs of elements of the tangent space to the co-adjoint orbit through w.

We will show that the actual form becomes
Qu(Lyyw, Ly,w) = / wlug, ug)de, (2.15)
Q

for any uy,uq € sdif f(Q2). Under the right group action, the KAKS form is

identified with the positive form of the Lie-Poisson bracket, so
Qu(Lyw, Ly,w) =

<w,—luy,ug] >= —/ afuy, uglde. (2.16)
Q

Now, by using the definition of the Lie derivative on vector fields, the above

equation reads [ «.L,, up which when integrated by parts becomes

Qu(Luy, L) = /Q (Lo, a)uzde =

/Q(iulda + diy, a).ugdz.

This follows from application of the chain rule and the formulae for the
Lie derivative given in Appendix C. di,a = (divui)a = 0 since ug is a

divergence free vector field. Thus, we obtain

Qw(Lul,Luz):/Q(iulw).qum:/Qw(ul,u2)dm. (2.17)

This is the required result.
After having constructed the reduced phase space in the form of the co-
adjoint orbit through w, we need to look at the reduced Hamiltonian. As

discussed in Appendix D, the Hamiltonian for the fluid flow on € is given
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as either a function on T'G or on T*G where G = SDif f(2). in the case of

the tangent bundle, the Hamiltonian in the absence of external forces equals

|
H(V,) = /5 <V, V>, (2.18)

where p is the volume form on Q and V,(z) is the velocity of the fluid

particle z at n(z). Under right translation, this functional is invariant.

Take 1 € SDiff(Q) and consider

H(Vy08) = [ 5 < Vyla). Vyb(e) > ().

This functional is invariant due to the change of variables theorem and the
fact that n*p = u. Therefore, we can reduce the Hamiltonian to the tangent
space at the identity of the group. On the Lie algebra, the Hamiltonian

reads

H(v) = %/ < 0,0 > p. (2.19)

find the form of the Hamiltonian function on the dual Lie algebra. This ba-
sically means expressing the energy in terms of the vorticity. The integrand

in equation above can also be expressed in terms of v* so as to read
H(v) = / <o 0h > (2.20)
Q

From the Hodge-deRham theory, v’ = §A~1dv" is an identity for divergence

free vector fields. Thus,

/ <vb,vb>do::/ <A'1dvb,dvb>dac:
Q Q
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/ < A7 'w,w > d.
Q

(2.21)

This is a generalization of the 2-D result where the energy is the integral of

the product of the stream function and the scalar vorticity. This defines the

right-invariant Hamiltonian on sdif f*(Q2). We will prove that the vorticity

equations on the dual Lie algebra are equivalent to the Lie-Poisson equation

F = {F,H} where F, H : sdif f*() — R and the bracket is Lie-Poisson as

derived from the KAKS form. With the Hamiltonian given above, we find

its functional derivative with respect to the vorticity, which is an element

of the Lie algebra, to be % = v where v is actually the velocity field which

corresponds to the vorticity w. So, by the Lie-Poisson bracket, we know that

6F 6H

(FH)w) = [ <wl5 500>

_./< [5_F_ |>p=
e w, 5(.&)7,0 ,U,-—
6F
- / < LW’E > u
= —D(F)(w).Lyw.

With, F = F(w(t)), we have

Therefore, since F is arbitary, we find

dw
ot

= — L,w.

(2.22)

This simply implies that w is Lie transported by the flow which completes

the proof.
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The situation simplifies considerably in 2-dimensions due to the fact
that it is possible to identify sdif f(Q) with C*°-functions on £, at least
up to the addition of arbitrary constants. This allows us to replace the
Lie bracket of vector fields on sdif f(Q2) with the Poisson bracket of their
corresponding scalar stream functions. The Lie-Poisson vorticity bracket

can then be written in the form

(F.6)w) = [ wlo)(G, )i, (223)

where w,g—g,%g are regarded as functions on  and {, } is the normal Poisson

bracket in 2-D.

We will now specialize our discussion to the case of a vortex patch. The
vorticity w is regarded as the characteristic function of a particular fixed
area, A in the plane; w = y4dz A dy. The motion of a vortex patch lies
on an irregular symplectic leaf and the natural symplectic 2-form becomes
quite simple. It actually reduces in local co-ordinates to a contour integral.
Following Marsden and Weinstein[8], we let O, be a co-adjoint orbit for the
vortex patch w = x4dz A dy and we take the velocity vector, v € sdif f(Q2)

with 1) as its corresponding stream function. Then
v’ = §(bdz A dy),
where § is the co-differential,
pdz Ady = A hw,

and

w = dv’.
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As before, v’ is the natural co-vector in sdif f*(2) corresponding to v. It is
easily shown that the symplectic structure Q,, on 7,0, where w = yadzAdy,
AC R? is given by

Loy, In,) = /5 i, (2.24)

where 1y and ¥, are stream functions for vy and vs.
In the case of a circular patch representing the equilibrium configura-
tion of a vortex, we can consider an area-preserving perturbation which is

parametrized by
#(0) = 1/2(r* = 1).

Using this parameterization, we can write down the Poisson bracket of two

functionals, F,G on @, in the following way,

2 §F d §G
{F,G}:QW(LUF,L,,G):/M ‘DF‘Z‘”G:/O 55 (2.25)

where we use the correspondence between sdif f(2) and C*°(R?%). This can
be achieved via application of the definitions of gradients and Frechet or

directional derivatives in the 2-d context. The stream functions, ¥'r and g

are defined by
e=0 = di, .
o= [ rdp (2.26)
where 1 is the stream function corresponding to the velocity field of the flow
so that the above is in fact, a directional derivative. The definition of the
gradient of the density, F of a functional, F is

SFO) = D5 = [T %
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Thus, using the plane polar form of the stream function, we see that ru, =

ek
0 and

dg _dr _ 09
dt — dt = 96’

Therefore, we can identify our stream function, ¥z on the boundary of the
patch with the Frechet derivative of F with respect to ¢. One other point
that should be noted is the difference between the functional ¢ and the
corresponding density function, ¢(6). It is always important to be aware of

the distinction. The Hamiltonian formalism subsequently yields

 d H
é= / = 5¢ (2.27)

for the evolution of the perturbed vortex patch boundary, parameterized
by the single polar angle, 8. This is the starting point for the derivation
of a result due to Dritschel[11] for a wave traveling on the boundary of a

single-valued patch boundary.

2.4 Vortex Patch Dynamics

Dritschel[11] uses Contour Dynamics to derive an integro-partial differential
equation governing the time evolution of a perturbation to the boundary
of a circular vortex patch. This equation is then analysed by means of a
weakly non-linear expansion. The main aim of this section is to reproduce
this equation from the geometric mechanics of section 2.3.

The spirit of the following derivation is due to the analysis carried out

by Wan and Pulvirenti[10]. They outline an elegant way to write down the
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energy of a perturbed circular vortex patch. First, let us state the problem.
An incompressible, inviscid 2-D fluid is confined to the inside of a circular
disc of radius R. At any point in this domain, the velocity field can be

expressed in terms of a stream function ¢,

(’U.,U) = (‘Pyv_(tox)- (228)

The vorticity field is given by w = —A¢ and the energy of the fluid motion
by 1/2 [ || u ||? dedy. w will usually be the characteristic function of some
area in the domain of the disc. We will also denote the Green’s function
for w by Gw. Thus, A(Gw) = —w and Gw |sp= 0. For the circular disc of

radius v whose vorticity we will denote by wg, we have

R2
4Gwy = ryzln——~r2 P>, (2.29)
and
R2
4Gwo = (v* =) + 721n—7—2-, r <. (2.30)

As was stated above, a vortex patch is the characteristic function of an area
within the disc. We will use the following notation to denote the patches.
Xy is a patch of unit strength centered at the origin with boundary defined
by the radial function, r = f(6). In what follows, use will also be made of

the Green’s function, K for the problem
—AYp=winDandy =0 ondD.
In this case, we will have ¥(£) = [p K(z, {)w(z)dzdy with

e o €21, |
K(z,6) = 1/27r(ln—[€—:;|~ + lnE)
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In the above formulae, v is the stream function; z,£ € C; and 2/ = (é—%)z.
The energy of a vortex patch, x,, is given by < x4,Gxy > where <,> is
simply defined by < ¢,h >= [ ghdzdy. Consider a perturbation to x,

denoted by xy+r. The difference between their respective energies is

E(Xg+h) - E(Xg) :< Xg+h - ng GXg >

+1/2 < Xg4h — Xgs GXg+h — GXg >, (2.31)
where
T rg(8)+h(6) 0
< Xg+h — Xg>,GXg >= /0 L(é) G(xg)(re’)rdrds. (2.32)

We will now transform to the variable used in the previous section to repre-
sent the boundary of the vortex patch, namely, ¢(6) = 1/2(r? — 1). In this
parametrization, rdr = d¢ and we will have Gx, as a function of ¢ and 4. It
is at this point that we depart from the precise formulation of Wan et al. in
order to accomodate the Marsden and Weinstein[8] analysis. However, the
approach is still basically the same. Thus, we consider h as being a small
perturbation to the boundary, g and we try and express the energy in terms

of a Taylor series about r = ¢ (gb = 0). First of all,

G(8,0) = G(0,0) + (0 06+ 1225 0,0)6% + (2.33)

6(;’)2
from which we derive

2 0%G
< Xg+h — ngGXg / (G(O qb"}' (0)— + =5 02

The second term equation() can be expressed in terms of the Green’s

(0)_ )do. (2.34)

function, K. In this case, we will have

2T 27
< Xoth — Xos Gxgrh — Gxg >= /0 [ K (60,0, 600, 0)0(0)(0') 0
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Thus, we have an expression for the total energy of the perturbed vortex
patch and we now proceed to consider the g(6) = 1 or the circular case. It

is easily seen that [ ¢df =0, aqs ¢(0) = —1/2 and that 2 a¢2 5(0) = 1, giving
2
Elxgs) = B(xp) = 1/2 | (<1/4¢* + 1/64°)ds

2 p2m 0 i
+1/2 /0 /0 K (9, ¢9)p(8)0(8')d6d8'. (2.35)

We now have an expansion of the energy or the Hamiltonian up to third
order. In the notation of section 3.4 we have expanded < A~lw,w > in a
series in the perturbed quantity ¢ up to third order. It is thus possible to
implement the calculation of the Lie-Poisson bracket for the evolution of the

boundary of the vortex patch,

" d M
¢= / 20550 (2.36)

Carrying out the variation, %%, we obtain

My /4¢(0) + 1/4¢%(8) + / " K (e, e )p(6")de,
b 0

and thus,

d oH

™ QK ( 9 ,0")

#(6')do'.
Using the fact that ¢ = fo% ¢¢dl, we can easily deduce that
1 1 L p
b= =gt 7000+ [ Kodad, (2.37)

up to third order in ¢. We can further simplify the form of 81‘ by carrying

out some algebra to arrive at
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0K _ | jor R*-1° sin(¢ — ¢)
a0 1+ R*—2R2cos(f — 6) 1 — cos(6 — 6)

(2.38)

which in the limit, K — oo, leads to the term

2r $(9/, 1) sin(f — 6’

)
do
0 1 — cos(f — 6") ’

-1/2n

in the evolution equation for the density ¢(8) corresponding to the boundary
functional, ¢ for the patch. This is the term for the Hilbert operator as

reported in Marsden and Weinstein[8] and Dritschel[11].

2.5 Local Canonical Co-ordinates

The co-adjoint orbit for the circular vortex patch is a symplectic manifold
with symplectic 2-form furnished by the KAKS form. However, it is not
possible to find global canonical co-ordinates on the manifold as the patch
very quickly evolves into a domain whose boundary is no longer a single-
valued function of the polar angle 6. In the case where the single-valued
regime is valid, we can easily find a set of canonical co-ordinates for the
patch.

Let the boundary of the patch be decribed by the function ¢(8) as above.
Expand ¢ in a Fourier series in 8 to yield

$(6) = > pne™ . (2.39)

nez

In terms of ¢, each Fourier component ¢,, can be expressed as

1 o —in
b = 5;/0 $(0)e ?as.
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Therefore, the functional derivative, %}‘— is defined by

2 6¢n _ 1 d 2 —ind
| a0)a0 = 5-2leo [0+ cg)em0ap

1 27 .
= o / e gdf.
0

Le=m From the definition of the Lie-Poisson

§dn _
As a consequence, H =3

bracket for the vortex patch, it is easily seen that

{¢n, dm}(¢) = K né(m + n), (2.40)

for some constant, K.
By letting ¢* = ¢_; and p; = ¢;, we have canonical coordinates {q*, p;}
on the vortex patch,
{qivpi} = 16(1 + ])a
{¢,¢'} =0,
{pi,pi} = 0.

We could keep just a finite number of Fourier modes for ¢ which would
provide a finite dimensional Hamiltonian truncation for the infinite dimen-
sional manifold. However, the patch boundary would evolve rapidly so as to
make this finite dynamics inapplicable in a very short period of time. In the
next chapter, we will investigate a truncation for 2D vortex dynamics which
will be a far more appropriate candidate for the study of finite dimensional

approximations to the infinite dimensional system.
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Chapter 3

The SU(N) Truncation of

SoDIFFT?

3.1 Introduction

The incorporation of inviscid, incompressible fluid mechanics into the frame-
work of Hamiltonian mechanics can be regarded as one of the great achieve-
ments of the geometric program initiated by Arnold[5] and completed by
Marsden and Weinstein[8]. By expanding the class of configuration spaces in
which conservative physical systems can evolve to Poisson manifolds, many
special cases could be incorporated into a general framework. These include
the dynamics of the rigid body in body co-ordinates, the equations of plasma
physics and as we have seen, incompressible, inviscid fluid flow. At the
same time as this theory was being developed, more traditional Hamiltonian

systems were been investigated numerically through symplectic algorithms.
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Symplectic integrators basically approximate phase space transformations
by forcing the approximating flow to also be symplectic, the hope being that
such integrators will more faithfully preserve the real solution structure es-
pecially for long time integrations. Ge and Marsden[9] have also constructed
integrators for Poisson manifold transformations. These algorithms while far
more mathematically involved than their canonical counterparts also offer
the hope of accurate reconstruction of the phase flow trajectory and they
have been successfully implemented by Channell and Scovel[14] for the case
where the Poisson manifold is the dual of a Lie algebra. We saw in the last
chapter that such a manifold foliates into symplectic leaves and that these
leaves are isomorphic to the co-adjoint leaves of a Lie-Poisson system. The
integrator of Channell and Scovel[14] implicitly preserves these orbits and
thus preserves all Casimirs for the Lie-Poisson bracket. This follows from the
fact that the orbit can also be viewed as a constrained surface parametrized
by fixing values for the Casimirs. It is desirable to bring both these separate
threads together and to use symplectic techniques to study the evolution of
a vorticity field. However, the fluid system is described by an infinite dimen-
sional Lie group and thus to implement numerics would require some form of
truncation. The truncated system would have to be Hamiltonian and prefer-
ably also Lie-Poisson. So, the symmetry group and the configuration space
would have to be the same. The resulting finite dimensional Lie-Poisson
system would also have to converge in some limit to its infinite dimensional
parent and the bracket would have to exhibit some analogous degeneracy.

Such a truncation has been achieved for two-dimensional fluid flow on a twice
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periodic domain. This is a significant restriction but represents the possi-
bilty of using Lie-Poisson integrators to investigate fluid mechanics. The
Lie group which describes area preserving diffeomorphisms on the torus is
SDIFFT which has been investigated in quite some depth by Arnold. We
will actually use an infinite dimensional Lie subgroup, So.DIF FT which is
the group of all area preserving diffeomorphisms on the torus which keep
the center of mass of the fluid fixed. This subgroup is chosen because the
space of stream functions which generate the divergence free vector fields
for the phase flow are then single-valued on the domain. For this particular
group, Hoppe[22] discovered that the special unitary group, SU(N) with a
particular choice of structure constants for its Lie algebra was a truncation
for the stream function space. SU(N)is a Lie group which is semi-simple
and compact. From the point of view of numerically implementing a Lie-
Poisson integrator, these two characteristics will be seen to be vital. The
first section in this chapter will explore the truncated group and its alge-
bra. The second section will discuss the truncated dynamics and analyse

the finite dimensional Lie-Poisson bracket.

3.2 Groups of Diffeomorphisms

In 1966, Arnold published a paper on Lie groups endowed with one-sided
invariant metrics, i.e., left or right invariant. His motivation was to try
to explain rigid body dynamics in the most economical geometric way by
showing that the principle of least action produced the Euler equations

of motion in body co-ordinates over the Lie algebra. He succeeded in his
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endeavor and in the process observed an important fact: The method of
Euler was not limited to the description of the rigid body but could also
be used as the starting point for the study of any physical system whose
configuration space was a Lie group and whose energy was defined through
an invariant metric. The immediate application he had in mind was fluid
mechanics. In the case of an incompressible, inviscid fluid in two or three
dimensions, the configuration of the fluid can be specified by giving the
positions of the fluid particles relative to their initial positions. As in the
case of the rigid body, where the relative position of the body after a time
interval is constrained by the condition that the positions of the elements of
the body remain fixed with respect to each other, the fluid configuration is
constrained by its incompressibility. This means that the transformations
defining the relative motion of the fluid particles must belong to the group
of volume preserving diffeomorphisms. This discussion is similar to that of
the previous chapter except that now we are describing the motion with
respect to the Lie algebra and not its dual.

Take a bounded region D in a Riemannian manifold and form the group
of diffeomorphisms on D which preserve the volume form. This is denoted
SDiffD. The Lie algebra to this group is the tangent space to SDif fD at
the identity transformation and consists of the vector fields of zero divergence
on D which are tangent to the boundary of D(if it is non-empty.) The kinetic

energy can be defined by using the following metric

< v,V >= /D(’Ul,vg)dm (31)

where v; and v, are elements of the Lie algebra and the integrand is simply
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the Euclidean inner product.

The motion of the fluid is given by a trajectory through the diffeomor-
phism group ¢t — g¢;. The kinetic energy of the moving fluid is a right
invariant Riemannian metric on the group of volume preserving diffeomor-
phisms. The principle of least action asserts that flow of an ideal fluid is a
geodesic in the above metric.

In the 2D case, the velocity fields can be represented by Hamiltonian
functions which are called stream functions in hydrodynamics and which we
will denote by 1. The commutator of two fields turns out to be the Jacobian
of the stream functions for the original fields.

For our purposes, we will be concentrating on the manifold of area pre-
serving diffeomorphisms on a twice periodic domain in R2. This geometry is
isomorphic to a 2-torus and we will thus denote this space by SDif fT. We
will study the submanifold whose vector fields are divergence free and have
single-valued stream functions. The corresponding subgroup is SoDif fT
which is the space of area preserving diffeomorphisms which preserve the
center of mass of the torus. Elements of the Lie algebra can be thought
of as stream functions on the torus whose body integral over T is zero. It
is easy to decompose such stream functions into their Fourier series and
thus form a complete basis for the function space of single-valued stream

functions on 7. This basis has members of the form
_ itk
ex=e€ (3.2)

where k is a wave vector in Z?\ {0} and x is an element of the 2-torus. The

{0, 0} element is not included as it is zero for single-valued stream functions.
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The following theorem due to Arnold expresses the kinetic energy Rie-
mannian metric, the Lie bracket on the algebra and some results concerning
the Riemannian connection in terms of the Fourier basis for the Lie algebra,

sodif fT.

Proposition 3.2.1 The ezplicit form of the scalar product, commutator,

connection and curvature for the group SoDif fT are given by

<er,er >= K256k + 1), (3.3)

lex,er] = (k x Degyi, (3.4)

Ver€l = Al kt1€k+1 (3.5)

Ritmn = (@1nGrm — @Gim@ikn)S6(k + 14+ m + n), (3.6)

where S is the area of the 2-torus, § is the delta function, V is a Riemannian

connection and

doy = (v x ug(u.v),
and
2
0y, = X7
Fu+ o]

In what follows, we shall consider possible ways of truncating the group
of area preserving diffeomorphisms on the torus using the group of unitary
matrices of determinant one, SU(N). The corresponding Lie algebra, su(N')
will be studied as an approximate algebra whose elements represent finite
analogs of either the velocity field or the vorticity. It is hoped that this trun-
cation may be used to build a Lie-Poisson integrator which would have long

time qualitative stabilty and thus, could shed some light on 2-D turbulence.



68

Bordemann, Hoppe et al. [7] present a mathematically elegant way to
effect truncation of infinite dimensional Lie algebras of the type which in-
terests us. They consider a family of real or complex Lie algebras L, ael
with bracket [,], which approximates a Lie algebra (L,[,]) as & — oco. The
question arises as to how effective the approximation is and how one can
isolate a statement of convergence in the Lie algebra sense. We will present
the arguments outlined by Bordemann et al. in theorem form and then

consider sdif fT as an example of (L,[,]) and su(N) for L, where a 2 N.

Proposition 3.2.2 Let us assume that we can provide the approrimate Lie
algebras with the additional structure:

1. There exists a surjective map pgy @ L — L, for all o.

2. If we have some metric d, on each L, then we assume that if for
each z,yeL, if do(po,Pa) — 0 as o — o0, then z=y.

With the above assumptions, we call (Ly,[,]a, do) an approzimating se-
quence for (L,[,]) induced by (pa, ael) and L an Lq-quasilimit if the following
aziom is also valid,

3.For each z,yel,

da(pal®, 9], [Pa(®), Pa(y)]a) — 0 (3.7

as o — 00,

With the above structures, we can avoid the problem of the same sequence
of algebras approzimating non-isomorphic algebras by noting that the Lie
structure on the underlying vector space L of the Lg-quasilimit is uniquely

specified once the (py,ael) are specified.
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Let us now apply the above general structure to the problem at hand,
namely the algebra of divergence free vector fields on the torus with sin-
glevalued stream functions. The example below is not provided with all
the details needed to tie down the approximating sequence completely but

should provide the flavour of the formalism.

Proposition 3.2.3 Let us start with the Lie algebras Lp defined by the
structure constants
N

Cﬁl,n = % sin %(m X n)6(m +n - k)lmodNa (38)

Then, as N — oo, the algebras converge to sdif fT which we denote
by L. We can factor out an ideal for each Ly, where A is equal to 7{7, and
define the structures required in the above theorem to induce uniqueness of
convergence. The approzimating algebras are seen to be su(N) with a specific

basis choice.

Proof The basis functions which give rise to the above structure constants

will be denoted by {T},|m € Z2}. Therefore,
{Tma Tn]N - Cykn,nTk

is the Lie bracket with the structure constant as defined in the above
example. We see that as n — 00, the bracket reduces to the bracket for
sodif fT as expressed in the above theorem. The algebras generated
by [,]"V can be made finite dimensional by identifying the basis element

Ty, with T4 no where @ € Z2. The resulting algebra will satisfy all the
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requirements of theorem 3.3.2 with the surjective mapping between L

and LY being given by the canonical projection mapping,

¢n L — LN : ¢N(Tmian) = T,

where we have umklapped the external modes back onto the finite
lattice, 0 < my, mg < N. Given a metric dy on LY which satisfies the

following condition: If ¢ = 57, T, and y = 3 8,11y, then

N (2) = dN(Y) = D _(Tm — $m )N (Tm)- (3.9)

We then find that

dn(on(z) = oN(Y) = D Irm — smr> =0

if and only if & = y. We also find that L will be an LV quasi-limit
because of the following: Without loss of generality take z = T}, and

y = T, and consider

AN (EN ([T, Tn])) = [ON(Tin ), én(T)]- (3.10)
We find that as N — oo, the expression above goes to zero.

The LV factored algebras offer a converging sequence of finite dimen-
sional algebras which may be used as an approximation for sodif fT" in the
N — oo limit. In order for us to take advantage of this approximation, a
representation for the algebra will be needed. It transpires that the special
unitary group, SU(N) with a special choice of algabra basis vectors repli-
cates the above structure constants. Therefore, we can say that the Lie
algebra of SoDif fT is approximated by the Lie algebra of SU(N). We will

demonstrate this fact in the next section.
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3.3 The t’Hooft Basis for SU(N)

We first present some details of the group SU(N) and its algebra. SU(N)is
a Lie subgroup of the group of non-singular linear transformations GL(N).
Its members are unitary and have determinant one. It is a matrix group

and thus can be defined by
SU(N) = {U € GL(N)|U'U = I and det(U) = 1}. (3.11)

The Lie algebra su(N) will be the set of traceless, anti-hermitian matrices.
This is seen by taking a curve, U(t) passing through the identity of SU(N)
and differentiating the two properties above with respect to ¢ at ¢ = 0.

Therefore,
su(N)={A € gl(N)|A* = —A and tr(A) = 0}. (3.12)

We are free to choose whatever basis we like but the following choice due
to t’Hooft will provide the finite dimensional connection with SD:f fT from
the previous section. For N odd, consider the following pair of N x N

unitary matrices

1 0 0
0 w 0
g= w? 0 , (3.13)
0
0 w1
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0 1 0
0 0 1 0
h = : (3.14)
0 oo eev oo 1
1 0 ... ...0

where w = ¥ is a root of unity. It can easily be shown that ¢V = bV = I.
The basis for su(N) is constructed via T, = w™% > g"h"2 n # (0,0). These
basis elements satisfy an invariance condition, T}, = Tyy.n Where a € Z2
is arbitrary. This has the effect of partitioning Z? into N X N cells. For
our purposes, we will choose a cell centered on the origin in Z? with —M <
ny,ne < M where M = ﬁzﬂ We will call this cell Q. The Lie algebra

bracket defined as the usual matrix commutator, [A, B] = AB — BA, yields

N . 27
(T, Tw] = o S (—]—V—(n X MmN ptm, (3.15)

where the structure constants are defined by

N 2
ko . . . . .
i = 5 S (6% 9))8(k = i = §)lmoan- (3.16)

These are seen to be the structure constants for the Lie algebra sequence
which converged to spdif fT in the previous section.

The set {T,|n € Q} does not actually produce elements of su(N) in a
straightforward manner. The reason for this is that each elemnet of the basis
is not actually an element of su(N). In fact, the hermitian conjugate of T},
equals —7_,. However, the linear combinations T,, —T_,, and ¢(T,,+7-,) are

elements of su(V) and thus only linear combinations of the T},’s which yield
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this decomposition are allowed. This corresponds to what we would expect
since all stream functions and velocity fields will have to be either real-valued
functions or real-valued vectors. We will be able to express all quantities
as expansions in terms of T},’s but the co-efficients will have to obey the
property that they produce real-valued quantities. This is analogous to the
case of a stream function on the torus which is single-valued. This function
can be expanded in terms of the Fourier basis e; over Z2. However, the
coefficients, 1 will obey 1, = 1_g.

Since SU(N) is a matrix group, the adjoint action of SU(N) on su(N)
will simply be matrix conjugation, i.e., if U € SU(N), then Ady€ = U*EU
for all £ € su(N) and the corresponding Lie algebra action will be adgn =
[€,n] where £,1 € su(N). We will use SU(N) as a finite dimensional model
for exploring fluid mechanics on a 2-torus. In order to conform to the theory
in chapter 2, we will develop a vortez dynamics on the dual Lie algebra,
su*(N) and investigate its implications. However, before proceeding, we
must give a summary of fundamental results from the theory of semi-simple

Lie algebras.

3.4 Lie Algebra Theory

The reader is referred to Sattinger and Weaver[20] for a good review of
classical Lie algebras. A Lie algebra is a vector space over a field F with a

product [,]: G X G — G satisfying

i) [,]1is closed and linear over F.



74

ii) [,]is antisymmetric, and

iii) the bracket satisfies the Jacobi identity, i.e., [X,[Y, Z]] + [V, [Z, X]] +
(Z,[X,Y]] = 0.

A subalgebra § of G is an ideal if [9,G] C G. A Lie algebra G is semi-
simple if it contains no ideals other than itself and the zero element. The
most well-behaved semi-simple Lie algebras are over the complex numbers.
In our su(N) case, we will be primarily interested in its complexification,
sl(N,C) which is the Lie algebra of the special group of determinant one
N x N matrices. The elements of sI(N,C') can be identified with the traceless
N x N matrices in g{(N, ). The relationship between su(N) and sl{(N,C)is
important. su(N) is an example of a real form of s/(N,C'). This is achieved
by selecting a basis for s/(N,C) which makes the structure constants real.
However, there can be multiple real forms derived from one semi-simple Lie
algebra over the complex numbers. For this reason, the classification of
the real forms of semi-simple Lie algebras is more formidable than in the
complex case. As an example, su(2) and sl(2, R) are two non-isomorphic
Lie algebras with the same complexification, si(2,C).

A fundamental linear transformation on a Lie algebra is the adjoint rep-
resentation, ad : G X G — G,ad(X)Y = [X,Y]. It is a representation of
the Lie algebra since it is linear and ad([X,Y]) = [ad(X ), ad(Y)]. This last
property can be derived from the Jacobi identity. If {E;} is a basis for G,
then

ad(E)E; = CF,Ey, (3.17)
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where summation is implied and the C{fj are structure constants for the Lie

algebra.This provides a matrix representation of G,
adE; .G — G, (ad(Ei)X)]' = (Mi)j’ka, (3.18)

where (M;);r = Cf - This matrix form will be useful in the to follow. From
this point on, we will concentrate on the semi-simple Lie algebras.
The Cartan-Killing form is a real-valued bilinear, Ad-invariant quadratic

form on G. It is defined as
K(X,Y)=Tr(adX oadY). (3.19)

The importance of the Killing form lies in the following result due to Cartan:
The Cartan criterion states that a Lie algebra is semi-simple if and only if
its Killing form is non-degenerate, i.e., if K(X,Y) =0forall Y € G, then
X = 0. In this case, we can use the Killing form to define a metric tensor
for the Lie algebra. This tensor, g is defined by g;; = K(F;, E;) which can
be shown to be equivalent to g;; = C7,C?, where summation is implied.
This metric can be used as a raising and lowering operator for in the case
that the form is non-degenerate, it is possible to consider the dual G* to be
isomorphic to §. We will constantly make use of this property in the design
of Lie-Poisson integrators which are discussed in the next chapter.

The next topic to be discussed will be the Cartan subalgebra of a semi-
simple Lie algebra. This is the maximal abelian subalgebra H of G such that
adH is semi-simple for all H € H. Since {adH|H € H} forms a commuting
family of semi-simple operators, there exists a basis for G in which these

operators are simultaneously diagonalizable.
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The rank of G is the dimension of its Cartan subalgebra which can be
shown to be invariant under a change of algebra basis. The roots of G are

the functionals on H which satisfy
[H,E,] = a(H)E,, (3.20)

for some F, € G. The E, are called the root vectors. An important de-
composition of the Lie algebra occurs under the one dimensional subspaces

spanned by these root vectors, namely

G=H+P_Ga (3.21)

where G, = {X|adH(X) = o(H)X} where « is an element of the set of
non-zero roots of H.

The 1-dimensional root subspaces are orthogonal complements of each
other for distinct roots and for every a € G*, there exists a unique H, € G
such that a(H) = K(Hg, H). This last observation allows us define an
inner product on H*;if a, 5 € H*, then < o, >= I((Ha,ﬁ). The collection
of roots of a semi-simple Lie algebra can be graphically represented in a
Dynkin diagram. This diagram is strongly constrained and is the key to
the classification of all complex semi-simple Lie algebras. si(N,C) has the
simplest root diagram and the way that the graph is extended as N — oo
determines the limiting non-isomorphic infinite dimensional algebras. We
will not explore these ideas in any more depth. It should be indicated that
any analytic results that need to be derived such as integrals over su(N)
require a knowledge of the algebra root structure. An example where this

would arise is the the statistical mechanics of an su(N) vortex equilibrium.
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This topic will be discussed again in the conclusions. The reader is referred
to Harish-Chandra(25).

As an example of working with the t’Hooft basis, we will compute the
roots and root vectors of su(N) in terms of the basis {T,,}. su(N) is a real-
form of the semi-simple Lie algebra s/(N,C). In matrix terms, this is equiva-
lent to the statement that every element of su(N) may be simultaneously di-
agonalized by conjugation with a suitable unitary matrix in SU(N). A sub-
set of {T),, forms a natural and convenient basis for the Cartan subalgebra
of su(N), namely {Tyo| = M < p < M,p # 0} where M = ¥=1. For matrix
algebras, the Cartan subalgebra always turns out to be the maximal dimen-
sion diagonal matrix algebra. If we choose a basis E;; = §;; for su(N), then
an element H in H is of the form H = diag(A_pry. .., A1, A0, Aty --ey AM)
with tr H = 0 and the A; all imaginary.

In terms of the basis, {Tpo}, H = Y AyTpo is also N — 1 dimensional.

Using
M .
Tmn = Z wm(M+l+§)El,l+mv (3'22)
l=~M
and
M
Topo= Y, wPMIE (3.23)
l=—M
we find
A, = TT‘(HT_pO) = Z /\iw—p(MH)TT(E@'iE”), (3.24)
which reduces to
M
> A, (3.25)

l=—M
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It is easy to see that the E;;,i # j form the generators of the 1-

dimensional root subspaces. We have that

[H, Eij] = S [ApwPMH) - Ajor M B (3.26)
peQ
Therefore, a;;(H) = "M, Ay (wP(M+) — ,p(M+i)) are the roots of the sub-

algebra element H in this particular basis.

3.5 Truncated Vorticity Dynamics

We will now study the Lie-Poisson dynamics on G* = su*(N). Zeitlin[6]
was the first to detail the application of su(N) to fluid mechanics. In this
section, we will go one step further and show that the form of the Lie-
Poisson system fits into the standard geodesic fomulation of Arnold and
that the Hamiltonian is right-invariant and can be expressed in terms of
the Cartan-Killing metric. This will correspond to a truncated dynamics
on sodiffT'. su*(N) is the dual to the algebra su(V) and we specify the
natural basis {S*} such that S*.T}, = 8k,,. The construction derives by a
Fourier decomposition of a circulation zero initial vortex distribution wy,

wo(z) = Z wioe K2,

keZz2
where z € T'.
The approximation is made by replacing the basis of Fourier modes by
the dual t’Hooft basis for su(N) over a finite lattice Q € Z2. Thus,

wo(z) = E wioS* (3.27)
keQ



79

where the {wo} are the N%2 — 1 Fourier components of the original vorticity
distribution. The evolution of Hamiltonian systems on the dual to a Lie
algebra is generic and the following analysis applies equally well to the mo-
tion of a rigid body in material or body co-ordinates as it does to vortex
dynamics. We will start by explicitly stating the equation of motion on G*

driven by some Hamiltonian H : G* — R.

Proposition 3.5.1 The equations of motion for the &+ Lie-Poisson brackets

for a physical system driven by H : G* — R are

= L = qadiyp (3.28)

for p € G*. It will be recalled from the definition of the functional derivative
that —%—Zl € G. The plus or minus sign originates with whether or not the
bracket is deduced by identifying elements of G* with right-invariant or left

invariant vector fields on T*G.

To prove this, consider F' € C*°(G*) and p(t) € G*. Then

dF _ dp 6F .
T = dFGu() S =< S A1) >
and
6F 6H
{FrH}:i:(lj’) =+ < M,[E/—Jj7 _5'—]
F < “’ad%'i—i >, (3.29)

which by definition of the natural pairing between the Lie algebra and its

dual, equals

§F
F < g adiu(e) > (3.30)
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Non-degeneracy of the pairing implies that
L= ¥ad’f§_gu. (3.31)
I3

On sodif f*T, the Hamiltonian of some circulation zero vortex field can

be shown to be

1
H(w)= Z TEW-kWk- (3.32)
kez?

In the su*(N) case, it is natural to choose the Hamiltonian to be the

finite dimensional analog of this Hamiltonian function

WEW .k

ke

(3.33)

We will take advantage of the existence of a non-degenerate, symmet-
ric bilinear form (, ) on su(N) that is invariant under the adjoint mapping,
Ad(g), i.e., (Ad(g)¢, Ad(g)n) = (p,n). Not all groups possess such a struc-
ture. However, if the algebra is semi-simple, then the Cartan-Killing form of
the last section has these exact properties. The existence of such a form has
profound implications for the structure of the co-adjoint orbits on a dual Lie
algebra. Primarily, it means that there will exist a diffeomorphism between
elements of G and G*. Consider w € G* and an arbitrary £ € G, then there

will exist a unique % € G such that

w.€ = K(1,8). (3.34)

Also, it transpires that in a Lie algebra with such a form, the co-adjoint
orbits are identifiable with adjoint orbits and the KAKS symplectic 2-form
will have a counterpart on §. Thus, the Lie-Poisson dynamics can equally

well be considered an evolution on the algebra as on its dual.
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For su*(N), we will first show that the Killing metric defined by

Imn = I((Tmy Tn)a

reduces to a particularly simple form. This metric is equivalent to

Imn = Z Cfnscfm
r,s€82

where C7 = % sin %(m X 8)6(r — m — $)|modn are the structure constants

in this basis. This summation becomes

=y N sin &(m X p)é(m + n)| (3.35)
Imn = “ An2 N Y4 modN « .

However, the co-efficient of the Kronecker delta can be simplified to
ZES'HZ 2”(mx )= N
g2 S NPT

This can be proven by making use of the identities

U k27
= h(j .
k:Z__m cos St 1 (), (3.36)
and
T k2w
gf‘m sin g =5 = 0, (3.37)

where h(j) = 1 if mod(j,2m + 1) = 0 and zero otherwise. Using the known
result,
N3

tT(TkTm) = —'1—6?5,

(3.38)

it is seen that

N
mn = = tr(TmTk). (3.39)



82

Therefore, every S* in the su*(N) basis has a corresponding 7_j in G and
if w € su*(N), then @ is the corresponding element of su(N) and @ =
S w_i Tk

We want the finite dimensional analog of the Hamiltonian on su*(N) to
be consistent with its parent. Thus we have equation(3.3.3) as the su*(N)
Hamiltonian. We can represent this Hamiltonian using the Cartan-Killing
metric via a symmetric operator L : su(N) — su*(N) which reproduces the
Hamiltonian above by

H=w/l"tw, (3.40)
where the operator is defined implicitly
L(w) =" kw_; T (3.41)

Therefore, on G, H(£) = (L,€) = 1k*¢_€&. We are then lead to consider

a transformation J : G — G in terms of which
-1
H(E) = —Z-IX(JS,G)- (3.42)

This form for the Hamiltonian defines a pseudo-riemannian metric on su(N)

which is bi-invariant and has metric tensor,
-1 Qepe |
Gij = 5 KT, T;) = i*8(i + ) lmoan. (3.43)

A right invariant measure may then be obtained on the tangent bundle to
SU(N) by right translating this metric to the whole group. This would
be a right-invariant metric on TSU(N) on which the SU(N) Lagrangian

fluid mechanics could be described. We can show that the connection and
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Riemannian curvature corresponding to this energy metric take the form

V1,7t = diert Tt moan (3.44)
Rk,l,m,n = (alnakm - almakn)6(k +14+m+ n)!modNy (345)
where
N | 2w (m.n)
dm,n = —2—7; sin Yv—(m X n)~——7§———,
and
1 N

21
- Ve x).
et lmoan 270 vk xD)

agl

This is in agreement with the curvature result of theorem (3.2.1) and thus,

the linear stability of neighboring geodesics in sodif fT and su(N) are the
same.

We will now turn to the derivation of the equations of motion for the

components of the vorticity field in the t'Hooft basis. Returning to the

definition of the Lie-Poisson bracket for two smooth functions F,G € G*, we

now find that

_. 6F 6G
{Fv G}(w) - _(w)7[;§57 ‘6’(;'])7 (346)
so that we have
& =Y (W, »_, CF;Lih;Ty) (3.47)

where [ is the identity matricx and the h are the components of the func-
tional derivative of the Hamiltonian in the t’Hooft basis. If we consider only

the nth component of w, we find that

On = W hiCE (T, Tk). (3.48)
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We find on evaluating all the terms in the above equation,

. N 1 . 2«7
O = 7 sin —]V(p X N )wnpW—p- (3.49)
We can also view the above Lie-Poisson equation as a Lax system. Es-

sentially the above equation can be expressed as
Q= [0, 7], (3.50)

where Q@ = w_,T, and ¥ = 22ET;. The elements of su(N) are anti-
hermitian matrices and thus by Lax[26], the eigenvalues will be purely imag-
inary and time-independent. Another way of expressing this is that all the
solutions of the above matrix equation will be unitarily equivalent to any
other point on the trajectory, i.e., there will exist a U(t) € SU(N) such that

if Qg is the starting point on the trajectory of the Lax system, then
Qt) = U ()QU(1). (3.51)

This is an alternative definition of the adjoint orbit through . The Lax
system has Casimirs which are given by the N — 1 linearly independent,
constant eigenvalues of g or expressed another way, the Casimirs can be
given in terms of the traces of powers of any Q(t) on the Lax trajectory,
i.e., the Casimirs are tr(QF), k = 1,..., N — 1. These Casimirs converge
to the body integrals of the vorticity on the torus at N — oco. The reason
why there are only N — 1 linearly independent eigen-values is because all
the matrices in su(N) are traceless. So, the fact that both su*(N) and
su(N) are diffeomorphic allows one identify the symplectic leaves as sets of

unitarily equivalent matrices. These equivalence classes foliate the Poisson

manifold of all smooth functions on su*(N).
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Chapter 4

Hamilton Jacobi Theory and

Lie-Poisson Integrators

4.1 Introduction

Recent years have seen the development of powerful new numerical algo-
rithms which are ideal for solving problems in symplectic spaces. For the
evolution of a physical system through its trajectory in phase space, we
know that the symplectic structure is going to be preserved through Liou-
ville’s theorem, i.e., the phase space flow is divergence free. However, when
we try to use standard techniques to numerically approximate the system’s
evolution, one of the first inaccuracies to creep into the approximate solu-
tion is the non-preservation of the symplectic structure. In other words, the
computed solution is not staying on its underlying physical path. We could

try to ensure that this is not the case by using some projection operator at
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each time-step so that the the component of the computed solution which
represents the deviation from the phase space is factored out. However,
these techniques are ad hoc at best as they may force the solution to live on
the right phase space but there is no guarantee that the new point on the
trajectory is symplectic...just momentum preserving. The situation becomes
more intricate when the physical system lives in a Poisson manifold such as a
dual Lie algebra. From Chapters 1 and 2, we know that in this case the dual
algebra foliates into symplectic leaves which are parametrized by a specifi-
cation of a full set of Casimirs. Therefore, the proposed projection system
suggested above would become overwhelmed if there were many Casimirs.
However, there are now a host of algorithms which attempt to capture the
behaviour of the Hamiltonian system by explicitly respecting the geometry
of the phase space, be it canonical or Lie-Poisson in nature. The goal of
this chapter is to explore such algorithms with particular emphasis on the
Hamilton-Jacobi equation and associated integrators which are designed so

as to preserve the momentum mappings J.

4.2 Symplectic Integrators

The goal of Hamiltonian integration is to preserve as faithfully as possible
the underlying properties of the flow of the Hamiltonian vector field which
is generated by the Hamiltonian function. We will see in this section that
there is a limit to the amount of accurate recreation of the Hamiltonian
dynamics which can be achieved. By imposing the preservation of one aspect

of the Hamiltonian dynamics, another facet is violated by default. This
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observation was made by Zhong Ge and is one of the central results in the
field of symplectic integration. We first classify the main types of phase
space integrators.

By an algorithm on phase space, P, where P can be any of the many
exotic manifolds that we have discussed in the course of the past three
chapters, we mean a process through which co-ordinates z € P are mapped

to new co-ordinates Z € P, i.e.,
7z = Dgi(2) (4.1)

where D is the map and the subscript 4t is some discrete time step. If the
real flow is generated by a Hamiltonian vector field Xz where H : P — R is
some Hamiltonian on P, then we say that our algorithm is consistent with

respect to Xg if

d

mﬂ&)létﬂ(z) = Xu(2).

It will be observed that this is only an approximation to the real flow of Xp
since we do not know how close the higher order derivatives are to the true
dynamics.

There are three main categories which have been classified by Marsden[4]:

i) D is symplectic if each D, is symplectic, i.e., D¥Q = Q where the
asterisk refers to the lift of D to the tensor algebra and 2 is the symplectic
2-form on P.

As an example of a symplectic integrator, consider the following Hamil-
tonian scheme on a symplectic vector space. (We studied Hamiltonian dy-

namics on symplectic vector spaces in considerable detail in Chapter 1.) If
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z € V then the map 251 = Da4(2*) given by

k41

z - Zk Zk + Zk+1

5 = Xul———)
where X is a Hamiltonian vector field on V, is symplectic. By taking the
Frechet derivative of this expression, substituting z for z* and Da(z) for
Zk+1 we obtain

z+ Da(z)

DDau(z) - 2 = ADXp(——

)= 0.

After applying the chain rule and setting A = DXy and 5 = DDpy, we

find that
_Al

§=(-5

AN+ %EA).

This is the Cayley transform of A. We know that A is an infinitesimally
symplectic linear mapping on V and we will use this to prove that S is
neccesarily symplectic for sufficiently small A¢. It is easier to prove it in
the opposite direction by assuming that S is symplectic and showing that
A is infinitesimally symplectic. If § is symplectic then so is ST. Therefore,

SJST = J where J is the matrix which satisfies J2 = —I. Thus,
STST = (I = AA)Y YT + MNA)J(I + AATY(T = 24Tyt = J.
This leads to
(I+MA)J(I + MAT) = (I = XA)J(I - AAT).

Multiplying this out leads to the equation AJ + JAT = 0. Therefore, since

these steps are reversible, we have proven that if A is an infinitesimally
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symplectic linear map, then the Cayley transform of A with A = %ﬁ is a
symplectic transformation.

ii)D is an energy preserving integrator if H o Dg; = H. This would seem
a very important class of integrators as we are usually dealing with conser-
vative Hamiltonian systems in which the main property is the invariance of
the Hamiltonian on the physical trajectory. However, we will see that in the
examples which we wish to explore, exact energy preservation is the very
Hamiltonian constraint which we will relax.

iii) Finally, D is a momentum integrator if it preserves the momentum
mapping associated with some Lie group symmetry enjoyed by the Hamilto-
nian. We will recall from Chapter 2 that such a momentum mapping is the
repository of all geometric information concerning the system. For instance
in the case of a group action on the tangent bundle to the Lie group itself,
the reduced phase spaces become isomorphic to the co-adjoint action orbits,
which are in some loose sense the level sets of the momentum mapping in
the full phase space. So, as we reasoned in Chapter 2, if a physical system’s
trajectory in phase space starts on some co-adjoint orbit, it will remain on
it for all time. Thus, when an integrator preserves the momentum mapping,
it is actually preserving the co-adjoint orbits. This could be a vital prop-
erty of the Hamiltonian system which we want to respect. As we observed,
such actions foliate phase space into orbits and a momentum integrator will
basically preserve this foliation.

As mentioned earlier, the simultaneous preservation of all the above

properties is not possible through the application of some approximate
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solver. The following theorem demonstrates that if such an integrator ex-
isted, then the approximate solution would no longer be an approximation
but rather an exact solution to the Hamiltonian equations, modulo a time
reparametrization. So, we would have actually solved the full problem which
if possible, would make redundant the necessity to construct a numerical

scheme.

Theorem 4.2.1 If the algorithm Dg; preserves energy and momentum map-
pings and is also symplectic, then the integrated solution is the exact solution
up to a rescaling of time. We also need to assume that the dynamics are not

integrable.

Proof We first assume that we are on the reduced phase space after the appli-
cation of the Reduction theorem,i.e., we havereduced P to P, = P/G,,
where G, is the isotropy subgroup of G through p € G*. Without loss
of generality, we will assume that P = T*G. We will recall that if the
Hamiltonian H is also invariant under the group action, then there

will be a reduced Hamiltonian H, which is defined by

H,(Adys (1) = (T} Bys (1))

where HoT*L, = H. We also saw that this reduced space is effectively
equivalent to the space on which all the conserved quantities,i.e., mo-
menta, have been factored out and now act like a set of parametrizing
variables for the symplectic leaf. Therefore, on reduced phase space
there exists only one conserved quantity and that is the reduced Hamil-

tonian H,. This implies that if there are any other integrals of motion,
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then they must be just statements of the same fact, i.e.,
If{L,H,}=0,thenL =F(H)

for some functional, F. Since we are assuming that Dg; is symplectic
on the symplectic leaves (recall the fact that the reduced phase space
corresponding to a regular value of J is a symplectic manifold; this was
one of the main reasons we explored it in the second chapter,) then the
flow must be generated by some Hamiltonian function on P,. However,
this Hamiltonian must be time dependent in order not to violate the
above assumption of H, being the sole conserved quantity. But again,
we assumed that D, is also energy preserving which necessarily implies
that

H,={H,K}=0.

However the bracket is anti-symmetric which leads us to the result
that K is also preserved by the flow which means that it is just a
functional of H and that the Hamiltonian vector fields of both K
and H, are thus parallel. Bearing in mind that Xy is the vector
field which gives rise to the approximating dynamics, we see that all
we have done is to reproduce the exact P, trajectory, albeit with a

possible reparametrization of time.

The principal examples which we have encountered up to this point have
been invariant Hamiltonian systems. Therefore, we will concentrate on the
third variety of integrator which preserves the momentum mapping associ-

ated with a Lie group action and we will place energy preservation at a lower
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priority. In fluid mechanics, this translates into the construction of numer-
ical schema which implicitly preserve the Casimirs. In two dimensions, the
set of Casimirs will constitute the body integrals of smooth functions of the
vorticity. However, the algorithm will not necessarily keep energy constant.
Even though this is a problem, it transpires that the energy behavior ex-
hibits periodicity in time so that the computed solution fluctuates about a
mean trajectory which is the actual path through phase space.

We have defined symplectic algorithms and demonstrated that they are
limited in the sense that they cannot preserve all facets of the Hamiltonian
mechanics. However, we have provided no a priori method by which we can
choose integrators which preserve the subset of the first integrals of motion
in which we are interested. Symplectic difference schema are not covariant,
i.e., they are not invariant under all symplectic transformations. However,
when a class of symplectic transformations exists with respect to which the
algorithm is invariant, then it can be shown that the algorithm preserves
the Hamiltonian function which generated these transformations.

Consider the symplectic difference scheme Z = Dg(z) where the time-
step has been omitted. Move to new co-ordinates w under some symplectic
transformation, z = T(w). In these new co-ordinates, H — H oT and
Dy — Dk where K(w) = H(T(w)) and the symplectic difference scheme
becomes

T(w) = Du(S(w)).
or

=T oDyoT(w). (4.2)
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The scheme is invariant under a group G of symplectic transformations if
T-YoDyoT = Dyor forall T € (G. As an example, we will determine the set
of symplectic transformations under which the Euler mid-point algorithm is
invariant. The mid-point rule differences Hamilton’s equations as

R+ Sk _ 1
—= J 1112(—2-(zk'H + zk))

Under the transformation, z = T'(w), this scheme yields

k41 _ .0k 1
-7 - — = T (G (0F + wF)).

Now, under linear symplectic transformations T', we obtain
wk—i—l _ wk — T(Zk+1) _ T(Zk) —

T(M - 28 = T(TJ_lﬂz(%(zk + 25y =

T(rd - T H(T (T + wh)) =

7‘J‘1Kw(%(wk+1 + wk)).

The covariance may be exploited in order to build the required preser-

vation properties into the algorithm. This will be seen from the following

result.

Theorem 4.2.2 Given a symplectic difference scheme D for a Hamilto-
nian H defined on some phase space P, the scheme will preserve a first
integral f of H,

foDn(z)= f(2)
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for all z € P if and only if the scheme is invariant under the phase flow of

f. Recall that f is a first integral of H if {f,H} = 0.

We will prove this for a linear Hamiltonian system which has a quadratic
form first integral. Consider H = %zTAz where z € Vand A:V — V is

linear. The equations of motion are
i=J"1Az

Let a difference scheme for this system be denoted 25+ = Dj_1 42*. The f

in the above theorem will be assumed to take on the form
1 7
f(z) = 57 Bz.

The phase flow of this first integral is given by G* = exp(tJ"!B) and is a
1 parameter group in the phase space. Let us assume that the difference

scheme is invariant under this flow so that

s ~t

(G")ZlDJ—lAGt = DJ——l(G!t)—lAGt-
By Noether’s theorem, (G*)"1AG* = A which implies that
(G 'Dy14G = Dyry.

We will set D j-1 4 = #(J~1A) for notational convenience. Taking derivatives

with respect to t and setting ¢t = 0 yields
TH(JTAY 1B = JT1Bo(J L A),

which leads us to

B = ¢(J AT Bo(JLA).
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Therefore, the scheme conserves the quadratic form in B. The converse
uses similar arguments. To find a proof of the above result for more general
Hamiltonians, see Ge[13].

In the Euler scheme, every first integral of quadratic form will be con-

served because such first integrals give rise to linear phase flows.

4.3 Hamilton-Jacobi Theory and Generating Func-

tions

In this section, we will outline the traditional theory of generating functions
and the Hamilton-Jacobi equation both for time independent and time de-
pendent Hamiltonian systems. Even though we are essentially interested in
conservative Hamiltonian systems, we will find ourselves solving the time
dependent H-J equation. The reason for this will become apparent as we
progress and is intimately connected to the theorem of Zhong Ge discussed
in the last section.

Initially, we will present the theory of canonical transformation generat-
ing functions in the classical co-ordinate dependent manner. The treatment
will be at the level of Goldstein[23]. Following this introduction, the rela-
tively recent Lagrangian submanifold approach will be discussed. The reason
for deriving the same theory in two ways is due to the requirements of the
next section. At that stage, we will be concerned with the construction of
Hamilton-Jacobi solvers on the dual to a Lie algebra. The C'* functions on

such spaces have already been shown to constitute a non- symplectic mani-
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fold and it turns out that the most natural way to solve the Hamilton-Jacobi
equation in such a setting is through the employment of the Lagrangian sub-
manifold approach.

Consider the general canonical co-ordinate description of a tangent bun-
dle. A phase space transformation from co-ordinates (¢¢,p;) to (Q%, P;) is

defined by

Q' = Q'(g,p,1)

P; = P(q,p,t).
Such a transformation will be canonical if there exists a function K of the
new co-ordinates such that

oK . 0K
ST g

which are the familiar Hamilton’s equations. We know that this K must

Q’i

satisfy a Hamilton’s principle as H did, so that

ty

where ¢ [ means taking the variation with the end points values of ¢ and
P fixed. By comparing this to the original variation of the Hamiltonian H,
we find that the integrands will be equivalent up to the addition of the time

derivative of some function F' of the old and new co-ordinates, i.e.,

T dF
pi¢t — H(g,p,t) = PQ" — K(Q, P, t) + T

F is called a generating function and it can be taken to depend on a mixture

of the old and new co-ordinates. As an example, we can consider the form
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F = Fy(q,Q,t) which yields the following relations

O
pz_aqiﬁ
_OR
PZ__aQi7
L OR
K._H-%——gt—.

It should be clear that it is not possible to represent the identity transfor-
mation using this type of generating function. Generating functions can be
used as an alternative to solving the Hamiltonian equations. Consider some
physical system whose motion can be described by some set of canonical
co-ordinates in phase space. Take the initial condition to be specified by the
pair (g§, pio) at ¢t = 0. Then, if the system moves to (p, ¢) at time ¢, we seek
the canonical transformation which maps the system from (p, q) to (po, go)-
Since the initial conditions are fixed in time, we try to find a transformation
which maps into a K which equals zero, for in this case, Q =0and P =0.

The equation for the generating function F takes the form

oF
H(‘]apat) + '5{ = 0. (43)
If we choose the F' to be of the form Fy(gq, P,1), then since p; = %g?, we see
that
O0F, oF
H(Q)“E]-)t)Jr _Ft— =0

which is known as the Hamilton — Jacobi equation. This is the time
dependent equation as we have not made the assumption that the system

is conservative as time explicitly enters H in the above equation. If the
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system is conservative then H(gq,p,t) = H(q,p) and the generating function,

F, must be separable as

F2((I7a7t) = W(‘ba) + ﬂtv

where « and 3 are constants which are dependent on the initial values gp

and pg. The Hamilton-Jacobi equation now becomes

H(q,%%) = g.

We have derived the above sets of equations without any reference to the
differential geometry that we spent so long exploring. We will now connect
back to the more general theory. One of the first things that one notices
about generating functions is that they are co-ordinate dependent. In what
follows, this restriction will be relaxed.

The theory of Lagrangian submanifolds provides a covariant formalism
of the generating function approach to Hamiltonian mechanics. We will
start by providing the basic definitions and properties of Lagrangian sub-
manifolds.

A Lagrangian submanifold of a symplectic space (P,w) can be defined
in a number of equivalent ways but we will concentrate on the two which

have the most relevance to Hamilton-Jacobi theory.
Definition 4.3.1 A submanifold L of a symplectic space (P,w) is said to
be Lagrangian if its dimension is half that of P and w vanishes identically

on L. Fquivalently, we say that I is Lagrangian if the tangent space to L at

every point of L is equal to its orthogonal complement,i.e.,

T.L = (TL)* * {v € Plw(v,w)=0Y w e T,L}.
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forallze L.

As an example, consider the graph of a symplectic transformation f :
P — P which in local co-ordinates becomes (p,7) = f(p,q). The graph of f
is a Lagrangian submanifold of the symplectic space (R**, Q) = ((3,,p,q), 2 =
dpAdg—dpAdg). The 2-form € vanishes on L since the map f is symplectic.

A result which we will state without proof is that if we are given a 1-
form a on some configuration space @, then gra(a) C T*Q is a Lagrangian
manifold if and only if « is closed. Therefore, if f : @ — R then {(g,p) €
T*Q|p = df(q)} forms a Lagrangian submanifold of 7*Q. On a copy of R*"
endowed with a symplectic 2-form ¥ = diAdw where (W, w) is an element of
R*", a Lagrangian manifold can thus be generated by considering the graph
of the differential of some function S : R?*® — R, i.e., L = {w|w = dS(w)}.

The mechanism through which the results of the last section can be
reproduced using Lagrangian submanifolds is by finding a correspondence
between the graphs of symplectic mappings and the graphs of exact 1-forms.
If we have a Hamiltonian system on a linear vector space, then as in the
two examples above, the graphs will be embedded in copies of R" with
symplectic 2-form §2 for symplectic transformations and X for 1-forms. The
correspondence is achieved by using the concept of a generating map, @,
which is a linear symplectic transformation from (R*", Q) to (R*",X). This
formalism is due to Feng Kang[17]. As we observed in the first part of
this section, given local canonical co-ordinates on some symplectic space,
P, we could basically use any pair choice between the (P, Q) and (p, q) co-

ordinates in order to implicitly construct symplectic transformations. In the
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Lagrangian submanifold formulation, this choice becomes equivalent to the
selection of generating map ® that we make,
We will be particularly interested in generating functions of the first kind

The choice of ® in this case is

~-I, 0 0 O

® - 0 0 I, 0
0 I, 0 0

0 0 0 I

We see that ®(p,7,p,q) = (=P,p,G,q). Therefore, S = 5(q, ¢) and the
Lagrangian submanifold generated by S will be given explicitly by (=5, p) =
d5(g, 9).

Before presenting the Hamilton-Jacobi equation in terms of these gener-
ating maps ®, we need to state some more basic results from the theory of
Lagrangian submanifolds.

If L, a subspace of P, is Lagrangian and H € C°(P), then if H is
constant on L, L will be invariant under the phase flow of Xp. Also if F} is
the flow of X, then F;(L) remains Lagrangian. Using these properties, we
can state the Hamilton-Jacobi theory in terms of L and its flow. Suppose
that L C T*Q is the graph of some exact form dS. We say that § is the
generating function for L. Assume that L is the graph of some Hamiltonian
trajectory generated by some function H on P. If F} is the flow of the
corresponding Hamiltonian vector field X, then for a short time, Fy(L) is
the graph of the differential of some Sy :  — R which depends smoothly on

t and equals S at t = 0. This S(t, q) satisfies the Hamilton-Jacobi equation.
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Returning to the Kang formalism, we see that since the Hamiltonian is
defined on the copy of R? with the 2-form €, we will have to find the inverse

of ® in order to write down the Hamilton-Jacobi equation. Therefore,

a5 -1
Frie Ho Pyod '(dS(w)), (4.4)

where P, is the projection of (W, w) onto the second factor. For generating
functions of the first kind, this equation reduces to the familiar

a5 a5
— = —H(q,—). 4.5
5 (4, 5;) (4.5)
The derivation of Hamilton-Jacobi theory using Lagrangian manifolds
may appear redundant but as we will need to construct integrators on Lie-

Poisson manifolds which are generally non-symplectic, it will be seen that

the more abstract Lagrangian manifold approach is appropriate.

4.4 Momentum Preserving Algorithms and the

Reduced Hamiiton-Jacobi Equation

How can we use the generating function formalism of the last section to con-
struct symplectic difference schemes? Fixing some generating map ¢, and
assumimg that we can find some generating function Sy on (R%,Y) whose
graph generates the identity transformation on (R%*, Q) under -1, then
we can construct an algorithm as follows. If we choose a small enough time
step, 6t, we could form a power series solution for the generating function

S; of the last section which smoothly equals Sy as t — 0. Let

§t™
S(t) = So + }:7-1-, Sy (4.6)



102

which by the statement at the end of the last section also solves the Hamilton-
Jacobi equation. This series truncated at any order will provide a symplectic
difference scheme.

However, we again face a dilemna. We do not know a priori if the trun-
cated generating function series will preserve the first integrals of motion
in which we are interested. In section 4.2, we defined the conditions under
which a symplectic difference scheme is invariant under a group of symplec-
tic transformations. We will now do the same for generating functions. If
Dy, is the difference scheme generated by S, then under a symplectic trans-
formation, z = T(w), 7 = Dy(z) transforms to @ = T o D}, o T(w). We
say that Dy is invariant under some group G of transformations if and only
if there exists a linear transformation defined by some A : R — R*" such
that locally ug-1,p,0r = up, © A. There also exists a connection between
first integrals of motion for the physical system and the invariance of the

symplectic difference schema.

Theorem 4.4.1 Let f be a first integral of the system with Hamiltonian H.
For a given choice of ®, the symplectic difference scheme Sy, derived from
truncating the power series expansion of S at order k will preserve f if and

only if 8y, is invariant under the flow of f.

The above formulation is also valid on cotangent bundles. We will be
interested in the cases where the first integrals of motion are generated by
a Lie group action on the cotangent bundle . The momentum mapping

is the corresponding quantity which is preserved under the Hamiltonian
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dynamics and we will now investigate the types of generating maps ® which
will produce momentum mapping preserving symplectic schema.

Let ¥ : G X P — P be an action on P with momentum mapping J

defined by
J:P— G" < J(ag), £ >=< a4,¢p(q) >,

for all @y € P and £ € G. If P = T*() and taking a generating function of
the first kind, S : @ x Q@ — R, then we will prove that if ¢g : T*Q — T*Q
is the symplectic scheme generated by S, then in order that ¢g preserve the
level sets of the momentum, J, ¢s must be G-invariant, i.e., ¢5(¥(g,2)) =
V(g, ¢s(2))-

To prove this, differentiate this expression with respect to ¢ in the direc-
tion £ € G.

ol (eapte, 2)) =
T.66p(2) = £p(4(2))

This implies that X jeso4 = X<ie> and thus,
< JJ,E> o0p— < J, E>

differs from zero by at most a constant. Also, if § is invariant under the
diagonal action of the group G, ie, S(¥(g,¢),¥(g9,%)) = 5(¢,9), then
the resulting symplectic difference scheme ¢g will preserve the level sets of
J. This can be proven in a similar way by differentiating the § invariance

expression in the direction of £ € G. We obtain

%ImoS(‘I’(exptf,q), V(expté, q0)) = 0,
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which implies that
dS.£p(q) + dS.Ep(qo) = 0,

or

%Z"fP(Q) = —gga-fp(q@)-

But

J o ¢5(q0,9)(€) =< p,Ep(q) >=

< %j,gp(q) >= dS.6p(q) =

——%.5@(%) = Tdo, po).

The converse of this is also true: If ¢ is a symplectic difference scheme
on P which preserves the momentum mapping, then it is always possible to
derive ¢ from a G-invariant generating function of the first kind.

So, when we choose the generating mapping which produces generating
functions of the first kind, the resulting symplectic difference scheme will
preserve level sets of the momentum mapping.

We will now turn to the context of Poisson manifolds. This environ-
ment presents problems for the implementation of the generating function
procedure. As we have seen in earlier chapters, a Poisson manifold is not
symplectic but rather foliates into symplectic leaves whose dimensions are
even but not necessarily constant across leaves. The solution which can be
found in detail in Ge[18] is to employ a Generating Pair. In our case, there
will be an extra stipulation that whatever mechanism we use to generate

Poisson mappings (symplectic leaf preserving) on P, it must be able to gen-
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erate the identity transformation on P. This concept of a generating pair

can be described as follows.

Definition 4.4.1 A strict generating pair for a Poisson manifold P is a
pair (S, J), where S is a symplectic manifold and J is a Poisson map from
S to P X P~ where the minus superscript indicates that the Poisson bracket
in this copy of P has been multiplied by minus one. J must have the property
that Lagrangian manifolds of S are mapped to the graphs of local Poisson
autornorphisms in P. Also, to be a strict generating pair, there must exist

an Lo C S such that J(Lo) is the identity automorphism on P.

For Lie-Poisson systems, i.e., Poisson manifolds derived by the left or
right action of a Lie group G on its own cotangent bundle, the formation
of a generating pair is quite straightforward. This generating pair will only
be strict for a certain subclass of reduced phase space duals. The reduced
dynamics inhabit the C>°(G*) Poisson manifold and the generating pair is

S =T*G and J = Jp X Jp, where
Jr 2 T*G — G* Ji(p,g) = =TL;(p)

and
Jp:T"G — G, Jr(p, 9) = —TR;(p).

We have J : § — G* X G*~ because right reduction will endow G* with
a plus sign in its Lie-Poisson bracket and left reduction will leave a minus
sign. Section 1.5 has more details.

For the Lie-Poisson case, we will now explicitly write down the resulting

Poisson automorphism on G* X G*~. A Lagrangian manifold in S can be
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expressed as the graph of an exact 1-form on the cotangent bundle to 5.

Namely
L = {(g,du(9))},

for some u : G — R. Then the Poisson mapping on the reduced phase space

will be given implicitly by
A:P — P, A(7)= (%), (4.7)

T = -TL(du(g)) T = -TR}(du(g)) = Ad}_, (). (4.8)

The Hamilton-Jacobi equation will be as given in the previous section,
namely,

uy = —H(-TR;.du(g)). (4.9)

We still have to show that under certain conditions, there will exist a
Lagrangian submanifold on 7*G which generates the identity transformation
on G*. For the special case in which G is regular quadratic,i.e, G is endowed
with a bilinear, Ad-equivariant, 2-form, then the identity transformation
can be easily derived from this 2-form. We will prove this for the case of
a semi-simple Lie algebra. In the case of a semi-simple Lie algebra, the
regular quadratic property is satisfied by using the metric derived from the
Cartan-Killing form which was introduced in Chapter 3. Denote this regular
quadratic 2-form by < .,. >: X G — R. We will now construct a generating

function on G which produces the identity transformation on G*. Let

u:G = R, u(g) =<lIng,lng >, (4.10)
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where In is the inverse of the exp mapping. In order for the Lagrangian sub-
manifold Ly corresponding to this u to produce the identity automorphism
on G*, we need to prove that T R}du(g) = T L}du(g). This follows from the

Ad-equivariance of < .,. >.

u(g) = u(Lg, © By )(g)-

Differentiating this expression will yield

du(g)(Adg) = du(g)¢,

for £ € G. Bringing the Ad operator out of the argument for du gives
Ad; i .du(g) = du(g),

which implies that

~TR; du(g) = —=TLj du(g).

To be complete, the Jg mapping should also be shown to be a local diffeo-
morphism in a neighbourhood of (e,0) in T*G.

We have succeeded in incorporating Poisson mappings on Poisson man-
ifolds into the generating function formalism. For the special case of a
Lie-Poisson system with a regular, quadratic form, we can carry out the con-
struction of a Lie-Poisson integrator by building a Poisson difference scheme
using the strict generating pair. The reduced Hamilton-Jacobi equation can
be solved for some truncated power series on T*G with time-step 6t about
the identity transformation, uo(g) =< Ing,Ing >. Thus, the algorithm can
be executed totally in the environment of the Lie group and all Poisson

transformations are effected only implicitly.
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4.4.1 The Lie-Poisson Integrator of Channell and Scovel

In the last section, we constructed integrators for Lie-Poisson systems through
the strict generating pair formalism which allowed the Hamilton-Jacobi
equation to be expressed in terms of dual Lie algebra variables. In essence,
we take a scheme on T*G and use it to produce a Poisson transformation
algorithm on G*. For some appropriate time-step, 7, if we are initially at

some point Iy € G*, we can time march to II via solving
o = =TL;.dSL (4.11)

for g and then setting
= Ad; .o (4.12)

for the time advanced variable in G* or more accurately, in the co-adjoint
orbit through Iy, Op, = {I|II = Ad;_l(Ho) , g € G}. Implicitly, the co-
adjoint orbit or phase space is preserved. Channell and Scovel[14] carry this
algorithm one step further in that instead of solving for g in the group, they
use the exponential mapping and its locally defined inverse, In, to lift the
algorithm to solving for elements of the Lie algebra and its dual only. The
advantage in this approach stems from the difficulties associated with doing
computations in the Lie group. It will be recalled that exp : G — G provides
a natural co-ordinatization of the Lie group. ezp is not necessarily onto G
but will admit an inverse in an open neighbourhood of the identity, e € G.
The whole of G can be covered by left translating the ezp mapping across
G. The advantage of the Lie algebra co-ordinates as opposed to those on the

Lie group is that by computing in the Lie algebra, the ezp mapping from G
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to (G guarantees that we do not move out of the group.
We will now transfer the algorithm from the G/G* setting to the exp
defined G/G* environment. First, we define the analog of the generating

function which is a real-valued function on G.
§:G— R, Sc(g) = S(ing),

for ¢ € G.Provided the time step is small, we will only need to invoke this
definition in a small, open neighbourhood about the identity in which In is
well-defined. If S;, : G — R, then the differential of Sr,, dSr : G — T*G is
defined by

dSL(g)(vg) = Py o TySr(vg) for vy € T,G.

The operator P is the projection onto the second factor. Therefore, by
applying the chain rule, we obtain for the argument of the Hamiltonian

function in the Lie-Poisson H-J equation,

—-TRE.db'L = ———TRZ(PQ) oTST,
— —P,oTS(TR,) = —P,TS.Tin.TR,.

We have encountered all the above tangent derivatives in earlier chapters
except for Tln the evaluation of which will require a number of tricks from
the theory of Lie series. For a review, the reader is referred to Dragt and

Finn[16]. First we need,

Theorem 4.4.2 The tangent derivative of the exp function at £ = Ing sat-
isfies

Tgel‘p = TLg—1 ¢(~ad€),
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where aden = [€, )] for n € G. The function ¢ is a formal power series which

takes the form
Z'ﬂ

¢(z) = Em.

Proof Note that exp: G — G and thus,
Texp:TG(2G x G)— TG,

and Teexp: G — T,G.

We first consider Teexpf = Edz]tﬂeatptﬁ for £ € G. Thus, we let A(t) =

t€ and note that we can express T L -1T¢ezp: G — G as
d
exp — A(t)ﬁhzlexpfl(t).

To proceed, we will need the following result concerning the vector
solution on some vector space V, of the differential equation

du
— = A .
s U+ w

We find that

u(s) = e*Au(0) + f(s, A)w.
In this equation, f(s,z) = ﬁe—;—’—ll and A:V — V is a linear transfor-
mation on V. Let B(s,t) = exp— sA(t)£expsA(t). Differentiate with
respect to s to obtain

OB ,
oo = -[4, B+ A

Therefore, B(s,s) = %%%%1—],4. Evaluate this at s = 1 to get

B(1,1) = ¢(—adf).£.
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This is because ¢ in the statement of the theorem is actually equal to

(1, —ad§). The result follows immediately.
Now, from the chain rule, we have
Tyln.Teexp = Te(In o exp) = Idg,
where expé = g. So, we find that
Tyln = Y(ade). TLy-1,

where Y(z) is the power series satisfying YT(2)¢(z) = 1. In fact, T(2) =

[ezz_ - We now multiply 7ln on the right by TR, and find
TInT Ry = Y(ad¢)Adegp—g,

by definition of Ady : G — §. The identity Adezp—¢ = e~%  allows us to

simplify things further so that

~TR:dSy = —Pry. TS.TIn.TR, =

—dS. Y (adg).e~*%.
Letting ¥(adg) = T(ade).e~%%, we finally find

Iy = —dS.T(ade), (4.13)
and

I = —dS.¥(ade). (4.14)

The reduced Hamilton-Jacobi equation now becomes

a5

5 = ~H(=dS.¥(ad)). (4.15)
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We have now removed all traces of the group operations. The algorithm
is totally expressed in terms of elements of the Lie algebra and its dual and

to implement, we now solve for £ instead of g = exp€.

4.4.2 The Lie-Poisson Integrator on Regular Quadratic Lie
Algebras

When the algebra is regular quadratic, there exists an Ad-invariant, non-
degenerate quadratic form < .,. > on G with respect to which a metric may
be defined. As already mentioned, in the case of semi-simple Lie algebras,
this quadratic form can be taken as the Cartan Killing form. We know
that on @, the identity transformation for G* is generated by Sp : G —
G, So(€) = 3 < &€ >, forall £ € G. Therefore, to seed the algorithm
of the last section, we expand in the time-step about Sy and truncate the
power series at some desired order. We will calculate the first few terms
in the expansion using Taylor’s theorem. For the sake of completeness, we
will state Taylor’s theorem for a C®, real-valued function on a linear vector

space, L.

Theorem 4.4.3 Taylor’s Theorem

AC" map f : U C E — R can be expanded about a point w € U as
follows

flu+h) = f(u)+ é1(w).h+ C’sz(!u).h,2 + ¢3§!u).h3 + .,

where h? = (h,h,...,h) p times and ¢, = DPf.
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Let us insert the power series expansion,

s = 5o+ s, 0),

into the Hamilton-Jacobi equation.

By Taylor’s theorem, we find that to

e First Order:

51 = —H(—dSo.\Il(adg)). (4.16)
¢ Second Order:
52 = DH(—dSO\II(adg))dSl\II(adE) = (417)
OH
5-‘7(151\1’(&(15),

where V = —dSy.¥(adg), and to

e Third Order:

oH 0*H

We will develop integrators of this and other types for rigid body and

su(N) dynamics in the next chapter.
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Chapter 5

Applications

5.1 Introduction

We will build Lie-Poisson integrators for so(3) and su(N). Both these al-
gebras are regular quadratic. Therefore, Lie-Poisson dynamics on both Lie
groups can be realized numerically using the Channell and Scovel integrator
of chapter 4. However, it is found that the integration times for the vor-
ticity dynamics over su(N) are prohibitively slow. This arises because the
scheme is implicit and at every time-step in the computation, power series
in large matrices must be evaluated. If we are to develop an efficient numer-
ical tool from the application of Lie-Poisson ideas, we will need to construct
faster algorithms. We propose a new explicit Lie-Poisson integrator which
still relies on the exponential mapping co-ordinatization of the Lie group.
Therefore, Lie power series will again be encountered. However, at each
time-step, only one power series calculation is required and the scheme is

explicit. The time-step will again be limited as in the Channell and Scovel
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integrator because the In mapping from the group to the algebra is only
defined in a small neighborhood of the identity mapping in G. However,
each component in the power series expansion has a time-step factor which
quickly reduces large powers to within machine error so that a finite series
truncation is sufficient. We test the explicit scheme against the implicit
Hamilton-Jacobi solver in the SO(3) case with very favorable results. This

explicit Lie-Poisson algorithm works for any regular quadratic Lie algebra.

5.2 Rigid Body Dynamics

The rigid body with one point fixed is the paradigm example for geometric
mechanics. The configuration space is the Lie group SO(3). This is easily
seen by considering the rigid body with one point fixed at the origin of R3.
Take z(t,z0) as the position of an element of the body at time ¢ given its
initial position 2o at ¢ = 0. Then, there exists an orthogonal matrix A such
that

z(t, z0) = A(t)zo. (5.1)
A(t) must be an element of SO(3) if the motion is continuous and A(t =
0) = Id. The mass of the body will be described by some measure on R3

which is positive. The kinetic energy of the body then satisfies
. Lr,..
K.E.= 5/(@«,9:)4”(:3)

17 . .
=3 / (Azo, Azo)du(e). (5.2)
A(0) will be an element of the tangent space at the identity of §O(3), which

is the Lie algebra. The Lie algebra of SO(3) is the linear vector subspace of
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gl(3) whose elements are skew symmetric. If R € so(3), then there exists a

w in R3 such that R(z) = w x z for all z € R3. Therefore,
&(t,z0) = w(t) X x(t, 20) (5.3)

for some time dependent smooth function R(t) in so(3) whose counterpart
in R3 is w. This w can easily be seen to equal TRR(t)—l R(t), the right
tangent translation of R(t) € Tr1)SO(3) to so(3). This w is referred to as
the angular velocity and corresponds to viewing R from a frame of reference
fixed in space. The velocity vector derived from left action will be seen to
be the view of R from a frame of reference fixed in the body. and is given
by @ =TLpyy- R(t). The kinetic energy is seen to equal 3 < Q(1), Q1) >,
where < u,v >= [(u X @,v X z)dp(z). The trajectory of the rigid body
through its configuration space will be a geodesic of this Riemannian metric,
i.e., the trajectory will conserve and minimize the kinetic energy. This metric
can be written in terms of some symmetric matrix I which maps the Lie

algebra into its dual and such that
<u,v>=Iuw

where Tu.v represents the natural pairing between the algebra and its dual.
Also, since so(3) is semi-simple, its Cartan-Killing form is non-degenerate
and we can identify the algebra with its dual and consider I : so(3) — so(3)
instead. The isomorphism with R3 simplifies matters further since the metric
on the algebra, g;; becomes the kronecker delta, the Lie algebra bracket

becomes the cross product and axes can be chosen so that I is diagonal.
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By moving to the angular momentum formulation which is basically the
same discussion except over the dual Lie algebra, we can check to see that the
rigid body dynamics are in fact Lie-Poisson. Take the angular momentum
to be given by m = (my, mz2, m3) € s0*(3)(Z R®) and assume a general form
of -1 such that the kinetic energy is equal to H(m) = % <m,I7im >. If

F € C*(s0*(3), then the Lie-Poisson bracket of F' and H at m will be

(R HY(m) =< m,[30, 70] >
= —-—m.(VF X VH)

where VF = (%%), which is the functional derivative of F' with respect to
m € s0*(3).VF is an element of the Lie algebra. We can choose the basis for
s0(3) such that the inertia tensor becomes diagonal. In so doing, we can see
what the equations of motion look like in dual algebra body co-ordinates.
Since all the eigenvalues of [ are real and positive, the time derivative of F'

will be
F(m)=VF.(m)={F,H}(m)= -m.(VF x VH)

= VF.(m x VH). (5.4)

I71is diagonal in this basis so, we have H(m) = (m?/I}) where summation

is implied. Thus

s (1) = (m x VH(m)) = mzmg(% - %), (5.5)

and similarly for y and z component of m. These are our familiar angular

momentum equations. A direct substitition will show that H and |m|? are

conserved.
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5.3 Generating Function Integrator for SO(3)

An integrator for rigid body dynamics can be derived from the algorithm
presented in section 4.5. The Cartan-Killing form furnishes so(3) with an
Ad-invariant, non-degenerate quadratic form, K : so(3) X so(3) — so(3). As
we know, the identity transformation for Poisson mappings in so*(3) will
then be produced by the generating function defined in terms of the Killing

form,

50(€) = ~3 K(6,6) (5.6)

where £ is arbitrary in so(3). The time advanced angular momentum vector
will then be computed by solving the Hamilton-Jacobi equation for some
power series perturbation in the time step to Sg.

The Cartan-Killing form for so(3) reduces to the scalar product after we
identify the Lie algebra (so(3),[,]) with (B3, x). Thus, the adjoint action
ad : s0(3) X s0(3) — so(3); aden = [£,7)] becomes the cross product in R3.
We also have

K(&,n)=~€, (5.7)

for £, in so(3) = R3. Thus the algebra metric which acts as the raising

and lowering operator becomes

9i; = —&ij.

From the previous section, we know that a basis in R® can be chosen so that
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the kinetic energy which generates the metric

Gij = ~3 K(lei,e;) (5.8)

for some symmetric 1 : so(3) — so(3), reduces to
1
Gi; = 51}51']‘. (5.9)

Therefore, on the dual algebra so*(3), the kinetic energy, in terms of the

angular momentum, takes the form

H(m) = %Gijmimj =

%(%i %%. + %5). (5.10)

If we the rigid body starts at some point mg € s0*(3), then it will remain

on the sphere ||m||? = ||[mol|?, the trajectory being the intersection of this
constant Casimir surface and the ellipsoid of inertia, H(m) = H(mq).

In order to construct the Lie-Poisson integrator from the generating func-

tion formalism, we will need to solve the reduced Hamilton-Jacobi equation

%—?- + H(~dS.U(ady)) = 0,

which was derived in section 4.5. We use
Mo = ~dS.I‘(ad5), (5.11)

to solve for € and then time advance along the constant momentum trajec-

tory to m(t) obtained by substituting £ into

m = —dS.¥(adg). (5.12)
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We will recall that the ¥ and I are to be interpreted as Lie series of operators

where
U(z) =I(2)e””
and
z
r = .
(2) l—e*

It is easy to see that ¥(z) = ;*-% = I'(z) — z. The expansion of I'(2) is

1 1 1
T(z)=1I S B R S R 1
(z)=1+3 ” 5" 70" toam0” T (5:13)

and when interpreting I'(—ad) etc., it is a calculation of this series which
is implied. In the algorithm above, we are solving for an element of 30(3)
which will be dependent on the time-step 7 chosen, so that we would expect
that the series could be truncated at finite order with only machine error
departure from the Lie-Poisson dynamics.

The solution to the Hamilton-Jacobi equation with So(§) = —1K(§,€)

to first order is by equation (4.5),
Sy =—-H(V),
where V(&) = —dSo.¥(ade¢) = —dSo.Ig. This follows because

£(Exn) =0,
and
E(Ex (Exm) =0,
ete. This allows us write

s=-tE, 8,4

2[11 Lt (5.14)
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and thus —dS; = (%, %’—, %) Therefore, the algorithm simplifies to solving
for £ in

mo = —dSo(€).T(ade) — TdSy(€).T(ade) =
— & —1dS51.T(ad), (5.15)
and then setting,
m = mo — dS1.ade. (5.16)

The second term in this equation simplifies to
1 1 1 1 1 1
—[(Tl - -1—2)51527(1—3 - E)€1£3’(E - 1—3)5253]~

We will compare the results of this algorithm with the explicit scheme

developed in the next section.

5.4 Explicit Lie-Poisson Integration

In this section, we introduce a new explicit Lie-Poisson algorithm. Take a
Hamiltonian system on the cotangent bundle of some Lie group. Assume
that the Hamiltonian is left-invariant under the group action of G on T*G.
We saw from section 1.5 that the co-adjoint orbits on G*, when the phase
space has been left reduced, is given by the negative Lie-Poisson bracket,
ie., if 4 € G*, then the co-adjoint orbit through p € G* will be (O,,w,)
where O, = {Ad;_.(p)lg € G} and

wu(€g+(p), ng+(n)) = = < p, (&, n] > . (5.17)

< .,. >is the natural pairing between the Lie algebra and its dual and [,]

is the Lie algebra bracket. From section 3.5, we know that the equation of
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motion for some p € G* and Hamiltonian, H € C°°(G*) are given by
ft = Fadsy p
b

The minus arises if the Lie-Poisson system was derived by identification
with right invariant vector fields and the positive arises in the left-invariant
case. Therefore, for a left invariant Hamiltonian, the equations of motion
for p € G* is given by

o= adpu (1). (5.18)
Sp

In order to integrate this system, we have resorted to the construction
of symplectic integrators which are based on the reduced Hamilton-Jacobi
equation of Chapter 4. While this approach is applicable to a very broad
class of Lie-Poisson systems, it is only easily realizable in the subcase of
regular quadratic Lie algebras, i.e., algebras endowed with an Ad-invariant,
bilinear, non-degenerate form. As we have seen, this property enables us to
constrict a non-singular identity transformation on §* for the momen

tum
preserving generating functions of the first kind on T*G. This was accom-
plished by the application of the strict generating pair theory of Ge[13].
Armed with such an identity transformation generator, we can then form
a kth-order perturbative solution to the Hamilton-Jacobi equation which is
implicitly Casimir preserving and Poisson, i.e., the mapping on G* is sym-
plectic with respect to the KAKS symplectic form on co-adjoint orbits.
We claim that it is possible to build an explicit Lie-Poisson integrator for
precisely these Lie algebras without reverting to a Ruth[14] type of approx-

imation to the Hamiltonian. If G is regular quadratic, then it is possible to
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form a diffeomorphism between co-adjoint and adjoint orbits. For brevity,

we will present a result proven in [1] for a left-invariant Poisson system.

Proposition 5.4.1 Let H : T*G — R be a left-invariant Hamiltonian, i.e.,
HoT*Ly = H for all g € G. On O, we defined the symplectic KAKS
2-form with the negative sign having been selected. If there exists a bi-
invariant 2-form (.,.) on G, then the adjoint orbit through € € G given
by O = {Ady€lg € G} has symplectic 2-form

we(Cg(€),mg(§)) = — (&, ¢, D), (5.19)
for £ andn ingG.

As we will be using the Cartan-Killing form in our examples, let us
denote (.,.) by K(.,.). K is non-degenerate, so for every p € G*, there
exists a unique i € G such that < p,& >= K(f, &) for all £&. We now
show that as a consequence of K being Ad-invariant, the adjoint action is
skew-symmetric with respect to it.

Consider
. d .
K (ad€C7 77) = a‘t:OA (Adexpt£C7 77) =
d ; .
8%'“:01g (C> Ademp—-tﬁn) =K (Ca ad—én) =
— K (¢, aden). (5.20)

With this information, we return to the original equation of motion on
G* Since [ is the derivative of an element of a linear space, it can be also

considered an element of that space. Thus, there exists some unique i in G
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such that
< 1o >= K(ji, ).
Also, setting £ = -‘55—11— € G, we deduce
< f,n >=< adipu,n >=
— < p,aden >= K(fi,aden) =
— K(adefi,m). (5.21)

Therefore by the Ad-invariance of K, the system reduces to

i = —adefi = ad_gjfi. (5.22)

We can now approximate this flow by discretizing its equation of motion.
If we choose as our initial position some element of the Lie algebra, po,then

for time-step, 7, the time advanced element uy will be given by

o~
(&3}
[\]
(™)

p—g

M1 = Adexp-—thﬂOv

where h = %}%(Mo) is the first derivative of the Hamiltonian evaluated at the
starting point. Each iteration may then be executed by replacing uo by p1
and iterating through time.

The trick which makes this algorithm pratical without any neccessity to
separate the Hamiltonian into simpler pairings, is found in a formula which
we have already encountered in the last chapter and proven in [24]. It can

be shown that for £ in the neigborhood of the origin in G,

Adegp_¢ = e7%, (5.24)
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where, just as in the final sections of the last chapter, ad; is simply a linear
operator of a linear representation of G and thus the right-hand side of
equation[1.23] can be interpreted as a power series in the operator.

The above time-stepping obviously preserves the Casimirs by definition.
However, we should check to make sure that the KAKS symplectic 2-form

on the adjoint leaves is preserved.

Proposition 5.4.2 Ad,-1 : O — O¢ preserves the symplectic 2-form, wo,

i.e., (Ady-1)*wo = wo.
To prove this, consider

((Adg—1)"wo)(¥)(€g(¥), ng(¥))- (5.25)

By definition this equals

wo(Ady-19)(TyAdy—16g(), Ty Ady-1mg(¥)). (5.26)
Now, in general ()Y () = (T£)"Y (f(2), 50 Ty Ady+£o() = (Ady)Eg(Adymrih).
So, equation(5.24) equals
wo()((Ady)"Eg(¢), (Adg) ng(4)), (5.27)

where ¢ = Ad,-19. We next use the fact that (Ady)*¢g = (Ady-1§)g, to

obtain
w0(¢)((Adg—1€)g(¢)7 (Adg~177)9(¢)) (528)
By the definition of the KAKS bracket on adjoint orbits via the Cartan-

Killing form, we find that equation(5.27) becomes

—K(¢, Ady[¢,m]) =
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- I((¢v [6977])7 (529)

by Ad-invariance of the Cartan-Killing form. The transformed 2-form (5.24)

now equals

wo(¥)(€g(¥), no(¥))- (5.30)

Therefore, the Ad mapping preserves the KAKS 2-form.
This algorithm will be implemented in the next section for the case of the
rigid body dynamics and compared to the results obtained via the implicit

Hamilton-Jacobi integrator.

5.5 Rigid Body Calculation

We now implement the above algorithms for the same test probelem and
compare their performances. Take a rigid body with moment of inertia
tensor, diag(ly, I, I3) with I;[5l5. The moment of inertia ellipsoid has

semi-axes \/2E [, /2E 1y, \/2EI3 where

mZ mi m3
IE = [—L 4 2 L 73
Lttt L)

The angular momentum vector has magnitude m = \/m? + m2 + m2 and
the dyanmics of the rigid body is determined by the value of m relative to

the semi-axes.

1. If m < \/2FI3 or m > /2EI, then no motion is possible.

2. If \2EI3 < m < /2E12 then the motion will be periodic with the

constant angular momentum sphere intersecting the ellipsoid of inertia
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between the smallest and middle semi-axis.

3. If /2EI, < m < /2EI then again the motion will be periodic about

the longest axis.

4. If m is equal to any of the three semi-axes, then this represent equi-
librium points with the two extrema being stable and the middle one

unstable.

We choose Iy = 8,1, = 4 and I3 = 2. We also choose the total angular
momentum to equal 3 with initial position m = (/2,4/7,0). Thus, the
momentum lies in between the middle and the largest semi-axis. This gives
an energy of £ = 1.

Both numerical techniques were seeded with these initial conditions and
implemented. The explicit integrator benefits from the implementation of an
exact formula for the so(3) Lie algebra from Whittaker[25]. The result states
that if £ € so(3), then the exponential of the linear adjoint transformation

derived from this element of the algebra is equal to

i in2(LEl
exp(ade) = I + -S—l—{lll(—gﬁ—“—zadg + —%E—l—ﬂ—g(l—gz——)adg. (5.31)
2

Both integrators performed very well from the point of view of preser-
vation of the angular momentum or Casimir. The implicit algorithm ap-
peared not to have secular growth terms in the energy whereas the explicit
Lie-Poisson mapping exhibited a monotonic increase in its energy by about
3-percent in 10° time steps. Both integrators reproduced the angular mo-

mentum vector consistent with each other.
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The angular momentum remained constant throughout the calculation
producing a trajectory completely specified by a position on the unit sphere.
Because the energy error away from its true value was so small, the exact
trajectory is almost completely reproduced. This is independent evidence
that the explicit integrator is actually producing credible numerical results.
Of course, the secular growth in the energy is worrying as the evidence seems
to be that the energy oscillates around its true conserved value. However,
it may be that the oscillation has a greater period than that of the implicit

scheme.

5.6 SU(N)

For the su(N) application, the process of constructing the algorithm is ex-
actly the same as for the rigid body. We will demonstrate the process for
the explicit scheme.

For su*(N), choose the basis {S¥}req as in chapter 3, section 5. We
know that su(N) is semi-simple and that the Cartan-Killing form in this
basis reduces to g;; = N28(¢ + j)|modn. Therefore, if we are given an w €
su*(N), then we must transform it to N2y w_,T, in order to apply our
integration technique. Given w, there are two more quantities to calculate,
the functional derivative of the energy and the linear operator ad¢ on su(N).

The functional derivative of the Hamiltonian with respect to w is just

(kl—?w._ka) € su(N).
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From chapter 3, section 4, the matrix of the adjoint transformation is
(ad(Tin) X )n = (M )nk Xk (5.32)

which provides a matrix representation on G.

The exponential power series is then evaluated by taking matrix powers
of this matrix. This is common to both algorithms. Just as in the so(3)
regime, we get very good results for low dimensions but the implicit algo-
rithm begins to slow down to a point where it is impossible to use it for any
significant vortex distribution evolution.

The explicit algorithm should speed up this process by 100 to 200 fold.
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Conclusion and Summary

We have developed the theory of geometric Hamiltonian fluid mechanics and
built Lie-Poisson integrators for low dimensional truncations of the 2-D Eu-
ler equations on the 2-torus. The idea of using such integrators is appealing
as they could provide a Hamiltonian technique to investigate longtime invis-
cid integrations. We hope that the explicit Lie-Poisson integrator introduced
in chapter five will provide a practical tool for exploring the SU(N) trunca-
tion We can definitely say for certain that the implicit Lie-Poisson integrator
of Channell and Scovel does not appear efficient and practical enough for
large scale simulations. Another research area in which the SU(N) trunca-
tion may find application is the equilibrium statistical mechanics of the 2D
Euler equation. The attempt to use statistical mechanics to describe two
dimensional inviscid fluid flow was initiated by Onsager[27] for the point
vortex weak solution to the Euler equations. The analysis seemed to sug-
gest the emergence of coherent structure of like-signed point vortex clumps
in the fluid domain. This line of research has continued to the present day
with the most recent results of Miller[28] which also predict the emergence

of such vortex structures except that the Miller theory actually models more
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realistic continuous solutions to the FEuler equations. One of the problems
with attempting to build a statistical mechanics is to identify the true phase
space on which the Hamiltonian flow exists. Miller argues that phase space
is the space of all vortex fields and that at least in the microcanonical en-
semble averaging, one integrates over the vortex space under the Casimir
constraints. However, since these constraints are infinite in number, some
form of approximation to the Helmholtz laws are effected. This approxi-
mation unfortunately breaks material line integrity. Of course, this may be
quite justifiable in the long time limit of equilibrium statistical mechanics
and only extensive testing of the theory will yield a satisfactory answer. The
question of the isolation of the real phase space can however be quickly ad-
dressed from the discussion of the previous chapters. The space of all vortex
fields foliates into co-adjoint orbits which have a symplectic structure and
are disjoint. Therefore, depending on the choice of initial vortex distribu-
tion, the appropriate phase space will be that particular distribution’s orbit.
The truncated torus flow offers a tempting mechanism by which a statistical

mechanical program could be implemented.
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Appendix A

Differentiable Manifolds,
Tangent Bundles and
Manifold Mappings

The fundamental result of manifold theory, at least for our applications is
the formulation of calculus on general spaces. This is achieved by locally
identifying the set with some linear space such as a Banach space. Calculus
can then be executed on the set by moving to the Banach space, computing
as normal and then mapping back to the set. By carefully linking the local
charts together, a global calculus is obtained.

Given a set M, a local chart on M over some Banach space V is a pair
(U, ¢) where U is open in M and ¢ : U — V is bijective onto an open set in

V. M is called a smooth manifold over V if

1. for all z € M, there exists a chart (U, ¢) such that z € U.
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2. for every (Uy, ¢y1) , (Uz, ¢2)
¢1(U1 N Ug) and ¢2(U1 N Uz)

are open in V and,

3. a0 07t (U NUL) — ¢o(Uy N UL) is a C> diffeomorphism.

A mapping f: M — N from one smooth manifold to another is of class
C™ if given (U, ¢) a chart in M and (W, ) a chart in N such that if « € U,
f(e) € W, the mapping fey = o fog™!:p(U) — P(f(U)) is of class C.
We will use f3y to construct the derivative of f.

In order to define the derivative of a manifold mapping, we need to
construct the tangent bundle. A tangent bundle is a special case of a vector
bundle which can be thought of heuristically as a way of assigning a linear
vector space to every point on a manifold.

Locally a vector bundle will look like a vector space product. If £ and
F are vector spaces and U C F open, then U X £ is called the local vector
bundle with U the base space which is isomorphic to U x {0} which is
known as the zero section. If w € U, then {u} X F is the fiber over U
which is itself a vector space. Locally, a vector bundle mapping can also be
defined. A mapping ¢: U X F — U’ x F' is called a C" local vector bundle
mapping if it has the form ¢(u, f) = (¢1(u), p2(u).f) where ¢y : U — U’
and ¢y : U — L(F, F'). ¢ will map fibers to fibers.

Now we are ready to define a vector bundle. Let S be a set. A local

bundle chart of S is a pair (W,¢) where W C Sand ¢ : W — U x Fis a
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bijection onto a local bundle. We can form a vector bundle atlas .A which

is a family of local bundle charts which satisfy

1. for all @ € S, there exists a local bundle chart (U, ¢) such that

zeU,

2. for any twolocal bundle charts, (U;, ¢;), (U;, ¢;) with U;NU; non-
empty, ¢;(Wi N Wy) is a local vector bundle and g = ¢2 0 ¢7*

is a C* local vector bundle isomorphism.

The vector bundle is the pair (59,.4). The equivalent of the base on alocal
vector bundle is the space B = {s € S|s € ¢~1(U x {0}) for some (U, ¢) €
A}. B is a submanifold of S and the map n : E — B;7(s) = b is surjective
and C*°.

Let E and E' be vector bundles. Let f: E — E’ be a mapping between
the two bundles. f is called a C" vector bundle mapping if for each e € E
and local chart (V,$) of E' such that f(e) € V, there exists a local chart
(W, ) with f(W) C V which has the property that fsy, =¥ o fog¢ lisa
C" local vector bundle mapping.

We will often refer to a vector bundle by specifying the projection map-
ping 7 : E — B from the vector bundle to the zero section. The fiber 771(b)
is a vector space and 7 is C* surjective.

We can now investigate the tangent bundle. If f is of class C" and maps
U cC FEintoV C F, then the tangent mapping of f is denoted T f and maps
UxE—VXUFvia

Tf(u,e) = (f(u), Df(u).e). (A.1)
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Recall that D f(u) is an element of L(E, F'). This tangent mapping is easily
seen to be a local vector bundle mapping.

We will now construct the tangent bundle to a smooth manifold M and
show that mappings on the tangent bundle can locally be represented as
above. We proceed by defining a curve at a point z € M as a mapping
o:1 C R — M such that ¢(0) = z. Take two curves at € M, o7 and o3.
We say that they are tangent at z if, in terms of some local chart (U, ¢) at

Z,

o 000~ ($002)(1) _

-0 14

0. (A.2)

This can be shown to be independent of the choice of chart.

We form an equivalence class of curves at # which are tangent and denote
it by [o],. Such a class is called a tangent vector. The set of all such vectors
is called the tangent vector space at =z and denoted T, M.

If f: M — N is a differentiable mapping and (U, ¢) and (W, ) are local

charts in M and N respectively, then if z € U and f(U) C W, we define
Tof : TeM — Ty N (A.3)
where if v = (2,v) € T, M, then

Tefo = (f(2), D foup(¢(z))v). (A-4)

This is a local vector bundle mapping and T'f is a vector bundle mapping
on TM = (JT,M. The projection mapping # : TM — M defined by
n(v)=a if v € T, M is a vector bundle. Also, if we form the space of linear
functionals, T3 M to T, M at every point of the manifold, M then the space

UTsM is also a vector bundle referred to as the co-tangent bundle.
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Appendix B

Tensors and Exterior

Algebra

We will first consider tensors defined on linear vector spaces. The space of
linear mappings from E to R, L(E, R) is called the dual space to E and is de-
noted E*. This can be generalized to L(E*, R) and to L™s(E*,...,E* E,..., E; R)
where there are r copies of F* and s copies of E. These multilinear real-
valued mappings are called tensors of contravariant order r and covariant
order s.
The tensor product ¢ @ ty € T3 172(E) of ty € T7H(E) and t, € T72(E)
is defined by

tl ®t2(ﬂ17'°'7ﬂ“;717"'77T2;f17'"7fsl;gla"'7gsz) = (Bl)

tl(ﬂl7 v '7ﬂ7"1;f1,. . '7fsl)t2(717' . '>7T2;gl7 . "7952)'

Given linear mappings between linear vector spaces, we can generalize

their action to include tensors.
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Definition 1 If ¢ € L(E, F), then ¢* € L(F*, E*) is defined by ¢*(B).e =
B(é(e)). More generally, TT¢p = ¢7 € L(TT(E),TI(F)) is defined by

Get(BY, .. BT fry s fo) = U (BY), -, 7(87), 7 (f1)s s 7o)
(B.2)

In order to define tensors on smooth manifolds and vector bundles, we
will expand the above definitions to local vector bundles. If ¢ : U X F —
U' x F' is alocal vector bundle mapping, then we define ¢7 : U x T7(F) —
U' x T7(F') by

P(u, 1) = (Po(w), (Fu)st)- (B3)
Let 7 : E — B be a vector bundle with fibers Ey = 771(b). We define
TI(E) = UT7(Ey) and the tensor bundle to be 7j(e) = b if and only if
e € TT(Ey).

Having stated the basics on a vector space, we will now move to the
manifold setting. Let M be a manifold and 7y : TM — M its tangent
bundle. We will denote 17(M) = TT(T' M) as the vector bundle of tensors
of this order. Before we proceed, we introduce sections which can loosely be
considered as the inverse of the tangent bundle mapping. A C” section of a
tangent bundle is a map & : B — FE of class C” such that for each b € B,
7(€(b)) = b. The vector space of all such sections over B will be denoted
().

If ¢ : M — N is a diffeomorphism between smooth manifolds, then
dut = (TP)Totod™! (B.4)

is the pushforward of ¢ by ¢ and ¢*t = (¢71).t is the pullback.
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The major computational tool in Geometric Hamiltonian mechanics in-
volves exterior calculus of differential forms. The main form which arises is
the symplectic 2-form needed to generate the Hamiltonian vector fields. We
will now summarize the main techniques starting on vector spaces before
passing to the manifold environment.

Let QF(E) = LF(E, R) be the space of skew-symmetric multilinear maps
on E. If a € TP (E)and 8 € T2 (E), we define their wedge product @ A 8 €
Qrit2(E) by

anf= (kl:!rlf)!A(aﬁ). (B.5)

A is the alternating operator on tensors defined by

1 .
A(t)(er,...,ex) = 7 Z(Szgno)t(ea(l), e €a(k))s

over all permutations, o of {1,2,...,k}.

The properties of the wedge product can be summarized by

1. A is bilinear,
2. aNf=(-1)"10Aq,
3. aAN(BAY)=(aAB)A .
The direct sum of Q¥(E) k = 0,1,2,... is called the exterior algebra of
E. If dimE = n, then dimQ™(E) = 1 and if a!,...,a" is a basis for E*,

then o', ..., a" spans Q"(E). We now define the determinant of a mapping

o,

Definition 2 Let dim(E) = n and ¢ € L(E,E). The determinant of ¢ is
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the unique constant det¢ such that ¢* : QYE) — Q"(E) satisfies ¢*w =
(detd)w for allw € Q™(E).

If g € TY(E)is non-degenerate and symmetric, then there exists a unique
volume element, p = p(g) called the g—volume such that p(er,...,e,) =
1 for all positively oriented g—orthonormal bases {ey,...,e,} of E. If
{el,...,e"} is the dual basis, then p = el Ae* A ... Ae™.

The Hodge mapping can be defined using this volume form.
Definition 3 There ezists a unique * : QF — Q"~*(E) such that
aA*f=<a,f>p, (B.6)
for a,3 € Q*(E). This map is called the Hodge star map.

As a simple example, consider the Hodge star operator on Q'(R3), then
xel = e2 A3, xe? = —el Aed and *e® = el Ae?.
We are now prepared to study differential forms and the operators which

act on them.
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Appendix C

Exterior Calculus

We can extend the above definitions to exterior forms on a manifold M. Let
QM) = F(M), Q(M) = X* and QF(M) = T (Qk,), the C> sections on
M where Q% is the vector bundle of exterior k-forms on the tangent spaces
of M.

Letting (M) be the direct sum of Q*(M) for k = 0,1,2,... and extend-
ing the wedge product componentwise to all of Q%(M), Q(M) is called the
algebra of exterior differential forms on M.

The exterior derivative is one of the most important operators on ex-
terior forms. The usual definition of the differential involves its action on
smooth functions on some manifold,M, d : Q°(M) — QY(M) where f —
df; df(z)X(m) = £|i=o(f 0 o)(t)). The curve o is a tangent curve passing
through z at ¢ = 0. We can extend this definition to d : Q¥(M) — Q*+1(M).
The differential d has a number of useful properties. We list(dropping the
bold type) them:
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1. For a € Q%(M) and 8 € Q!(M), then
d(a A B)=daAB+(—1)Fa A dp. (C.1)
2. On Q% M), d co-incides with the usual definition of the differential.

3. d®> = dod = 0 for all components of the exterior algebra.

In co-ordinates, if w € %(M), then

dw(u)(vg, vy, V2, ..., V%) = Z(—l)ti(u).vi(vo, ey k) (C.2)

where the component v; has been left out of the righthand side of the equa-
tion.

We will give a number of examples of applications of the differential.
Consider a function f € Q9 R3), then df = fydz + f,dy + f.dz. This is
the standard result which is usually taken as the gradient of f. However, as
we see, df is a 1-form, so if we want to know the gradient of f, we find the
vector such that v* = df. The operation b raises a vector to a 1-form with
1-1 matching of the natural basis.

Remaining in R3, we consider the form F* = Fide + Fydy + Fadz for
F € T§(R3). Then,

OF; OF oF oF OF o F
- 2 0 B 1 0Ol 3 Ol
dF’ = (_E):c -——6y Ydz A dy (_—82 B Yz Adz + (———ay ——By Ydy A dz.

This will be related to the Curl of F by
« (CurlFY = dF”. (C.3)

We can also show that d* F* = (divF)dz A dy Adz. Thus, we see that all the

usual vector analysis operators on R3 can be expressed in terms of forms.
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Another important property of d is that it is natural with respect to
diffeomorphisms, F : M — N. Then F* : Q(N) — Q(M) satisfies F*(ip A
w) = F*y A F*w and F*(dw) = d(F*w). With respect to the pushforward,
F. = (F7Y)*, d is also natural.

We will now discuss the Lie derivative. The Lie derivative of a function
f with respect to a vector field, X € T}(M) is defined via the differential of
/s

Lx f(m) = df(m).X(m), (C.4)
for all m € M. It can easily be shown that I x is also natural with respect
to pushbacks and pushforwards of diffeomorphisms.

We can define Ly on X(M) by LxY = [X,Y] which is the unique vector
field on M such that

LLXY:[LX,Ly]:LXc)Ly~LyOLX. (C5)

From the theory of differential operators on tensors, it is known that
if there exist a D : 7(M) — T(M) which agrees with Lx on F(M) and
on X (M), then D will be uniquely determined on all of the tensor bundle.
We will thus assume that we have extended Lx to all exterior forms of any

order. This Ly is natural with respect to diffeomorphisms, just as d is, i.e.,
Lx,, (dst) = puLxt. (C.6)

For example, let {5%} be a basis for the vector fields on R™. Consider the
the Lie derivtive of a vector X = Xi'a%,— on a tensor g € T, g = g;;dz* @dy’.

Then

9y o9XE o axk ;

Lxg=(X*
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which is still a symmetric tensor of covariant order 2.
A most important property of the Lie derivative which is sometimes used

as an alternative definition is that if F; is the flow of X, then

%Fg“t = F*Lxt, (C.8)

for any tensor f. If Lyt = 0, then the tensor is obviously invariant under

the flow of X.

The differential d is natural with respect to Ly as well, i.e.,
dLxw = Lxdw.

The last major operator which is frequently applied in geometric me-
chanics is the interior operator ix which is defined for some X € X(M).

ix : QF(M) — QF1(M) is defined on any w in Q(M) by
iXM(Xl,...,Xk):w(X,Xl,...,Xk). (Cg)

tx has a number of very useful properties which are quite indispensable

in calculations. If & € QF(M) ,8 € Q(M) and f € Q°(M),
L ix(aAB) = (ixa) N+ (=DFaA(Cx B),
2. ifxa = fixa,
3. ixdf = Lx [,
4. Lyo = ixdo + dixa.

If o is a k-form which satisfies dixa = 0, then F}(a) = a. Suppose that

X € X(R3) is divergence free, then for the 3-form a = dz A dy A dz,

ixe=ix(de AdyAdz) = X" = divX. (C.10)
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Therefore, dixa = 0. We can thus conclude that the flow of X is volume-
preserving.

We say that w € QF(M) is a closed form if dw = 0 and exact if there
exists a € 05! such that w = df.

To finish off our discussion, we state Poincare’s lemma which applies to
closed 1-forms: Every exact form is closed and every closed form can be

regarded, at least locally, as exact.
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Appendix D
SDiff(M)

The volume preserving diffeomorphisms on some Riemannian manifold M
form a Lie group only in a restricted sense. We will use this appendix to
investigate the properties of infinite dimensional Lie groups which are not
modeled on Banach spaces. Details of all the topics discussed here can be
found in Ebin and Marden[12] or Schmid[2].

We first consider general function space manifolds. Consider a finite
dimensional vectoir bundle over a compact M, = : B — M, where B is the
base space. Locally, a section £ of m can be considered a as a map f from
a copy of R" to R™ for some m and n = dimM. A H? section of 7 is a
section such that all its derivations of order less than or equal to s are square
integrable. Therefore, form H?*(r), the set of all H-sections. If £ € H*(r),
then locally its representative £ is an element of the H*-maps on Euclidean
vector spaces.

Similarly, denote by H*(M, N) the set of all H® maps from a smooth
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manifold, M to another manifold N. Locally, the representative of a map-
ping f € H*(M,N) will be an element of H*(R", R") where n,m are the
dimensions of 3 and N respectively. We wish to impose a manifold struc-
ture on this space. We can define the tangent space to H¥(M, N) at any

point f as follows,
T¢H*(M,N)={£ € H*(M,TN)|ryo = f}. (D.1)

The set of all H¢ diffeomorphisms on M, Dif f*(M) forms an open subspace
of H*(M, M). The tangent space at e € M to Dif f$(M) is defined by

T.Dif f*(M) = {€ € H(M,TM)|mpr0€ = e} = H*(mps).  (D.2)

There are problems defining a Banach or Hilbert structure on Dif f°(M)
because there does not exist a well-defined norm . It is an example of a
Frechet space in which its topology is defined by an infinite sequence of
norms on Dif f$(M) ,s = 0,1,2,.... Differential calculus on these types of
spaces is far more difficult than that encountered on the more benign infinite
dimensional Banach function spaces. Dif f$(M) can also be considered as

a group under the composition of functions,
prDiffS(M)x Dif f*(M) — Dif f*(M);p(f,9)= fog. (D.3)

However, Diff*(M) is not a Banach Lie group since the multiplication
operator p is only differentiable in a limited way.

Consider right multiplication R, : Dif f$(M) — Diff5(M): R,f =
fogforall f,g € Dif f(M). Then the derivative of this mapping implies

tha TR, = R, so that R, is C*. However, this is not the case for left
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translation as its derivative is T Ly = Lty so that if g is C¥, then Ly is only
CF. Therefore, group multiplication is not smooth but only continuous.

In the geometric theory of mechanics, the Lie algebra is of the utmost
importance. The Lie algebra in this case is the tangent space to Dif f$(M)
at the idenity transformation of M. The bracket on the algebra [£, ] between
two elements will be defined by first extending them to the full tangent
bundle via right translation to their right-invariant counterparts,Y; and Y,
and then restricting the usual canonical bracket back to the identity. We

use right-translation because it is smooth. The bracket is found to be

[€:n] = —{¥e, Y} (e). (D.4)
However, we see that forming such a bracket will lead to an element with a
lower H® behavior, thus viloating closure. This can be remedied by carrying
out all calculations in Dif f*(M). However, problems arise as this space is
an Inverse Limit Hilbert group denoted {Dif f°(M), Dif f*(M)} and has a
more complicated toplogy than standard Banach Lie groups. This especially
leads to difficulties as we are interested in subgroups of Dif f*(M ), the most
prominent being the volume preserving diffeomorphisms on M. It is not
immediately obvious that these subgroups form ILH subgroups. The usual
tactic to prove that a subgroup forms a Lie subgroup of some group G is
to use the exp mapping from the Lie algebra to the group. However, for
the diffeomorphism group, the exzp mapping is found to be only continuous
and not even C! and there is no neighborhood of the identity transformation
in Dif f*(M) onto which exp maps surjectively. However, these difficulties

can be overcome and SDif f*(M) can be shown to form an ILH subgroup
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of Dif fs(M).

SDiff(M) is important because it is the configuration space for the
flow of inviscid, incompressible fluids. If we assume that M is some compact
orientable manifold with Riemannian volume p, then we can define a smooth

weak Riemannian metric on the tangent bundle to SDif f$(M),

SOV = [ (), Vi) a(m)pcm), (D.5)

for U,V € T, Dif f¢(M) and (,) the Riemannian metric on M. Ebin and
Marsden [12] used this metric to define the kinetic energy of the fluid in La-
grangian co-ordinates. They showed that it was right-invariant so that the
system could be reduced to the Lie algebra, sdif f*(M) = TSDiffs(M).
The reduced equations reproduce the Material description of fluid mechan-
ics. Similarly, Marsden and Weinstein[8] used the right group action of
SDiff¢(M) on its cotangent bundle and the invariance of the kinetic en-
ergy under the right action to develop a Lie-Poisson dynamics on the dual
Lie algebra. This is equivalent to the vorticity formulation of inviscid, in-

compressible fluid flow. Their formulation is detailed in Chapter 2.



