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ABSTRACT

The proposition is made that simple time~temperature
superposition should not be valid for block copolymers exhibiting
mul£iple mechanical transitions; and an explanation of the time-~
temperature behavior, which is more consisleat with the behavibr of
the individual phases, is presented in terms of an equivalent
mechanical modsl, Based on this model, a method for generating time-
temperature shifts, which depend on the experimental time as well as
temperature, is developed. This method can easily be extended to any

.mechanical model and should be velid for polymer composites in
general.

The storage and loss compliances of three benzene casf
polystyrene/1,h-polybutadiene/polystyrene triblock copolymers with
different compositions were measured between -85 and 90°C over a
frequency range from 0.1 to 1000 Hz. The measurements suggest the
presence of four relaxation processes. Two, the polystyrene and
polybutadiene glass transitions, are treated according to the rethod:
of time-temperéture suberposition referred to ahove, Anomalous
behavior appearing between the two glass transitions is attributed
primarily to a temperature dependent interlayer between the two

phases and can be treated as a compositional change in the composite.
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Entanglemznt slippage in the rubbery matrix also contributes to the
total relaxation.
The spparatus used for these experiments is an extensively
modified model of the Miles shear generator. This improved version
offers large experimental frequency and temperature operating

TANges .
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I. INTRODUCTION

Block Copolymers

‘ The digcovery of "living' polymers by means of anionic poly-
merization reported by Szwarc, Levy, and Milkovich (1) in 1956 offered
to rheologists an opportunity to make polymer molecules much more pre-
cisely than ever before. Cértainly the capability of producing poly-
mers with very narrow molecular weight distributions is a valusble as=
set. Mach more excitihg from both a fundamental and practical stand-
point, however, is the abllity to produce block copolymers. DBlock
copolymers are macromolecules having large homopolymer segments. This

is 1llustrated for a diblock (A/B) and a linear triblock in Fig. 1.

—T VY A

A/B A/B/A or A/B/C

Figure 1. Block Copolymers

Typically the blocks consist of polybutadiene or polystyrene, although
cémbinations of most monomers which will rolymerize anionicelly can be
used. A short list was compiled by‘Fetters (2) in 1966 and this has
been extended conziderably since then. Two vexry helpful guldes tovthe
anionic synthesis of block copolymers are those by Fetters (3) and
Morton et al. (4).

| One polymer is generally insoluble in another. This is
tecause the large size of the molecules involved in mixing reduces the
numbher of configurafions available and hence a sméll entropy of mixing

results. Barring strong interaction between the molecules, the heat of



2
mixing ie predicted to be positive, and since this now dominates the
free cnorgy of wixing, resulting in a positive free energy, mixing does
not tale place. Thewvnodynanics has been used to predict damain sizes
and other morvnologleal chairacteristics in A/B type block copolymers in
fairly good agreement with eleciron microscope observations (5-8).
Thermodynamics has algo been used for lriblock materials (9)10) and for
copolyiers with any number of blocks (11). Wher more than two blocks.
are present, hovever, it is impossitle 1o attain an equiiibrium state
(12) {except in certain cases when the domains assume a lamellar geo-
metry) and so any close agrsenment with the real situation is probably
fortuitous.

The closely related graft copolymers have been of commercial
and scientific interest for some time (13,14), particulérly in the ares
of high impact plastics (15). These have ugually involved emulsion or
polymer-monomer solution polymerization schemes. Block and graft co-
polymers have been synthesized by various other metheds such as by
making use of the free radicals produced in mechanical processing (16)
and by joining prepolymers through reactive end groups (17). The lat-
ter tecnnique has found considerable application recently particularly
in the field of urethane resins., None of these methods, however, have
as much precision, urniformity, and flexibility as the living polymer

technique.

The introduction of anicrically produced block copolymers com-

nercialiy has bocen surprisingly slow. The synthesis technology
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is readily available for a wide variety of monomers and microstructures.
A wealth of literature ekists describing the reaction kinetics since the
clean nature of the anionic polymerization has made 1t an ideal subject
for investigation. Econoﬁics has perhaps inhibited development through
patents, the high purity required for the reactants, trends in the
national ecomomy, etc. However, the specialized nature of the block
copolymers should more fhan compensate for this. Very likely the lack
of unaerstanding of thé viscoelastic phenomena that take place in mil-
tiple phase polymer blends, specifically in those two-phase gystems
formed by two-consgtituent block copolymers, is the principle factor
that keeps research and development efforts from taking full advantage
of and selling the special characteristics of block copolymers. One
application that has achieved some success 1s the use of polystyrene-
polybutadiene~-polystyrene block copolymers (cf. Fig. 1) to form "thermo-
plastic elastomers.” The Shell Chemical Compsny is the chief supplier
of these. In these systems, the polystyrene forms a rigid separafe
phase from the rubbery polybutadiene and mechanically crosslinks the
rubbery matrix. At room temperature, the material acts like a rubber,
but at high temperatures, it can Ee made to flow. This rubber can,
therefore, be molded with no vulcaﬁization step.

Thus there is a great deal of inlersst in studying the mechann
ical properties of block copolymers from a comsercial standpoint. In
addition, the special qualities of block copolywers offer to the rheol-
ogist a valuable o?portunity t; study viscoelastic behavior .in composite
sysfems and in well-delined rubbery networks, and t¢ investigate spe-

cific molecular mechanisms of mochanical relusction, such as [ree ends,
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which can be built into the system, A good'introduction to the areas of
investigation beinzvpﬁrsued in block copolymers are the papers presented
at the Bl&ck Copolymer Syuwposium held at the California Institute of
Technology in 1967 and collected in the volume edited by Moacanin,
Holden, and Tschoegl (18). The various reports are concerned primarily
with triblock cobolymers of the polystyrene-polybutadiene-polystyrene
type vhich form the rubbery networks-discussed above. This is because
of their ready availabiiity.and the current commércial interest in them,

The mechanical propefties of these polymers can be deséribed
basically as having two (or more) glass transitions and a broad plateau
reglon between the transitions. The problem of mechanically character-
izing these materials is essentially one of discovering how the mechan-
ical properties of the various phases interact. The plsteau region is
the {ransition between the two glass transitions and therefore holds
mich of this information; but the changes there are very éubtle gince
they. are very small and take place over vefy large spans ¢f tine br tem-
perature,

Considerable work has been carried oﬁt on determining the
mechanical properties of these‘polymers, a. large percentage of which has
been on Shell's Kraton and Thermolastic materials, Again reference 18
gives much of this. Other works ére by Canter (19), Shen and coworkers
(20,21), and that‘of Lim, Cohen, and Tschoegl (22) in this laboratory.
Beéause the microstructures of these materials are not well character-
ized, however, they are not vefy good research materials, and they have
een studied extensively primarily because ofvtheir ready a?ailabilitv.

rade

-
o]

Recently, the Shell Chemical Company hes made availalle research
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triblock copoly.aers which arc much rore Suit&b]e. This thesis is
largely the result of investigaling cne of these research grade materi-
als. Other vececnt contributions to the undsrstanding of block copoly-
mers and polyaer blends are those of Angelo, Ikeda, and Wallzch (23),
Miyata and Hata (2k), and Arnold acé Meier (20), and Kreus, Rollmann,

and Gruver (28).

Time~Terperature Superpcsition

A key to the understending of the mechanical behavior of
polymeric materials is the description of the time-~temperature super-
position behavior. Tesle carried out on a laboratory apparatus are
recessarily limited to a small time scale, typically one to four loga-
rithmic decades.of time. Time-temperature superposition presumes that
a temperaturé change 1s related to a shift in time, so that data accu-
mlated at different temperatures can be used to extend the time scale.
This has numerous applications; Obviously, with an apparatus Qf‘fixed
time scale, one can predict, by changing temperature, the response of
that material in a diffcrent lime regine. Also, in order to correlate
data from two different experiments, e.g. stress relaxation and creep,
it is necessary to have & knowledge of the visccelaslic functions over
a wide lime range. Once the time-lemperature behavior is known, one
needs only this knowledgze ard one isotherzmal "master curve" or one iso-
chronal curve to predict that funciion at other tempe atures or times,
Time~tenrperature saperpositioﬁ is very useful for characterizing
"thermorheologically simple” (27) materisls for which all relaxation

mechaalgns Love oac Lanperaiure dependence.  This is usually vhe case
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for a single selaration phenonenon such as the glass transition. Ap-
plication has been extended for‘homogeneous polyners to include a  sgec-
ond re =licn phenowenon, entanglement slippage (28) or terminal {low
vigcosity (29), which takes place at long tines in tine rubbery statv.
o do this, the compliances of the two rslaxalion (rei&rdation) phe-
nouwsncg ere assumed Lo he add1t¢ve and are separated, Tue separaved
data are trhen shifted Lo deterwine the tinez-temperslure superposition:
behavior of each. The facl thai the malzrizal has oue phase 18 o
notable point as one does not have to worry about welghling the various
contributions.

Simple timeut;mperaJ;re superpesition has often been used for
multiple phase systens althougli there has been little Jusitification for
this. Crystalline polymers are ore example and difficulties understand-
ably arise when the degree of crystallinity (the compositicn) changes
with temperature. It has also been applied to block copolynmers (19,20,
21), although the apparent success obtainzd with the method is very
likely due to the short time scale available in any one experiment as
will be explained later.

Most of the mwechanical characterization work lhat has been
presented in the literature is isochronal dynamic dstia, anc while the

presence of two transitions 1g clearly indicated, notlhing ig reves

about the time dependence, Further, these dynamic data reveal higher
mechanical loss than one would predict in the plateau region at inter-
mediate temperatures which is presumsbly due to an additional relaxa-

tion mechanish.

C’I\

In this ”C*H: the dyrnanis compliances of vericis triblock
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copolymers wvere determined in an apparatus originally built by Melabs,
Inc., on the model of'the Miles shear generator (30) but which was ex-
tensively modified in this laboralory. Measurements were made either
in shear or simfle compression at temperatures generally between -85°C
and 87°C over a frequency rangz from about C.1 tdAlOOO Hz . .Three poly;
styrene~polybutadiene-polystyrene samples were investigated: Kraton
102 with molécular welghts estimated to be 12,000/48,000/12,000 for the
S/B/S segments; Shell TR-1648, a research grade material which is de-
signated Shell 16/78/16 to describe the molecular weights of 16,000/
78,000/16,000; and & similarly designated sample, NBS 10/30/10. A
technique is developed for the prediction of time-temperature super-
position behavior based on a mechanical model., This treatment is
applied to experimental data using an additive compliance model to de-
sceribe the thermoplastic elastomer-type system. The characterization
of these materials necessitates the inclusion of four viscoelastic re-
tardation mechanisms. Two mechanisms correspond to the glass transi-
tions of the two polymer phases., The other two mechanisrsare attributed
to the slippage of trapped entanglements and the presence of an inter-
layer between the two polymer phases, The scheme can easily be exten-
ded to homogeneous and composite systems other than black copolymers
which exhibit multiple transitions. The scheme can also be exteided to

additive modulus or more complex mechanical interaction models.
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il. TIMI-TEMPLRAYURE SUPERPOSITION

FOR BLOCK CCPOLYMERS

&

verimental dnvestigations of thz mechanical properties of
plock copolymers have in the past indicaled thol data talien at differ-
ent teuwperalures can be saperposed (21,22). In lhe experiuents re-
ported here, there are indicatlions that the data do nol supurpose.

One other investigator has reportzd lecik of superpcsition (31), and

another has given scme indicatiocr of this (23).

Intuitively, one feels that 1f two relexalion mechanisms
which shift differently with respect to temperalure are present,
simple superposition should Le prohibited. This is clearly seen if
one consgliders the case of a styrene-butadiene two phase system. IT
each phase acts as a pure homopolymer, one can predict at what time
each phase will go through its transition at a given temperatgre. For
instance, suppose one chooses a reference temperature of 90°C. The
polystyrene would exhibit a transition atl a time of the order of 1A2
seconds. If the polybutadiene followed WLE behavior, one might expect

9

to cee its transition at a time about 10 - seconds, resuliling in about

11 decades patween the two trensitions. Now choose a reference tlewm-
perature of 0°C. For this temperature chenge, polybuiadiens exhibits
little temperaturs dependencé and the trangition would shift two or
three decades in time. Time~temperature cuperposition in the glassy
state is not well understocd, but the shifts encountered are generally

much highcor., The polystyrene transition would probably shift about

10 decades in time. Thus the transitioas would apvear ab avout 10 7
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9
and 101“ ssconds for the polybutadiene and polystyrene fespectively -
o separation of about 1¢ decades, A masler curve assembled at a refer-
ence teuperzture of 0°C should therefore be mﬁch wider than one at
90°C in owxdey Lo show the two lransilions, contrary to the concept of
supecrposition.

In attempting to synthesize a master curve of a visceoelastic
functicon from data taken at different temperaturss, then, this problen
would nandifest 1tself as a laclk of supsrposition when one tries o
shift the dala. In other words, isothermal data taken al different
times would reguire different shifts for supszrposition as illustrated

in Fig. 2.

Log D(t,T)

v”"l} 1 { 'b.l '
Le log a, (t)) ! "J E
{ I
1 | -
: log t U2} B2 ()
I H
t, tu"a"r(t.)

Figure 2. Iack of Time-Tempsrature Superposition for Materials With

More Than One Relaxation Mechsuniem.
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Since electron photomicrographs of S/B/S block copolymers shov two
different polymer phases, one must expect that {he superposition pre-
viously seen er these materials mugt be dusz to s lack of resolution
in experimental measurenenis, prchably in the shortness of the experi-

3

nentally accessiblie time scale.

Addiiive Compliance Model

If one knows how different mechanical response mechanioms
in a composite combine to give the overall response, perhaps one éan
formulate the time-temperature behavior. Coxpliances or moduli are
usually assumed to bLe additive in some way depending on whether
stresses or strains, respectively, are uniform (28). Thus a hard
phase dispersed in a soft m%trlx is better characterized by additive
compliances vhile additive moduli better describe soft domains in a
hard metrix. Many models have been proposed to describe this coupling;
and the distinction of whethér compliances or moduli are additi&e dis-~
appears as the complexity of the model increases.

Additive compliances for block copolymers having a rigid

polystyrens phase dispersed in a rubbery polybutadiene matrix (these

will be referred to as Kraton-type block : s
1 ) ' r R
copolymers) have been postulaied pre-
8
viously (21). The simplest way com-
. , | £
pliances can add to represent the
B .
mechanical respense of this two phase Y
bsecron 5 e T
system 1g In serics as chowa in Fig. 3, ' '(T
o

1

where 5 represzanliv lhie compliance of

Fig. 2. Addilive Compliances
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1he polysiyrene phase and B represents that of the polybutadierne phase,

Applyic; w stress o to the model results in additive strains. .
AN LY Y S y oA 4 W E, v W
£ by + 4, La Iy A, FRR A s &
Of course the welghting factors WB and WS nust suin to 1. For a single
phase sysiem with two retardation mechanisus, Wp = Vg = 1; and each

epzilon represents the contribution of each mechanism to the strain

The corresponding compliance is

D= = vibh ~wh (1)

If WB and WS are assumed to be proportional to the amount of each
phase present (either volume or perhaps a linear counterpart), the
model has no arbitrary parameters., This car be an advanlage over more
complex modelé. In addition, the simplicity of Eq. (1) allows one to
derive the relationships below.

The ﬁemperature shift behavior must be known for a material
in order to repressent ils viscoelastic response aé a_functioh of time
and temperature with only one response-time or response-temperaiure
curve, The temperature shift behdvior is also necessary in corder to
aggemble g mearingful master curve from experimental data at different
temperauufc. Time—tempcrature reduction of compliance is delinested
in Fig. 4. Becausc one now expects the shift Tactor to depend on time
as well as temperature as discussed above, a,(t) is written instead of
the conventiciral a,. One would like to constrain one of the variables
in ofder to write a differential relationship. Generally one is

looking for the texperature dependence of the shift behavior from the
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tnlnc gcale .
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.oz t and Log t/aT(t)

Figurc 4. General Case of Time-Temperature Superposition

reference lemperature to the experimental test temperature, aad so
time is constirained. Also, if temperature is constrained, one can
forsee an integral over time which is undesirable because of the lack
of knowledge of the compliance curves involved. Holding time constant,

one can see that the slope of the compliance at the reference tempers.-~

e m(t/a.r(wr))
% 1,3 g L 3 - Halc)
ture and the shifted time, "3 AP ) s s 18 equal to the

T

differential change in compliarce wiili respect to tewperature st the

d D (6. TN . .

test temperature, (:—~4}7£—k—%) , divided by the change in the shift
. t

factor with respect to temperature, or

SLyar®) - Mn,o(t,z)) J_@nD(%,<t),E)
( 2T . ( A 3l 4. (1) /¢

’ r

A dzrivetion of Eq. (2) using Taylor series expansions about a point

jie

is given in Appendix A. This ig a digcouraging relationzhip from the
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slandpoint of practical application because the derivatives are
evalnated sl different places and aT(t) appears on both sides of the
equation. Direcl application 1o an experimentel problem 1s therefore
prohibited, but the relatiouship can bLe doveloped to provide some in-
sight into the viscoelasticity of polyazric composites.

In the case of a thermorheclogically siwple polymer a, is

LD(t/a, ,T )
1 :&

only a function of vemperature; and the slope, (é ST

T
appearing in the denomlinator of Eg. (2) is independent of temperature.

Eg. (2) thus reduces to

d A ar\ (9 2. DaT) R D(t',T)\ 2
( AT ) = ( 3T )t ( bt/ (3)
o Jmy oy .

X . 1 < s .
Since can be written as = 55 end since D(t,7) is equal to

o X

D(t/aY(t),Tr), and incorporating the additive compliance model via Eq.

(1), Eq. (2) can be written for the model in Fig. 3 as

505 (1, D, (t,ﬂ)
(e ac®) | %\ o7 e oT ()
( T /t W, (9 D"(%"—”Jﬁ) vowg [0,
§ ()L’ t/c‘f(t) .r' 9 /ZVZ 27(1,(!‘)
%D, (t,T)
Utilizing Eg. (3) and letting mi(t’T) = -§;jaﬁr-~:%, where 1

identifies the compliarnce mechanism--in this case one of the polymer

phases, onc obtains
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¥

) b a G (,; ;zﬂql) .(wg g (6,1) D,(¢,7) ( 4, ) fw, 7). (5)
A e o o —H_ ol S 2 + s B i
( 2T ), dT s \ ACaw T s \ (é(} )) '

wheie

A (%r (f)) T;) = WB "")5 (567”)) ’rr.) DE(%C"T(‘:) )-I—F) + ‘./Vs ﬂ']j (“/C/(‘\i) )Tr) I>S (t/l/lru))-‘{> ( 6) 4

This is intuitively gratifying becanse one wonld expect ithat the con-
iribution of the compliance of a ccuponent to the total shift should
be proportional Lo thz suwount of 1hat material, the complisnce of that
phase, and some rete of change cof that compliance with tiue.

One can see from Eq. (5) that time dependence enters the
relationship through coefficlents. The time scale of the experiment
will determine at which temperature the polystyrene of a polystyrene~
polybutadiene composite will go through its transition thereby shifting
the major welght f{rom the firsﬁ term Lo the second. A consadueace of
the polystyrene shift term becoming important at different tempera-

tures is that it appears with different sctivaition energies since Lhe

ﬁn (=5
slope of the shift of pure polystyrene (?;EET"”) changes.
D \ S
Sirce _j;f ) is the zeroth spproximution te the retards-

tion spectram, L(1), (30), Ba. (%) can be approximated as

T o NI w0y g LT

\dl

(/_9_-/&;9_‘1:@‘ x~ (ijﬂ-.ﬁ‘x) . —Wh Lo(T) d/’zﬂa1>. Wi (\T) 7)
\ ) d ( vyl 'T)a W, l—s( ) 0
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whersa Li(T) is an abbreviation of Li(t,T) and Li(Tr) is short for
(t/2, (1),T,) (the retardation spectrum is actually a function of
retardation times, 7, which aré set equal to t in this approximation).
This then suggests that the contribution of‘each rhase alone to the

differential shifl is proporticral to the wmber of retardaticn times

seen in the experiment at temperature T conlribuled by that phase Lo

the Lotal nunber of retardatior times secen on the referencs master

curve st temperature Tr at the same overall compliance. Thus, this

interpretation of Eq. (5) might be wriiten as

Olrad) _ (dina), n 1) (ié&) . _ns(ET) (8
\ oT > (ofT ) N(4, 0 !) i \dT N(%ae T,) (5)

where ng is the number of retardation contributed by species i and is
evaluated at (t,T) and W is the total number of retardation times one
would see in an experiment at (t/a,(t),Tr) where the overall compliance
fbr the composite is the same. It seems unlikely that the coeffi-
cients in Eqg. (8) must necessdrily add up to one although one coeffi-
cient must go to one as the other approaches zerw when a single phase
dominates the shift behavior. Thus, one would expect the coefficiehts
to change as indicated in Fig. 5. A qualitative expression sinmilar in
form to Bg. {8) with coefficients like those shown in Tig. 4 based on.
intuitive grounds was suggested by Mancke (33).

.The very large changes in magnitade of the compliance that
take place in the glsss transition region have two effects. One is
teo make the change from one term predoﬁinating to the othzr tske

place over a relatively short temperature span. Thus, a step function
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approximaticn would often bs accuarale. The rapid change in coeffi~
clents over a short range of tewperature effectively isolates the
shifis due to the different mechanisms above and below that fange.
This is indeed fortunate fer it aids the identificaticn and character-
ization of the mechanisms. For instance, the polystyrene vhase in
these Dblock copolymers apparently has a slightly lower Tg than one
would expect, possibly due o & small concentration of dissolved poly-
butadiene or a lower effective polystyrene molecular weight than is
calculated. This meane that if log &, and compliance data for houwo-
polystyrene are used, they will be at tke wrong glass transition tem-
perature. Very likely, the homopolymer compliance data are liittle
affected by this modification; and one can correct for this solely by
shifting the homopclymer log a, curve to fit the composite shift
factors in the region where the shift behavior is dominated by the
glasgs transition of the polystyrens. Secondly, the large changes tend
to make Eq. (5) insensitive to the homepolymer compliance data chosen
for the different phases, to the choless for w, and w,, and probably

even, 1o a large extent, to the model. This last point is very
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significant; for, although more complex models may be desirable for a
description of the aclual mechanical respounse of a oomposite,'the
simple model of compliances adding in seriss should generally be ade-
guate to describe tﬁe time-tenperature behavior, I the morphology is
such that a model with additive modull is move appropriule, relation-
ships for the shift behavior in terms of this model could similarly
be defived. This generality of course supposes that the relaxaiion
mechanisuss presenl and thelr regpective shift behaviors arve properly
identified snd accounted for--a factor which certainly needs more
investigation for polymer composites.

Another Informative relationship lies in applying the above
derivation 1o dynamlc response functions; One can write an expres-
sion similar to Eq. (4) with D'(w), w, and wa,(w) replacing D(t), t,
and t/a, (1) respectively and omitting the negative sign. Eg. (5) is
modified by similarly changing the variables. Eqg. (7) again follows
as an approximatior with t = 1/w. Another zeroceth order approximation
for the retardation spectrum L(r) is %D”(w)|w IRV Each L(t) in

= Yy
Eq. (7) can therefore be replaced by D"(w), with the corresponding
arguments. Since Eaq. (5) can be derived for any viscoelagtic func-

tion, including D"(w), onc sees immediately that the coefficients in

D Ina, (t)
the expression for (;““?ﬁ?’“’{) as in gg. (5) must differ for D' ()
t

and D"(w) when two retardation mechanisms are present, although both
functions have the same shift when one mechanism predominates. This
is expected since the loss function tends to weight longer retardabion

tiwmes. Evaluating the coefficients for D"(w) is bourd tc be more
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aubiguous and sensitive, however, since the function is not monotonic
ags are the other functions considered ard is often difficult to
measure precisely.

Previous investigztions on Kraton 102 (21,32) have indicated
thai the temperatures where the activation ensrgy with which a second
compliuﬁce'adds to the compliance of the polybutadiene networkimay
depend on the time scale of the experiment. Shift data from those
experinents~-creep at long times and dyremic shear at short times--
are shown in Fig. 6A. As discussed in the introductory paragraphs of
this part, this model predicts qualitative bshavior like that shown in
Fig. 6B, where the log a, ~&lues approach the values that would be seen

for each invididual coutribution tsken alone.

crecp creep
=« wdynamic - = - dynamic
shear shear
WL
- +
@ ]
0 w0 ey . o mcram s e
9 9 DAY
= H )
A. Exporimental B. Additive Compliancas
Temperature Temperature

Figure €. Tine-Temperature Shifts of Block Copolymers: A. FExperi-

mentally Observed, B. According to Mechanical Model
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The primary difference between the experimental curves and the theo-
retical ones is that the experimental curves diverge while the theo-
retical curves'must converge Lo & singlsz line when one mechanism
dominatas.

The difference between the two grephs in FWig. 6 can be
related io'Eq. (5) when one considers the experimental shifting
procedare. Isothermal segments of the compliance curve covering a few
decades of time are brought together. Then they are shifted to one
another until all the data are assembled intc one "master curve."
This process will be referred Lo as "empirical" shifting. Thu% the
actual reference temperature for each selt of data is the lemperature
of the set preceding it. ¥For a thermorheologically simple material
this results in a valid master curve. For materialé with more than
one relexation mechaniss, however, this has a serious cffect. The
shifting can be regarded approximately as one at constant time since
the "window" one looks through in an experiment reveals only a small
part of the logarithmic time scale. Then instead of evalusting tThe

enominator of the ccefficients in Bao. (5) at the chosen reference
temperature, the evaluation is done at the previous temperature or at
that tempersture., Hssentially the referencé-temperature is continui
ously changing and is appf~ximately the same as the experimental teét
temperature. The result then is more closely related to an integra-
“tion over a relationship similar to Eq. (5) only with all the coef-
ficients evaluated at € and T. This is an easy integration to carry
oat numerically, using tabula.ed compliance data, éﬂd it does indeed

Jead to results guall-stively the samc as those seen in experiments.
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The shift bghavior as predicted hy the model will be quantitatively
discussed later.
Another relationship that naturally arises from Fig. I has
perhaps more practicel significance, although its interpretation is s
it more difficuli when assigning individual contributions. This is
the chaﬁge'of the ghift factor with tenperature at constant compli-

ence (35)., From Fig. 4, one cen write
S sl a/m Dt T>> ()fﬂ DEW (9)
0T )T t 3/' I
b T

Bringing in the additive compliance model, Eq. (1), and following the

steps in the derivailion of Eg. (9) leads %o

(917»10(7(1‘)) (wm), vy 5 D) +(d¢na,), vl 71 Dy (10)

wo g Dy + wy m, D dT W gy D+ wom B

where m, and Di‘are the same as in BEq. (H) except that they are e alu-
ated here at (t,T) throughout. Eq. {10) is now subject tc the adii-

tional constraint on the coefficients that

WD, (6,T) + WDy (6,T) = D (11)

wvhere D is a constani. Of course, row the coefficienis in Eq. (10)
add to one. I the restriction, at coastsat D, is omitied, one
would have the saue Ie‘ ationship which qualitatively generates the

experimental results in Fig. EA discussed above.
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Applicatgon of the Additive Compliance Model

The integral of Eg. (iO) can.be indirectly evaluated exactly
for a discrete time and tempergture once the compliances in the model
are described. To do this, one takes the-compliance data for each
mechanism (this is easily extended to more tharn two contributions)
aloﬁg with the time-temperature shift description of each and con-
structs a master curve of the compliance at the reference temperatufe
according to Eq. (l); At the temperatures and times of interest,
similar short master curves are generated.‘ Then,by comparing the time
t at which a given compliance appears at temperature T to the time
t/ar(t) at which the same compliance appears on the reference master
curve, and taking the difference, one generates the shift log ar(t) for
that time and temperature. The monotonic nature of D(t) and D' (w)
allovws very rapid computational procedures to be constructed and
results in a very efficient computer routine. These shifts, so gene-
rated, are then épplied to experimental data. " For reasons previously
mentioned, lack of agreement probably lies not so much in the additive
compliance model as in the individual shift descriptions that one
puts into the model. However, ﬁnlike the equations that have been
derived, this method of generating the time—temperature shift data
can acccmodate a more complicated model of mechanical coupling if
increased sophistication is desired.

The shift for the loss compliance is determined in the same
way as the shift for the stofage compliance; Since D"(w) is not a
ménotonic function as was the case with D'(w), however, special pre-

cautions rmust be taken. Ia certain cases, this ocue included, the loss
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compliance data themgelves can be modified in the following way.

Data for low molecular weight polystyrene present no problem since no

nmaximum appears. For the matrix, a representative compliance of con-

stant slope is chosen as shown in Fig. 7 by the solid line.

s o0 Polystyrene
L)
L)
A — == Polybutadiene (actual)
L]
™ , —--Polybutadiene (approx.)
*
4 »
3 ¢ TN
.
:\& 'M\~\N¢_ ,/ ‘\\
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) . \‘
! ', \
4 \
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--00..,,.-6' \\
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Leg way

Figure 7. Representation of Loss Compliance Data

The slope was chosen to be parallel to the storage compliance so that
the loss tangent would be constant. Thus, when the polystyrene is in
the glassy state, it makes little contribution to the shiftland lcg a.,
is essentially the shift due to the matrix. Since polystyrene is
already in the glassy state at high freguencies, no difficulty is
encountered when the loss compliance of the matrix deviates_from the
straight line iepresentation since the shift is already representa-
tive of the matrix alone.

From these data, master curves are gynthesized via the
additive coxpliance wodel at the reference temperature and at the

test tespersiure. Then, as in the case of D'(w), the shift factor,
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log aT(w), is determined as that shift necessary to superpose a
point on the test témperature curve, D"(w,T), with the same loss
compliance on the reference curve, D(maT,TT).

In order to illustrate the time dependence of the shift
behavior, log a. vs. temperature curves for thé‘storage modulus of a
polystyrene—polybqtadiene—polystyrene Lrivlock copolymer were con-
structed at two fredquencies, 10—6 and lO5 sechl. Most common labora- )
tory methods for measuring mechanical response fall within this rangé,
with dynamic tests falling roughly in the high frequency half and
transient experiments taking place in the iow frequency half of this
spectrum. For the polystyrene phase, Plazek and O'Rourke's shear
creep compliance data (29) for a polystyrene with a molecular weight
of lé,hOO were converted to the extensional storage compliance using
the MaekawafYagii technique (36) and assuming a constant Poisson's
ratio of 0.5. To keep the representation simple, the Plazek unshifted
data were shifted empirically to obtain a master curve which included
both the glass transition and the terminal flow viscosity contribu-~
tions. Superposition was fairly good as it was not necessary to be
concerned with the great precision necessary to separate the two
mechanisms. The converted data are shown in Fig. 8. Beyond the
fange of the d?ta in the glassy region, the felationship
log D' (w) = -3.46 - 0.01k+(logw-3.8) was used. The slope was taken
from glassy polymethylmethacrylate data (37). The calculated loss
compliance is also shown as this will be used later. The Plazek shift

curve for the glass transition was corrected from a Tg of 92°C to one

of 85°C to covrespond to the polystyrene phase in Shell 16/78/16 to be
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discussed later. The shift_behavicr was extended into the glassy
stale using a linear dependeace on temperature based on the data of
Lohr (%6) and Hideshime (39) as summarized by Rusch (37). Smith and
Dickie (35) also felt that a linsar shift with temperabare was repre-
sentulive of the glessy state in their investigation of block copoly-
uners, althOugh the phenomera they observed in Kraton 101 and Thermo-
lastic 125 probably reflected entanglement slippage ard/or an inter-
layer effect rather lthan glassy behavior of ihe polyst?rene directly.

Thus, the shift behavior of the polystiyrene phase was taken to be

: ~13.46 + 389./(T7-85.0 + 28.9) T > 85.0°C
(log aT)S =
=0.208+(T ~ 85.0) T < 85.0°C

For the poiybutadiene matrix, the Shell 16/78/16 data for
the polybutadiene transition and plateau region were used. This will
be discusged further with the Shell material experimental results.
The shift behavior could be divided into a WLF portion and an Arrhenius
portiorn, but only the WLF part was used here in order to keep the
picture as clear as possible. The shift behavior will also be fully
described later.

The shift behavior for the individual phases ieg shown in
Fig. 9 for a reference temperature of 85°C. 'Uéing the method construc-
ting compliance curves for the composite (wB = 0.7, Vg = 0.%) at the
reference temperatiare énd at the test temperature and subseguently
findirg the shift factors betwecen them for the frequencies of interest,

in Fig. 10, again &l a reference temperature of 85°C.
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To show how the behavior now varies with reference tempera-

B

ture, Figs. 11 and 12 show the result at reference temperatures of 60
and 30°C respectively.

From their empirical shifting of Kraton 102 data, Iim, et
al. (22) defined a characteristic temperature T, below which the
shift behavior is dominated by one mechanism and above which it is
dorinated by a second mechanism. To the extent that the changes from
one mechanism to another tskes place over a short temperature range,
as discussed above, this is true. From Figs. 10-12, however, one
sces that TO mist be a function of freguency, being about 60°C for
logw= -6 and ahout 110°C for log w= 5. What empirical shifting can-
not show is the large juwp to gel from one polymer leg a, curve to
ithe other. In Fig. 10, for instance, the logw= 5 curve contains a
large vertical jump Lo get from the polybutadiene carve to the voly-
styrene curve and the 1ogcu='-6 curve has a very flat region where
essentially no shifting takes place over a broad span of temperature
in order to connect the polybutadiene and polystyrene regions.
Interestingly, this indicates that the empirical shifting of long
time experiment data may give more valid results since the large
vertical shift, which represents a degeneracy of sorts, can be
avoilded. Farther, one can see that if TO corresponds to Tr’ as it
does approximately for the logw= -6 carve in Fig. 11, empirical
shifting should rzsult in a fairly accurate log a, curve when only
twe mechanisms are present.

Shen end Kselble (20) observed a straight line dependence of

log a, =2t intermcdinte temperatures, end this line intersécted the low
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tenperature WLE curve from above, in a similar fashion to the flat
region seer in Fig. 10 for the logy = -6 curve. The glope of thig
line, howeVer, is probably tco steep to be the same phenomena,
~although the data are so scanl that one cannol determine the fine
structure of the line. It could also conceivably be the effect of
entanglement slippage, which will be discussed in the experimentel
regullts section, since these experiments were carried out at very
long times.. The whole observation is somewhatl suspect, however, since
they used the universal form of the WLF equation which gives a steeper
curve than that determined in the experiments reported here. More
will be said about Shen's data in the section on Kraton 102.

There are seversl advantages of this approach to the
treatment of polymer composite properties over the decomposition
schemes used previcusly to separate the contributions of various
mechanisms. One is that the shift factors are not critically depen-
dent orn the accuracy of the experimentsl data. Decomposing comﬁliance
‘@ata, for instance, into various components usually requires taking
very small differences. In conjunction with this is the problem of
accurately shifting the data empirically according to one.mechanism
or extrapolating the mechanical contribution of one mechanism before
the compliances can be decowposed, necessarily involviag some guess-
work. As will be seen in Part III, prescribing the ghift according
to theory and applying it to experimental data has the further
advantage that deviatoric behavior stands out. Thus it is possible
to account for known behavior and, in the pfoéess, exhibit behavior

that arises from unexpscted mechanisms. Thus, the technique offers a
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methedical way of separating and identifying componants of complex
viscozlastic data. A furiher advantage, from ar enginecring poinﬁ of
view, is that one obtains, in the enc, a master curve for the actual
composite material and not master curves of the separate contributions
which must then be combingd to produce the true wmusler curve,

Among the difficulties in'applying this approach to the
study of complex viscoelastic phenomena, the large nuwber of calcula;
tions involved almost necessitate the use of a computer. However, the
caleulations are siraightforward and efficient, and this cannot be
considered a disadvantage with the general availability of coﬁputers.
There exists the problem of determining the time-temperature shifis of
the individual wechanism as would be the case in any attempt tc char-
acterize these composite materiais. Tor example, in SBS block
copolymers, the snifts for polystyrene in the glassy state must be
agsumed, and the understanding of glassy behavior is as yet very
primitive. Anobher example is that not muchk is krown sgbout the shifts
a glass transition undergoes at temperatures more than 100 ©C above the
glass transitvion temperalture, i.e. whether or not it continues to
follow WLI tehavior. These quesﬁions concerning the properties of the
homopolymers in polyrer composites are, of course, fundamental to
undergtanding the conposites themselves, as the dnteresst in them lies
to a great extent in thelr properties over very large ranges of time
aﬁd temperature.

This approach to the investigation of polymer composite
viscoelastic behavior by uveing a wechanical ﬁodél to generate the

time-temperatare ¢hifts gives en inluitively satislying picture since
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the shifis of independent transitions are made largely independent of
one another. Experimental data presented in Part ITI lend support to

the consistency of the technidue as well as illustrating its strengths.



31
ITI. EXPERIMENTAL RESULTS AND DISCUSSION

A. Shell 16/78/16

Maverisl and procedure

This material.was provided by vhe Shell Chemical Company
(Experimental Block Polymer TR-41-1648). The styrenefvutediens/
styrene block segménts were determirned at Shell to have respective
molecular weights of 16,000/78,000/16,000. The polybutadiene micro-
structure was determined at Shell to be %1% cis, 49% trans, and 109
1,2 addition. A fact sheet describing the synthesis and character-
ization is included in Appeadix D. DTA in this laboratory showed a
glass transition atv -91 ¢ but could not resolve any transition at
higher temperatures.

A sample was prepared by casting on mercury a degassed
solution of 17.0 g polymer and 0.04h g N-phenyl 2 naphthyiamine
antioxidant dissolved in 200 ml benzene. After drying for one Week,
the sample was carefully detached from the dish, lifted off the
}mercury, dried in vacuum at rocm tempersture for twenty-three hours,
end stored at -18 °C. The resaltent film was 1.02 rm thick. Viewing
the film under polarized light revealed no stress patterns. The
modified Melabs Rheometer was used to examine the dynailc mechanlcsal
properties of two specimens in simple comprescicn.  ERach specimsn.was
composed of three laminalions, saech lamination being cut frow the
cast filz, suach that the ismposed strain was perpendicular o the
lamications. The laminaiions were pul together by washing thz sur-
faces with motharol, placing thcﬁ together while still wet, and allow-

ing the laminatzd sauple to dry first at atmospheric pressure ard then
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in vaccum for a few_hdurs. A lraperoidal séction was cut out ﬁith &
razor blade, washed with methansl, end dried for twenty-Sour hours in
vacuun before installaticn in the Melavs apparatus. The lamination
“process was carried out independertly for each specimen. The trape-
zoldal shape was dictatcd by the structure of the iMelabs Rheoneter,
which was not originally designed to work in compression, and the
desiré to obtain as small & shape Tactor (thickness/arga) as possible.
The first specimen was 0.308 cn thick with a cross-sectional area of
0.200 cin®. When annealing was observed at high temperatures durilng
the Melabs tests and subsequent investigation showed that anﬁealing
could change the thicknesg by &s nmuch as 30%, the second spescimen was
prepared. The only difference in preparaticn between the two speci-
mens was that the secornd laminated sample was annealed at 100 OC
for six houfs in a small evacuated dessicator before the trapezoidal
specimen vas cut. The thickness of this specimen was 0.40L cm., an
increase of 31%, with a crosé-sectiénal area of 0.176 cm?. Adhesion
between laminations acrd between the specimens and the rheometer in
both the annealed and unannealed specimens was very good; and once the
specimens were cut, it was very difficult to visuelly determine the
precise location of the interfaces. DMost of the ensuing discussion'
will be concerned with the data obteined on the aﬁnealed specimen,

When a specimen wag installed in thic compressicn mode of the
Melabs epparatus, the Force monitor plate was allowed to drop and rest
on the specimsn.. Tre monitor plate was then pushed by finger
pressure to e»ply a small compressive strain to the specimen and was

secured in place by tightening a screv against the upper part of the
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mouitor plate. The applied strain was estimated 1o be of the order.
of’ 5%. The apparatus was then heatoed to 50 OC for twenty-four hours
which allowéd some anrealing to take place and resulted in goocd
contact between fhe specimen and the driver and force monitor plates.
While in the rheometer, a nitrogen blankoet was kept over the specinen
except at the lowest temperatures when a liguid nitrogen cooled heat
gink surrounded the apparatus. The first data were taken at 50.00
folloved by the low temperature measureucnts. The 50 9¢ measurcments
were then revealed bvefore and.after the Ligh temperature scries. Tke
50 °¢c data were reproducible except for the final set for the
unannealed specimen which, as mentioned, had ananealed at the high

temperatures.

Mechanical Properties

The storage compliance for the anncaled specimen is shown in
Figure 13 for 9 temperatures. Data at 16 other temperatures, primarily
in the (O 80°C.range, have not been included in order to simplify the
picture. Compliarces appearing below the value of -3.5 in Fig. 13 are
beyond the calibrated hardness range of the Melabs apparatus, thcugh
this will not disturb the time-temperature superposition results as
discussed in the section dealing with the spparatus (Part IV). The
reduged data below L40°C could be shifted, together with the loss
compliance, into very good suferpoéition.

The usual Te/Toeo factor (28) was used to reduce data falling
in the plateau region above the polybutadiene glass transition; and in

the transition region, the shift was allowed to vary between zero and
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Te/Toeo (28) in order to obtain the best superposition. In reality,
just the T/Io shift is applied to the data since the rheometer, in
confining the specimen to a constant thickness, measures the density
reduced ccompliance if it is assumed that ne bulging takes place. No
estimate of the amount of btulging ‘in the speciﬁen can be given and
this has been neglected,

The shift factors, together with the shift factors for the
unannealed specimen are shown in Fig. 14 based on a reference temper-
ature of -78°C. The WLF equétion, also shown in Fig. 14 by the solid
line, is determined from the plot of TJTr/log &p VS, TJTr, as shown

in Fig. 15, to be

_ 7.76+(T#78.0)
108 &p = - 5T TH{T475.0) (13)

In Fig. 15, the shift data deviate from the WLF equatlon at sbout
0°C for the annealed material ard at about -40°C for the unannealed
specimen. quevera in the intermediate terperature range, the shift
behéviors‘appear to be the same as they are parallel in Fig. 1h.
Time-temperature superposition shifts de&iating from the WLF
expression at temperatures above the polybutadiene glass transition
imply that another mechanism, other thgn the glass tranéition, is
contribufing to.phe compliance. Smith and Dickie (35) speculate that
this is'due to glassy behavior of polystyrene domains in their
investigation of Kraton 101 ahd Thermolastic 226. However; the ides
of glassy polystyrene contributing to the mechanical properties was
prompted by the steep slope of the log an curve. The slope cbserved

here is much smaller making it more likely that relaxation is taking
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place in ﬁhe rubbery network or perhaps in the interlayer between the
polystyrene and polybutadiene phases. Of course, a decided advantage
here is that the Shell 16/78/16 is well characterized whereas the
conmercial Kraton 101 and Tkhermolastic are not.

An spproximate decomposition of the shift factors can be
obtained by subtracting the WLF curve from the experimental ghift
data. " The actual decomposition of the compliance data into the
various components to determine the decougose shift factors is very
sensitive to the accuracy of the data acd assuvmptions regarding the
polybutadiene equilibriuwmn compliance. One obtains an activation
energy of about & kcal/mole for this secondary relaxation--about twice
the value guoted by Ferry (28) for entanglement slippage. From the
additive compliance model prescnted earlicr, however, one would
precict that the WLF shift should nol be subtracted, but rather that
the activation should be calculated from the data directly. This is
because a decouposition of the compliance into the polybutadiené

transition, governed by the WLF equation, and entanglement slippage,

governed by an Arrhenius equation, assumes an equilibrium compliance
on the rubbery end of the transition. As one approaches this equili-
brium compliance with its zero slope, the contribution of the WLF
portion to the total shift geoes to zero and the total shift is deter-
mined by the entanglement slippage part alone. This analysis results
in an activation energy of 13 kcal/mole. The slope of the log 8
curve in this region is small enough, however, that, as far as
representation of the dala 1s concerned, it does not matter wiiich

scheme one ustes, or even if a vroportionality with temperature rather
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than inverse temperature is used. ILong time tests should result in
this deviation from WLF behavior occuring at lower temperatures so
thal the deviation could be_abo&e the WIF curve ralher than below.
Then the distincltion would ve important as sﬁbtracting a WLF shift
would produce a négative and changlrg activavion energy.

Langley and Ferry (10) Suggesﬁ that very long entanglement
relaxation times are a result of thé slipping of large branched struc-
tures wnich are dhly very lightly linked to the gel and thus have low
robilities., If the reléxation seen here is indeed entanglenent slip-
page, it can only involve trapped entanglements with very little
branching. Thus the long relaxation times scen apparently support the
concept of very long range entanglements and that trapped entanglements
in a uniformly crosslinked network involve long relaxation times in
their own right.

As mentioned above, the dynamic compliiance datsa beloﬁ ho°g
superpose very well. If empirical chifting is attempted at higher
'temperatures, however, one can-observe thal superposition is not
obeyved. The effect is very swall in D'(w), and at first oﬁe ney tend
to think of this as experimentai errcr. A typlcal exanple where D'(w)
data, determinea at 68.00°C, have been shifted ir an attempt to
superpose ihem with data at 60.98°C is shown in Fig. 16 with an
expanded ordinate. This is a real discrepency, thcugh, and it has
been observed in numerous Investigations of a similar block copolymer,
Kraton.102, which‘wijl be discussed later. Thus one teads to suspect
the applicebility of siuple tiwe-teumperature superposition. Tuuther,

he aromaly ceens wore prencunced in the loss compliance so t
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Figure 16. ZLack of Superposition in Shell 16/78/16.

shifts different from those for D'(w) appear to be necessery.
Therefore, one is molivated to apply the time-temperature superposi-
tion scheme derived earlier for materials with multiple transitions.

For this onc needs a representatioan for compliance and log a

- dgta

for each phase iavolved,
For the matrix, it was felt that that data which superposed
. well at intermediate and low temperatures down threough the poly-
butadiene glass transition would be most representative. The master
curve of the storags compliance of the unannea}ed specimen was adopped
by tabulating points read of'f the master curve at 0.2 decade intervals
up to a region of constant slope (—0.039 deczdes of compliance/decade
“of time)., To go further into the rubbery region, the ¢ata were
extended by extrafolaticn along a line of this slcpe. There was no
need to represent the glassy compliance of the matrix as the experi-

mental dota 3o not ¢o beycad the transition region. The loss
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compliance date require an approximation to be made in order to avoid
prdblem; of nornunigueness and sensitivity to error in the data. This
was discussed carlier in Part IT along with the representation
adopted. The ghift behavior of the matrix has been described above.

The relaticnship adopted was

(1og 8 )y = - 51-(T-0.08)/(1T+146.3) (1k)

and for temperatures gbove 0°C an Arrhenius expression was added so
that
(log aT)WLF T£0°C

log = (15)
¢ T ( log a ype + 1'(60-[1/(273+T) - 1/2'@] T>0°C g

These relationships were derived from the data obtained for the
unammealed specimen, so the WIF coefficients differ from those
appearing ir Eq. (13) which result from the analysis of data from
boﬁh the anpealed and unanrealed specimens and which were derived.
much later in this investigation. The difference between Eg. (13)
and (1k) was not sufficient to invalidate the use of Eq.(1l) in the
computer progran.

Equaticns (1k) and (15) state that the polybutadicne transition
shifts with WLF behavior at Jow temperatpres and then has a small added
shift at temperatures above O OC. If the polybuladiene transition
actually follows the prescribed WLF behavior at the higher tenperatures,
this adds an incorrect shift if the transition ;s referred to those
higher temperatures. This is exactly the error thal the decomposition

of the shifts of the variocus mechanisms via the additive compliance
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model presented earlier attempts 1o avolid. However, the relationship
shown in Eq. (14) arnd (15) has been used rather than the
decomposition scheme for a number of reasons. First, two assumptions
are necessary in order to decompose the data: (l) An equilibrium
compliance mist be assumed in order to sepasrate that portion due to
entanglemént slippage and (2) intrinsic to the decomposition is the
aséuﬁption that the low freguency relaxation is really due to
entanglement slippage and entanglement slippage alone. If another
-mechanism, e.g. the presence of a finite interlayer between the
bPhases, which is discussed below, contributes in this regioﬁ (it
would tend to raise the appareni activation energy above Ferry's
value of 4 kcal/mole), this decomposition would be misleading.
Secondly, the'decomposition.would be very sensitive to the accuracy
of the expérimental data as well as to the equilibrium‘compliance
assumed. In a@dition, the WIF equation is generally proposed for
uée in the temperature span from Tgto Tg + 100°C and one cannot say
whether or not the same eéuation should be valid at higher
temperatures. Thus, in light of present knowledge, it secems wisest
to treat the problem in this simple, if somewhat empirical, fashion.
If WLF behavior is assumed to be correct at high temperatures, the
error in the location of the polybutadiene transition would be only
about 1.8 decades at a reference temperature of 85°C ard this error
would decrease almost linearly to zerc at 0°C.

The data used to describe the polystyrene phase were

described previously in Part IT. A glass transition temperature of
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85°C is assumed.

With these data, then, éhifts were determined and‘applied
to the ekperimgntal compliance data obtained on the Melabs Rheometer.
The master curve so generated is shown in the bottom of Fig. 1T7.
Obviousgly there is still a lack of superpositioﬁ; Oné's first
reaction would be to say that the polystyrene is affeciing the data
at higher frequencies (or lower temperatures) and a Tg lower than
85°C should be adopted. This is judged to be unlikely on the basis

of three observations. First, although D'(w) and D"(w) shift

differently when two mechanisms are present, they cannot be made to

shift that differently by simply changing the polystyrene Tg so that
the lack of superposition in both curves will be resolved. Secondly,
by lowering the Tg of the polystyrene, the general appearance of
Dp'(waT) and Dp”(wcﬁ) can be improved, but the fine structure shows
superposition as bad as that cbtained by empirical superposition
alqne. For instance, the model discussed in Part IT suggests that
the superposition should get better as the higher temperatures are
approached, and the opposite ié seen if the Tg is lqwered. Although
not many data have been obtained at low frequencies at the highest
tempefatufes, their superposition is very sensitive to the selection
of the glass transition temperature used to generate the shifts. At
85°C, they superpose fairly well,.but a choice of 87 or 83°C shows
obvious lack of superposition. Unfortunately a malfunction of the

apparatus prohibited messurements at higher temperatures. Thirdly,

this value of 85°C is also consistent with DTA.measurements or. Kraton
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102 which give some indication of a glass transition at 83°C (usually
in the form of what appears to be strzsgs relaxation as the sawple is
wacmed) .

Indeed, D"(w) contains indications that the lack of super-
position is due to another added compliance which dces not affect the
horizontal shift. In particular, the horizontal shifi of the small.
maximum that appears at low frequeﬁoies seems to be fairly wzll
described, but the value of the mavimm and the surrounding data
increases as the temperature increased. This could be the case if
the composition of the system was changing to make it more cdmpliant,
but leaving the horizontal shift behavior unchanged. The presence éf
an interlayer between the polystyrene and polybutadiene Phases in
-which the two components are mixed would be consislent with these

*
observations.

The Interlayer

From Eq. (5) in the discussion of time-
temperature superposition of block copolymers, one sees that the
contribution a mechanism makes to the shift is proporiional to the
amount of that phase, the compliance of that phase, and the rate of
change of that ccmpliznce. If an interlayer i3 sresent betwoon
essentially homogeneous phases, it muet have a chacging composition

sabject to the condition that the corpositicn must change smoothly

.X<
The presence of an Interlayer has been postlalsted pr
Kaelble (21,4k1).

[0

vicusly by
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to the coﬁpositions'of the homogensous phases at th¢ boundaries,
Sinée the composition of the interlayer, and thus the T_ is con-
tinually varying (a fanction of the radius for spherical domains in
a continuous matrix), sose of the interlayer will be rubbery, some
glassy, and some will be in transitlion. This is shown in Fig. 18

where the different conditions are shown for discrete spherical

Polystyrene Polybuiadiene
Phase Phuse
S

GSassyY Rubbery

in
Transition

Figure 18. Morphology of the Interlayer.

shells, although the variation is, of course, continucus.

To simplify the description one assumes that the interlayer.
does not contribute to the horizontal shift behavior because the
compliances of those regions in the glassy and rubbery stales are not
changing rapidly encugh, and that portiorn in transition is such a
small fraction that it can bé neglected. There is some Justification
for this assumption in the behavéor of the sm2ll maximum which

appears in tre logs conmpliance and which waeg ascribed earlier to the
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relaxation.of entanglemerts. The fact that the location of this peak
changes -very little as the compliance changes with temperature
strongly supp&rts the contention that the iuterlayer has little effect
on the horizontal shift. The small shift in this region also makes |
it possible to determine Fig. 19 (discussed below) at constant
freguency (100 sec—l).. (Even if the horizontal shift was affected,
this would be of little consegquence since the compliance master curve
must still be dominated by the pclybutadiene and polystyrere glass
transitions and any contribution of an interlayer must lie in between
where the changes are relatively small. However, the superposition of
fine details, such as the small maxiium in D"(w), would be lost).

The effect of the interlayer on the total compliance of a
polymer composite cannot be neglected, however, anﬂ is probahly the
major cause of the lack of superposition that we've seen in previous
master curves. Extending the additive compliance modei to include the

interlayer, one obtains

D(t) = g Dp(t) + WSDS(t) + w D (%) | (16)
where wI'is the fraction of interlayer present and JI(t) is an average
compliance of the Interlayer. We break the interlayer contribution
dovn further into a rubbery portion WIRDIR and a glassy portion
WIGDIG s0 that

WD (8) = Do 4 peDrg ~ VyDeg (a7
where the region in transition is regarded as being negligible or

effectively factored into the two terms. Since the glassy compliance
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would be much less than the rubbery compliance, the contribution that
the interlayer makes to the total compliarce is approximaiely that
of the rubbery portion. WIR and WIG (whjch mast add to WI) are
functions of the test temperature and the Lime scale of the experiment
since these parameters determine where the transition lies in Fig. 18.
This argument will also apply to.the dynamic functions D'{w) and
D"(w) as well. |

As test temperature increases, therefore, one should see an
increase in the experimentzlly determined storage and loss cqmpliances.
This is indeed the case with Shell 1€/78/16 for temperatures between
45° and 80°C. It is seen to be most significant for the loss com-
pliance and by determining the differences in the loss compiiance at
different temperatures, one can determine the fraction of the inter-
layer in the rubbery state WIR/WI as a function of temperature
assuming that

D} () ~ Dy () 0

and that at high temperatures,

Vop = Vo T > 80°C (19)

The result of this analysis is shown in Fig. 19. Ve can esbtirate

the product of the fraction of material in ihe interlayer times the

effective rubbery compliznces (storage and loss) of the interlayer as
' ~ . 7 1 _ % - . . 4

log wiD TR ).Q and log qu TR~ J.1. With two equations and

three unknovns, oue cannct detlermine the individual quantities

without further acsumptions. ihe fact that WIDiR and wID.-'['R are close
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Figure 19. Rubber Fracture of the Interlayer.

together, and hence that DiR and DER are similar points out that this
is purely a pﬁenoﬂenological equivalent model that we ére supposing,
and that the actual values assigned 3o not have precise physical
meanings.

If one can now determine the time dependence of WIR in
additiorn to the.temperafure dependence, one will be able to include
thg effect of the interlayer into the shifted curves to oblain a true

master curve, We know the temperature dependence of w Essentially

IR’
the interlayer is described by dividing it into a glassy region and a
rubbery region with a step change ir. between. Ve say that the

material at this step change is at its glass transition. A change in

tine scale must move the peint at which this transition occurs, Just

as docg a change in temperature, Thus a change in the time scale can
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be incorporated as a corresponding changing temperature. The
relationship 1s as follows. At a givenltémperature, a polymer goes
through its glass transition at a certain time, and that time has a
specific slope of the log 8y VS, temperaté;e curve assoclated with
it. Different polymers have different temperatures where this
transition takes place, but within the "universal" nature (28) of
polyméric mechanical behavior, this slope would tend % be the same
for varicus polymers. Assuming this to be true for the various
polymers in the interlayer (varying polybutadiene/polystyrene ratio)
for the range of temperatures involved, one can estimate this slope
for a constant time. This slope will then be time dependent, but the
assumption of a constant value should be fairly good over the
experimental time scale involved. Since this slope is the change in
log a, (or -log t on the master curve) with respect to temperature,
in actuality it is the reciprocal of this value that we want. For
the polybutadiene transition in Shell 16/78/16, for example, which
occurs st approximately -78°C for a frequency of 100 sec-l, thes slope
of the log a, curve is about 0,13 decades/’C; and the reciprocal gives
about T.5°C/decade. Plazek and O'Rourke's data for polystyrene with
a molecular weight of about.l6,000 give about 4°C/decade. These are
very approximate figures since it is difficult to assign a specific
frequency to the transition end considerable latitude must be allowed.
Also we are forcing the model, with the step change in compliance,

to the interlayer in order to choose a point on-the log a, curve

wheress the srooth transition which should be present must weight'the
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log a4 curve differeﬁtly.

A simple way of describing this time dependence as presented
in the preceding paragraph is provided by considering isochronal data.
For a given time, the polymer goes through its glass transition at a
certain temperature, Tg- This Tg changes with the time scale, and
the usual variation at long times is generally quoted to be about 3°C/
decade (28). This figure would be a lower bourd as shorter times
would produce somewhat larger values.

Thus, the contribﬁtion that the interlayer makes to the
mechanical reéponse of a block copolymer is a vertical shift that
depends on the test temperalure and the test time. Essentially, it i1s
interpreted as a change in the ratio of glassy polymer to rubbery
polymer in the composite. A glassy domain consists primarily of
homopolystyrene (with perhaps a small concentration of polybutadiene)
at the center with the polybutadiene content increasing with the
radius. When enough polybutadiene is present to lower the T to the
test termperature, the material becémes‘rubbery. Or, at a given test
time and temperaturs, the radius 0 the glassy domain is determired
by the point at which the interlsyer material is at its glass

transition.

Application of the Interlayer Model

By this method, then, the isothermnl compliance date for
Shell 16/78/16 ere shifted vertically point by point by taking the
anti-lngarithm, subtracting out a compliance for the interlayer at

the evrerimental tewpersture and frequency and adding in the
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_interlayer.compliance‘for'the reference temperature and shifted
fréquency, and teking the logarithm again. The part of the process
most likely tobstrain the validity of.the mpdel and the assumption of
constant parameters is inidetermining the time dependence when |
adding in the interlayer compliance for the reference temperature.
The same constant value for aT/alog t is used hererver a large
frequency span. With values of log wID' = ~3.0 and log w_D" 3.1,

IR I“IR © °

using the temperature dependence of w R Shown by the straight line in

I

Fig. 19, and correcting the temperature for each frequency by

corr Texp - A-(B - 2.0) (20)

Wwhere Tcorr is the corrected temperature, Texp is the experimental
temperature, B is the légarithm of the frequency (2.0 is the point
at which Fig. 19 was evaluated), and A is taken to be 10.0 degrees/
decade, one produces the master curve shown in the top of Fig. 17.

The interlayer 1s apparently the principal cause of thé
lack of good superposition that was seen in Fig. 16. Thus direct
proof of the breakdown of time-temperature superposition due to thé
two glass transitions is still lacking. It would reguire data
covering considerably more time or the investigation of a composite
with glass transitions much closer together to successfully show this
over and above the other relaxation phenomena present.

‘Some spread is still evident in the region of interlayer
contribution at low frequencies in both Dé(war)'and D"(wa,) in the
final naster curve. A possible explanation is.that the softening

interlayer, pafticularly ag the whole polystyrene domain beging to
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soften, may allow addéd.entanglement slippage in the polybutadiene
phése by allowing the ends of the block copolymer to rearrange
slightly. The difference is very small, but it is unlikely that this
is due to a breakdown of fhe interlayer model because of the approxi-
mations made since the behavior is actually in a region that should
be best described with the parameters held constant.

Other than this small discrepancy, the experimental data,
shifted according to the additive compliance model and correcled for
the interlayer, superpose very well. A further test of the consis-
tency of the analysis is to synthesize the master curve as iﬁ would
appear at a different reference temperature. The upper plot in Fig.
20 ﬁresents the same experimental data obtained for Shell 16/78/16
shifted by ﬁhe'same methods to a reference temperature of 25°C. The
master curve referred to 85°C that was sgeen in the upper portion‘of
Fig. 17 is reproduced directly below the 25°C curve. _This illustrates
the dramatic effect of the reference temperature on the master curve
that was discussed with the derivation of the time~temperature
superposition scheme. It might be possible to further optimize the
values chosen for WIDiR’-wIDER’ and A in Egq. (20) by examining the
superposition at different reference temperaﬁures, but this was not
warranted for the data avaiiable.

Having described the effect of the interlayer, at least
phenomenologically, one must now question the conclusions made
- regarding entanglement slippage. One must expect the interlayer to

be changing cover the entire compliance plateau region between the two



53

* (xaddn) Do 62 e pum
(x3m0T) Do 4Q 3® "wa\mw\mﬂ TISYS JO ssaan) J9958 2ousITdWO) SSOT pus 988I0LE *02 SINSTJ

,-038 = oM 901

¢l 2zl 1 ol & 8 2 9 S v € z 0
M~ T ! i T i { : i i

5

rl [}
=}

- v-E
2

E

" o
it

%

| -0
d),

€

o

— L
|

a v
. -5
9i/8L/91 T13HS 1

- 1-038 — ‘om 907 :
0l 8 9 t : 2 0 2- - 9- 8- 0Ol 2=
T I 1 P ] f T i T | T i i

B8E- 0,  8Evr Q
6828-v 2itl-o  pLEY O
908L-% BIT O 689G
0089~V 28§ O 8609 O
8G6G-v $021 m 0089 ©
II'86-Vv  1¥4l 4 202L0
O6br-¥  vOPEe O GIe8 O
veeg-y 000F @ PY98 ©
Do % %

9/3L/9¢ 113HS

L b { ~ i VOV 1 i

¥

tomyda oo onv temida 900

3

L)

ol
)48 — (




5k

glags transitions, ﬁot Just in the high temperature region.near the
polystyrene transition. In addition, the activation energy-that wés‘
’obseryed for entanglement slippage was higher than values determined_
"in studies on pure polybutadiene. On the other hand, there is a

clear Qifference in the behavior of the compliance above and belowv
40°C. This observation was prompted by the behavior of the small
maximim in D"(w) for which the horizontal shift was consistent, but
which experienced vertical shifts at the higher temperatures. Most
likely, both relaxation mechanisms are present simultaneously with
the small peak arising due to entanglement slippage and the interlayer
contributing a small additionai compliance. The contributions of both
mechanisms are very small and essentially indistinguishable at low
and intermediate temperatures.

Séme scatber of the data occurred in the area of the
miniimum in.D%‘maT). It is attributed to experimental error and those
poihts have been excluded in Figures 17 and 20. The phase angles
measured there are very small and close to the limits of the accuracy
of the Melabs apparaius. Previdus to the investigation of tThe
annesled specimen, the unsnnealed specimen, with a mérgmﬁaYQI@bl$ 
shape facltor, exhibited remarkably good superﬁosition in this regiong'
and these data superpose very well with the majority of the data
points for the annealed specimen. A master curve for this specimen
.iS‘ShOWn in Fig. 21 at.a referenceAtemperature of 0°C and incorpo-
rating data for tempcratures ﬁp fo 50°C. The shifts for this curve

were Qetermined purely empirically; but observations made on the



55

.A@wdmmqq,mﬂdv mﬂ\mw\ma TTaYS JI0J S8AIN) JI99SBW dourITdwo) SSOT pue 9deloqs °*T¢ 2INITd

,08s - tom 907

_ —
Ol 8 9 17 2 O - om
g _ I I I ] T _ I _ T “ 0 G-
_ _ . £6°6 g0 . o)
06’6 v v 800 njlfo) o~
ﬂu 2S'br WO 202l- 00 .
R ob'6E B © 06°G2—- OO - ~
_ 21'°6¢ m © 2¢°6¢- OO w
22°0¢ O O 06°¢G-.0 0O
60€2 O O 2L'$9- OC -
R = . | 1241 B G 66ci~- OO 0P -
R 0o'dWaL TogwAS §P257 5 8 o
..q. ‘
— T _ Jo'dW3L TOGWAS I =
‘ & S g S s I )
. -ﬁiu lr--...i.a ln_ .:am h*.f.... FHeomemsiiig u,. m
‘\ ) i1 pr— ;—
B o QB ¢ s
_ Ro) 9
— .Ob‘ - L
@’
pajvsuupnun - HSSvDeoayy 2 O
- | -
Q1 /8L /791 T13HS e
| | | L L _ | | | ] o
_ >
o 1]



56
annealed specimen data indicate that only data taken at higher
temperatures than those presented should be affecﬁed by a polystyrene
contribution..'Polystyrene behavior is only important above about -
8C°C and the interlayer correction is only significant above about .
L5°C. One sces what is apparently the inteflayef effect in log D"(w)
at the'very loweét frequencies in the 50°C data. Annealing during
the tests was not a factor since the data taken aP'50°Q“before andw 
after these tests”weréiyery reproducible.. Data taken at higher
temperatures, however, have not been included because annealing
occurred simulténeous to the measurements makiﬁg the results
ambiguous.,

A point should be made at this time concerning a vertical.
shift that can arise due to an apparatus malfuﬁction. This will be
further discussed in the section deécribing the apparatus and there
it will largely be concerned with the problem as it is seen when the
shéaring mode of the gpparatus is used. Fortunately, the effect
arises rarely in tests in simple compression. A result_of this error
is seen in the room temperature region of the original shift data
for the unannealed specimen in Fig. 22. In this region, the compli-
ance data are very flat, and a slight vertical shift can severely .
affect the horizontal shift. Further, the loss compliance is at a
bréad maximum &t this temperature, so that shifting has to be carried
out using the stqrage compliance aloné. The pT/poTo-factor Was
. applied and the reduced data were shifted to obtain the shifts in

Fig. 22. The anomaly is obviously an artifact and it is felt that
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Figure 22, Uncorrected Erpirical Shift Factors of Shell 16/78/16
(unannealed) Showing Anomaly.

the shift data can be smoothed. Thus all the high temperature data
are shifted ub 1.35 decades to bé consistent. This action requires

- that the corresponding compliqnces have to be shifted 0.075 decades7-
vertically to be consistent with the Tow temperatﬁre data, exactly

as if there had been a mistake in the caiculatioﬁ of the shape factor.
Interestingly, a rechéck of the measurements ét 50°C yielded

precigely the same results as were seen before the 1ow'temperatures
were investigated, so that the Vértical shift observed was apparently +
reversible. _No anomalies of this sort were observed in the shifts

derived from the measurements on the annealed specimen.
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B. NBS 10/30/10
Matefial

This S/B/S triblock copolymer was prepared by Dr. L. Fetters
at the National Bureau of Standards and supplied to this laboratory
courtesy of Dr. F. N. Kelley of the Air Force Rbcket Propulsion
Iaboratory. The block lengths of molecular weights 10,000/30,000/
10,000 were determined stoichiometrically By Dr. Fetters. DTA showed
a polybutadiene glass transition at -93°C, but again gave né
indication of a polystyrene transition. The material had been subjec~
ted to some thermal history previous to this inﬁestigation, having
been compression molded once, and so it was dissolved in benzene and
filtered to remove any impuritiés and gel that might have formed.
The solution filtered easily indicating that very little, if any, gel
had formed. In 311151.5 g of polymer vwere dissolved in 115 ml of
reagent grade benzene to ﬁhiCh 0.03 g N-phenyl 2. naphthylamine anti-
oxidant was added. The solution was cast on mercury and allowed to
dry for four days. The resulting film had a very slight yellowish
hue which may have been due to degradation suffered in the compression
molding. The film was much stiffer than other films obtained? being
similar in feel to the corrugafed cardboard used in boxes. Indeed, a
plot of force vs. length in & constant strain rate experiment ai room
temperature, shown in Fig. 23, revealed a yield point intrinsic to é
continuous polystyrene phase. Because of the high polybutadiene
~ cantent, though, probably botﬁ phases are continuous. Also shown 1s

the tracing for the second pull illustrating typical stress softening
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Sample Length - inches

Figure 23. Constant Strain Rate Experiment Showing

Yielding in NBS 10/30/10.
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of block copolymers (¥2,45) resulting from the disruption of the
continuous polystyrene phase at the yilield point so that the.composite
“thereafter acts as an elastomer. Annealing allowed one ﬁo reproduce,
the yield curve repeatedly. This annealing phenomenon and its rela-
tion to morphology has been discussed elsewhere-(ME).- Annealing did

not result in a dimension change as was seen with the Shell 16/78/16

material.

Mechanical Properties

A specimen 0.55 cm x 0.87 cm in lateral dimensions x 0.188
cm thick was cut from the film with a razor blade and dried in a high
vacuum (1..0-5 Tdrr) for 27 hours at room temperature. Dynamic
measurements were carried out in a simple shear on the Melabs appara-
tus at 15 temperatures between ;80 and 90°C. Above room temperature,
the apparatus and specimen were blanketgd with dry nitrogen. Since
the measurements were in shear, arbitrary vertical shifts were often
required in order to make the data superpose (cf. Part IV concerning
‘the apparatus). Because the modulus of this material is quite high,
though, measurements were very easy and the resulting accuracy in
both J'(w) and J"(w) lended considerable confidence to the shifting.’
Shifting log tan 5, which;femoves any vertical shift effect,
including the shift factor, Te/Toeo, as well as the apparatus
error, resulted in log a. values identical to those obtained by
shifting J*(w). At most, the vertical shifts were less than 0.2
decades and.the empirically determined superposition was excellent.

The assembled master curves are shown in Fig. 2k, The
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subscript p on Jé(w) and Jg(mj in this case represents reduction
_iﬁvolving the vertiéal shifts necessary for superposition rather than ’
simply the Tp/‘I‘Opo factor. _Indéed, in £his case whére the compliance
is dominated by the glaséy polystyrene, the Tp/Topo factor probably
should not be used. Vertical shifts were made relative to the 0°C
data, which is an arbitrary choice, but the frequen;j scale has beenn
referred to L0°C, the reason for which is explained below. The
plateau region has a much lower compliance than was seen for the Shell
16/78/16 material as a result of the continuous polystyrene phase. A
small polybutadiene tranéition is seen at high frequéncies (low
temperatures); and interestingly, the glassy compliance here is higher:
tﬁaq that seen in the glassy region of the Shell materisl. Whether
this is a'resuit of the morphology can only be speculated at this
point. At low frequencies (high temperatures), the compliance
increases as the polystyrepe_softens and is apparently entering:
another plateau region.

The shift factors, referred to 0°C, are very revealing and
are shown in'Fig. 25. Although the polybutadiene transition is. very
small, as seen in the master curve, the shift beﬁavio: is purely
polybutadiene in nature and is the same as tﬁat seen in Shell 16/78/16.
Thé WLF parameters describing the low temperature data are Cl==15.56
and 02==10952°C'at a reference temperature of ~80.91°C. At high
temperatures, the mechanical behavior is dominated by polystyrene,

“apparently in the glassy state. In fact, the linear relationship

used to describe the shifts of glassy polystyrene for Shell 16/78/16
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Figure 25. Empirical Shift Factors of NBS 10/30/10.

.bésed on Hideshima's data (39j shows remarkable agreement and is incor-
porated as a dashed line in Fig. 25. This intersects the WLF curve
determined for the polybutadiene transiticn at LO°C. Thus, the -
master curve in Fig. ol should be fairly valid at L0°C according to
the theory discussed'in Part 11. A complete analysis of thé time-
temperature superposition should be cafried out in a similar fashion

%o the Shell 16/78/16 data, though probably using an additive modulus

model. Data without the arbitrary vertical shift are necessary for a

meaningful analysis, however. There is evidence that the mechanical
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propertiés in dynamic extenéion’are drastically different from the
" ‘shear properties because the Polystyrene for@s a continuous network
within the polybutadiene matrix (44,31). This would probably preclude
a simple compafison between shear and compression data that éould.be
gotien on the Melabs Rheometer.

Since the data are over a falrly small temperature range, the
high temperature shifts also appear to be linear when plotted agai;st
the reciprocal of the temperature. The calculated activation énefgy,
however, is about 91 kcal/mole, which is mueh higher than activation
energles observed previously for Kfaton 102 (22) in a similar
temperature region. Sinée the NBS materilal seems to be genuinely
’répresentative of polystyrene glassy behavior, it seems likely that
the intermediate temperature shifts observed previously in Kraton 102
are due to mechanisms other than simple relaxation in the glassy
polystyrene phase.
| Investigations into the finite deformation properties of
NBS 10/30/10 may shed more light 5n the theory of the polystyrene-
volybutadiene interlayer. Specifically, if the polystyrene network
can be assumed to be composed of overlapping polystyrené domains,
connected primarily by the interlayer, the yield curve seen in Fig. 23.
should b= very sensitive to higher temperatures. If no interlayer is
involved, the yield curve should remain essenfially unchanged until
temperatures close to the glass transition of polystyrene are

encountered,
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C. Kraton 102

Material
Kraton 102 was suppliéd by the Shell Chemical Co. Samples

- were prepared by solution casting as in the cases of Shell i6/78/l6
and NBS 10/30/10. 1In addition, one saﬁple was prepared by compression
molding in-vacuum and at minimal pressures‘to minimize internal
stresses. The compression molding process has been described else-
where (34). Molecular weights determined in this lsboratory have
been reported (22) as 37,000 for the polybutadiene center block and
9;500 for each polystyrene endblock, although these figures could be
higher if some diblock and/or low molecular welght polystyrene are
also present. The leYbutadiehe transition temperature was determined
by DVA to be -88 °C. No high temperature transition could be observed
directlj with DTA, but often a small endothermic peak, generally
aseribed to stress release, could be observed indicating a transitioﬁ
at 83 °C. Free oscillation experiments have also shown the low
temperature side of & loss pesk at about 80 °C (the entire peak could
not be mapped because of flow in the specimen). Creep and stress
relaxation tests (22) and dynamic compliance measurements (34) made in
this lsboratory have been reported. Mechanical testing on a related
material, Kraton 101; similar to Kraton 102 but with a higher

molecular weight, has also been reported (20,21,35,4k2).

Mechanical Properties

Dynamic experiments reported here were carried out both in

simQ}e shear, specimen éimensions of about 0.9 x 0.6 x 0.15 cm thick,
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and.in simple compression, dimensions of about 0.2 en of cross-
sectional area and 0.3 cm thick in the direction of the strain.
Empirical shifting of the dynaﬁic compliance data yielded well-defined
- WLF behavior for the polybutadienec matrii)glass transition (apparatus
error in the shear investigations again limited the validity of the
log a, values to temperatures below O OC where the shifting could be
peggéd on the polyovutadiene transition). The WLF behavior observed;
however, Waé markedly different from that observed previously for
Kraton 102 in creep and stress relaxation experiments (22); although
the agreement was fairly close to those.shifts obtained from dynamic
experiments with the Fitzgerald transducer (34). The dynamic
edmpliance of a compression molded specimen was determined to see if
the difference was due to the method of preparation. The investiga-
tion was also extended to a film cast specimen which had been
immersed in methanol for several monthes to exhaustively extract any
residual benzene (tha sample was kept at -15 O¢ during this tiﬁe to
. minimize oxidation of the polybutadiene). In addition, tests were
carriea out in simple compression to see if the mode of testing
(shear or uniaxial) made a diffefence. All the shift data gave ver;
good agreement with the original shear data. These data are
preseated ian the log &T vs. temperature graph shown in Fig. 26 at a
reference temperature of -60°C. A WILF plot of the data in Fig. 27
gives the constants Cq= 9.1k and C5= 52.4°C at a reference temperature
of -80°C. This WLF equation is shown as & solid line in Figures

26 and. 27 (MELABS). The creep and stress relaxation results
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A

(TRANSIENT) and the Fitzgerald dynamic fesults (F]iTZ,GEP‘ALD); both of
‘which are represented by dashed lines, are also included in Fig. 26.
The Fitzgerald data unfortunately cannot now be considered very
accuraﬁe because later work revealed a malfunction of the apparatus
at the time the data were obtained. The shift factors obtained,
however, are probably fairly representative because they were based :
on.the polybutadiene transition where the changes in the mechanical
properties.are large énough that the apparatus error should have had
little adverse effect.

If the NBS 10/30/10 and Shell 16/78/16 log e, data are
shifted 5 and 3°C respectively to take intc account the differences
in Té from that of Kraton 102 (as determined by DTA), they agree

well with those data in Fig. 26. The three WLF curves are
shown in Fig. 28. |

The shift factors for the polybutadiene glass transition
.8een in these block copoiymers shovs remarkable consisteﬁcy and :
‘reproducibility. The shifts a?e slighfly steeper than the curve
determined by Maekawa, Mancke, and Ferry (45) for polybutadiene.
This is also included in Fig. 28, where it has been shifted 5°C
assuming a Ty for that material of -93°C. Kraus et al. (26) have
pointed out that a filler raises the apparent glass transitién as
seen in the mechanical properties by raising the rubbery modulus (of
the plateau region here). This could account for the difference
between Maekava's dats and the polybutadiene iﬁ block copolymers.

The pronounced difference in the shifts sgeen here and those seen in
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the creep and stress relaxation experiments is vggymdiffiguit to
_aécount for. Possible explanations are that 1) the finite strains
used in the transient experiments affected the data or 2) since the
specimens used there Wéré unannealed and involved long strips of
solvent cast films, perhaps the anisotropy affected the mechanical
response. Very likely, these two factors could have interacted.

The WLF equation determined by Shen and Kaelble also does not agree,
although their data which fall within the temperature range explcred
here do seem to fit as is shown in Fig. 28. They uéed the universal
form of the WILF equation, hoﬁever, ﬁﬁich may not be appropriate, and
apparently weighted their lowest temperature data more heavily.

“ | The shifts experienced at higher temperatures can be seen
‘in Fig. 26 to follow much the same behavior as was seen for the Shell
16/78/16 material. The date at the intermediate temperaturesin Fig.
27iare taken from the compliance data of a laminated specimen
examined in simple compression with the strain parallel to the
4laminations. The lamination procedure was the same as that used for
the Shell 16/78/16 specimehs. In this casé, though, the rheometer
.sarfaces were not in contact with the original £ilm surfaces, which
were.clésely parallel, because of thé specimen orientation.
Theréfore, two parallel cute ﬁere milled into the laminsted sample
~using soapy water as a lubriéant, and then the ﬁrapezoidal specimen
was cut out with a razor blade. The thickness was constant over the
'specimen within 0.003 cm. The specimen was installed in the

rheometer and kept at 50°C under dry nitrogen for twenty-four hours
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before measurements.were begﬁn. S8ix temperatures between 23 and 50°C
_ ﬁere invesfigated. At the time of these experiments, the importance :
of annealing Qas not realized. Therefore, data taken over 50°C are
suspect and are not considered here. |

Probably the most meaningful way to shift these data 1s to
follow the scheme used for the Shell 16/78/16 data with no provision
for the interlayer. In that investigation, the polystyrene phase .
did not affect the shift below 80°C. Since there is evidence that
the polystyrene phase glass transition does not occur below 80°C,
it is unlikely that it would affect the data below 50°C presented
here. Using the WLF equation determined from Fig. 27, then, and an
ArfheniuS'expression éf Tthe same activation energy as was used for
Shell 16/78/16, one obtains the compliance master curve shown in
Fig. 29. The low tempefature compliances here are from specimen U
in which the strain was perpendicular to the laminations within the
specimen. The shape factor of this specimen was too high to permit
‘higher.temperature measurements; and so data from specimen Uﬂ, for
which the strain was parallel to the laminations, as already
discussed, are included. The data agree very well except that the
loss data for specimen UM appear to be slightly higher thasn those
of specimen U in the—overlapping region. This may be due to
.exéerimental error in which case the data for specimen Ul should be
more reliabie since the measurements were more diffiéult for specimen
U.. This may also be a real difference resulting from anisotropy or

differing amounts of static compression applied to the specimens.
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Two other specimens, for.which the strain was perpendicular to the
laminations were examined at the higher temperatures, but specimen
UL was thé only one that was aﬁnealed at 50°C for one day before
testing and hence gave the only reliable‘éata;' Qualitatively, the
storage and loss compliances in Fig. 30 are very similar to those
determined for Shell 16/78/16. 1In fact, the polybutadiene
tranéition at high fredquencies superposes very well wiﬁh the
correspondiﬁg data of Shell 16/78/16 with only a small horizontal
shift of about 0.5 decades, which is explained by the difference in
Tg's (these data for Kraton 102 are probably best compared to the
compliance of the Shell 16/78/16 unannealed specimen in Fig. 21),
H0wev¢r, the loss compliance in the plateau region for Kraton 102
is slightly higher (with a correspondingly steeper slope of the
storage coﬁpli&nce); and the lack of superposition, seen primarily
in D"(w) and attributed to the interlayer, is more pronounced here.
The lack of high temperaturé data_prohibits a more complete

- quantitative analysis, but one can already begin to explain the
results obtained previously for Kraton 101 and 102. In shifting a
single viscoelastic function, as is the case with the transient
experiments, one would not necessarily see any significaﬁt lack of
superposition as was evidenced by Fig. 16 for D'(w) of Shell 16/78/
16, The change in compliance due to the changing interlayer (with
temperature) would therefore produce the relatively lapge"shifts
that. have been'interpreted as the_glassy shift of polystyrene (22,

=

)5). This also explains the very low temperatures at which this
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behavior has been observed to be significant in the transiént
‘experiments a5 the time dependence of the interlayer wds seen to be
of the order of 10°C/decade in the case of the Shell 16/78/16
material. Thus, the interlayer effect observed here at 50°C would be
expected to appear 30 to 40°C lower in a transient experiment where
the times are generally about four decédes longer (the value of 10°C/
decade would tend to lower values as longer times are considered).

A very well defined maximum associated with the polybuta-
diene glass transition appears in the loss compliance of the block
copolymers considered here (10-2'83 bars-l in simple compression for
Shell 16/78/16 and Kraton 102 at -68.0°C and -51.5°C respectively and
i0—3'32 bars ™ in simple shear at -71°C for NBS 10/30/10), and one is
" tempted to compare this maximum with the concentration of effective
" chaing which can be calculated according to Various theories. Although
the equilibrium compliance, Je, 1s more directly related to this, the
use of the equilibrium compliance is prohibited because it is modified
| to an unknown extent by the filler, the polystyrene domains. It is
also very difficult to establish-Jé with the continued relaxation
taking place in the plateau region. The maximum in the loss compli-
ance cén be related to the equilibrium compliance by various theories
(ef. Ferry, reference>28, for a discussion of these) with values for

J;ax/Je ranging from 0.29 to 0.42. Kraus et al. (26) have shown that
the loss modulus, G;ax’ is insensitive to the presence of a filler.
" Unfortunately this fact precludes the use of J;ax for these calcula-

tions since it is related to both G'(w), which depends strongly on
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filler content, and G"(uO, which has increasing dependence as one
_mbves away from the peak. Plugging the above wmaxima into the
theoretically derived relstionships results in abnormally high values
for the density of effective strands (one obtains values of 1073

3.70,

g moles/cc and higher). Although G;ax can be determined (10 ars

in compression at--78.1°C for Shell 16/78/16, 103'62bars in com-

pression at -79.4°C for Kraton 102, and 102+2%

ars in shear at -80.9°C
for NWBS 10/30/10), network theory is not adequate at present to relate
this value to the equilibrium modulus in order to characterize the

matrix network.
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IV. APPARATUS
The dynamic moduli of the various samples studied were
determined on a rheometer built and donated to this laboratory by
Melabs, Inc. The operation of this rehometer is illustrated in Fig.

20.

Fig. 30. Diagram Illustrating Compressive Mode in the Modified
Melabs Apparatus. A: Driver; B: Specimen in Shear; C:
Force Transducer; D: Force Monitor Plate; E: Specimen in

Uniaxial Compression.

A sinusoidal displacement is applied to & specimen by a stack of
piezoelectric disks driven by a function generator. The disks are
contained in a stainless steel housing -~ the housing acting as a
linear retaining spring. The force generated is transmitted to a
force monitor plate on the other side of the sample and converted,
with an extremely small displacenent into én electrical cherge. The

amplitude ratio betwsen the input voltage and the output charge is



78

measuréd,'and the phase angle is determined using the differential
Lissajous method of Tschoegl and Smith (h?) -- a reprint of which is
| included iﬁ Appendix C. |

The design is on the model of the Miles displacement
driven shear generatof (50); Several modifications had to be made to
the apparatus and an extensive calibration scheme was developed in
order.to make the precision adequate for this investigation. The
fully develdped apparatus is capable of measuring the.dynamic
modulus of polymeric materials iﬁ shear or uniaxial compression over
a. temperature range of from -90° to 100°C and over a ffequeﬁcy range
from 0.0l to 100C Hz, although practical consideratioﬁs has limited
its'use to frequencies above 0.1 Hz. Driver displacements have.beenn
estimated to be between 1000 and 5000 L and the displacement of the
force transducer is estimated to bé less than 10 A. Specimen -

- elastances ranging from approximately 3 x lO’+ to 1.k x 106

N/m can
be measured and the phase difference between the drive and force

- signals can be determined to about 0.5 degrees of angle. Some
description of the apparatus and ancillary equipment and details of
the calibration, etc. are given in the QOperation Manual, pertinent
portions of which are included in Appendix B.

The apparatus was originally sold by Melabs as & shear
rhecmeter capable of measurements from‘ﬁo to 1000 Hz. Since it was
anticipated that a large frequency span would be necessary for block
copolymers, a charge amplifier was added to the force measurement

circuit so that low frequencies could be examined without significant

charge drainage from the piezoelectric transéucer. This proved very
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fruitful allowing measurementS, if one had thehpatience, as lov as
O;Ol.Hz. Because of the high input'impedence of the charge amplifief;,
.however, pyroelectric effects became very significant, necessitating
a complete redesigniﬁg of the temperature control-scheme. Also
shorting of the piezoelectric transducers became necessary du?ing
temperature.changes to prohibit residual chargés from building up
whiqh‘required long times to drain off.

Early in the evaluation of the rheometer, an inertial
coupling vetween the driver and the force trénsducers was discovered,
Resonances appearing at many freguencies between 100 and 1000 Hz
prohibited an accurate determination of this coupling. By fastening
a massive copper cylinder to the base, increasing the overall maés of

~the apparatus from about two kilograms to about ten kilograms, the
inertial effect and the resonances were greatly reduced so that the

bcoupling could be broken into a purely inertial term 180°.out of phase
with the driver, a fricticnal term 90° ou£ of phase, and a single

" resonance oceurring generally between 200 and 300 Hz. The inertial
problem arises because the force transducer with the monitor plate
acte as a very sensitive accelerometer detecting the small reaction

of the rheometer base to the movements of the driver. This inertial_
contribution is seen alone by exciting the driver stack and monitoring
the force transducer with no saﬁple in between. Experience has
indicated that this inertial coupling is not changed by the presence
of a sample. Above the resénance the purely inertial portion is
proportional to the square of the frequency with a finite intercept

when extrapolated to zero Hz, and it becomes negligibly swall below
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the rggonance. The frequency at which.the resonance appears changes
slightly with different monifor_plates (apparently due to slight

' differénces in the masses of different plates). The frictional
~portion is proportional to the frequency with a Zero_intercept and
the resonance 1s superimposed on it.

One other sérioﬁs problem is inherent in the Melabs shear
rheométer design -- the extreme fragility of the force transducér..i
Clamping a sample inbshear puts a tordque on the force transducer
which often breaks the piezoelectric transducer. This problem is
compouﬁded by the fact that the operator may.not realize thalt the
transducer is cracked and will continue taking erroneocus data. This
problem was overcome by straining the specimen in simple compression.
Although the gpparatus was not originally designed to do this and
the range of specimen shape.factor is subsequently very limited, the
sensitivity range of the apparatus has allowed the present investi-
gation to be made. In addition, one can putJmére trust in the

-wcalibration since that 1s alsq carried out in uniaxisl compression
(+8).

With these changes the apparatus becomes a useful research
tool for measuring the dynamic compliance of polymer samples.
Calibration consists.primarily of determining the éonstant relating
of the force transducer éharge/driver voltage ratio to the elastance
- of a specimen., This is done by testing three stainless steel
calibration rings for which the elastance has been determined. The
three xalues are averaged by plotting the amplitude ratios against

the elastances on logarithmic graph paper and drawing a line of unit
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slope through them. A detailed calibration goes much further,
however, because fhis amplitude ratio is somewhat dependent on
frequency and temperature. Also the phase angle depends on frequency
~and the meésuring electronics. Of course, the inertial correction
also has to be included. These calibrations and their application
are detalled in Appendix B.

What knowledge has been gained from the evaluation of the
Melabs Rheometer for this resegrch is being applied to the
construction of a new apparatus in this 1aboratofy. This apparatus
is being designed solely for uniaxial compression experimerts, and
improvements in design should improve the inertial and temperature
. characteristics, allow measurement of the clamped specimen's
deformalion, and admit a wide range of specimen shape factors. Also
being considered is a capacitance displacement device (49) to permit
direct measurement of the driver displacement.

Furtﬁer evaluatioﬁ of the now modified_Melabs Rheometer
_wag made by measuring the dynamic mechanical properties of éalcit I,
which is highly cross-linked polyurethane rubber. Galcit I was
developed as a laboratory standard at the California Institute of
Technology and considerable characterization has been reported
previously (50—54). This rubber is synthesized by reacting edqual
volumes of "prepolymer" (Thickol's Solithane 113), with a "curing
agent” (castor oil). Castor oil is the glyceryl ester of ricinoleic
aclid and is a triocl. Sclithane 113 is simply castor oil capped with

tolylene diisccyanate. The glass transition temperature is about
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-18°C. More extensive descriptions of Galeit I can be found in
references 51 and 53, Other dynamic experiments on this material
were made in shear on a Ferry-Fitzgerald apparatus, described
elsevhere (55), simultanecus to this evaluation. The master curve
dynamic compliance as determined with the Fitzgerald Apparatus is -
shown in Fig. 31 referred to 0°C. Two sets of twin specimens used
for this were 0.95 cm and 2.54 cm diameter disks 0.254 cm thick.
Thé-data were actually referred to 31°C and this master curve was
then shifted to 0°C using a WLF equation fit tQ the shift data. The
shif£ factors are shown as open sdquares in Fig. 2k,

Galcit I was examined on the Melabs Rheomeler both in
shear and in uniaxial compression. Shear data were obtained on a
speci?en with dimensions 0.89 x 0,49 x 0.11 cm thick and compression
data were obtained on a specimen 0.30 x 0.52 x 0.48 cm.long. Both
samples were rinsed with methanol to remove any surface contamination
and dried fér at léast 20 hours in vacuum. The assembled master
curves of the dynamic compliance are shown in Figs. 32 and %% for
shear and simple compfession, regpectively. 1In both cases,
suporposition wasg excellent, and a frequency range of about §
logarithmic decades was easlily covered in this way. The shift
factors are shown by open (shear) and full (compression) circles in
Fig. 3%. The éhift factors .at the twoAlcwest'temperatures were
obtained in earlier measurements not shown in Fig.‘32. The shift
data represented by the open circles were fittgd to a WiF-equation

of the form
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_=9.8% (T - 273.2)
1og &y = 5555 (7 = 273.2)

(21)
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Fig. 34%. Shift Factors, Log aq, for Galcit I.

This is shown as the solid line in Fig. 3h.

.The data obltained in compression and shear show almost
perfect superposition if the factor of 3 (0.48 log units) between
the shear and uniaxial compliances is taken into account. The only
discrepancy appears in the low freduency data (rubbery region) of
Jp"(m) and DP"(w) below the maximum. The measurement of very small
vhase angies in this region ;s difficult because they must be done
at the highest sensiﬁivity of the apparatus. A different force
transducer was used in the two sets of experiments and hence
different calibration factors were involved. The determination of
D"(w) was more recent and utilized some%hat more refined calibrafion
corrections. Hence, the values for Dp"(w) are felt to be more
reliable. .

Cne major difficulty was encountered in the Melabs
experiments which threatened the extension of the use of the

apparatus -to examining block copolymers., Data taken at different
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temperatures were slightly shifted vertically from one anéther. For
.the Galcif I experiments, this was more than compensated for by the
large frequency range of the apparatus and an accurate vertical
shift could be determined to achieve good superposition. Indeed,
without any vertical shift other than the standard pT/poTO (28)
(which is modified anyway in the transition to a glasé) superposition
could not be achieved and the data themselves were unreasonable. To
examine block copdlymers, where the mechanical properties change
very little over large changes in time and temperature, this would
be ambiguous. The effect is most pronounced in shear, and, fortu-
nately, almost disappears in the compression experiments. Very
iikely, this effect is due to the torque placed on the force monitor
Plate as discussed previously. The effect appears to vary in a
regular marner, though not reproducibly, with the changing stiffness
or dimensions of the specimen with temperature. With special
Pprecautions, data were obtained on the block copolyméré in
compression which required no vertical shifting other than the
temperature—dehsity reduction factor. Occasionally a small shift
would occur at some température which would produce a very obvious

anomaly in the log a,~temperature curve. This subject is discussed

T
further in the experimental section for block copolymers (Part III).
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Discussion of the Mechanical Properties of Galeit I

Comparison of the data obtained in the Ferry—Fitigerald
apparatus_and.in ﬁhe modified Melabs instrument show very
satisfactory agreement. The rubbery platéags of the shear compli-
ances determined in both apparatus agfee very well. They also agree
with the data of Knauss and Mueller (51) obtained in stress
relaiation measﬁrements. The only area of disagreement lies in the
glassy region. The glassy compliance in shear, Jg, derived from the
measurements in the modified Melabs instrument is higher than that
from measurements in the Ferry-Fitzgerald apparatus. A check of the
original measurements revealed that the elastances encountercd in the’
Melsbs instrument exceeded the calibration range. It is possible,
therefore, that the higher compliances arise from the.contribution of
an added apparatus compliance in the modified Melabs shear rheometer.
This would contribute negligibly td the loss compliance and. would
become noticeable only in the glassy region of the storage
compliance. Time-temperature  superposition would not be affected
because a contribution of the apparatus to the compliance would be
solely a function of the hardness of the specimen and not directly
a. function of temperature or fregquency.

For the compliances in simple compression, D'(w) and D" (w),
21l measurements were within the calibration range. 3D"(w) agrees
rather well with the J"(w) values obtained in the Fitzgerald
apparatus. 3D'(w), however, was slightly higher than J'(w) as one

would expect for a Poisson's ratio less than 0.5 in the glassy state.
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For a viscoelastic material Poisson's ratio in dynamic
. measurements is a function of freguency. D'(w) and D"(w) are

therefore related to J'(w) and J"(w) by S o ;Qm

I (w)

21+ vi(w)] D' (w) -2 v"(w) D"(w) (22)

and

" (U))

2 [1 + v' ()] D"(w) + 2 v'{w) D' (w) (23)

1

Since D"(w) is necessarily small in the glassy region, the second
term on the right of Eg. (22) is negligible in this region. Hence

one may write

I (w) ¥2 [1 + v'(w)] D' (w) (glassy region) (2L)

The second term in Eq. (23) cannot be neglected. However,
as v'(w) D"(w) decreases, v"(w) D'(w) tends to increase and thus
the two terms may compensate each other sufficiently so that the
overall shift between log D"(w) and log J"(w) remains constant at
approximately 0.48. On these assumptions we can.calculate both
v'(w) and v"(w) from the four master curves for D'{w), D"{w),

J'(w) and J"{w) using Eqs. (23) and (24). The result is shown in
Fig. 35« It should be emphasized that this is a very indirect and
inaccurate way of calculating Poisson's raﬁio, and quantitatively
Fig. (35) is certainly not very accurate. Unfortunately very little -
is known of the dynamic Poisson's ratio, v¥(w) (56), so Fig. 35
certainly does not appear to be unreasonable in light of present
knowledge.

The time-temperature superposition shift factors
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determined from the data obtained in the modified Melabé apparatus
are extfemely-consistent and reproducible. Here, shifﬁing is aided
by the wide frequency range covered at a single_temperaturé. The
agreement with the shift factors determined from the data obtained
in the Ferry-Fitzgefald apparatus is excellent as shown in Fig. 3.
The shift factors obtained by Knauss and Mueller (51) from
expériments on crack propaéation, failure,.and stress relaxation
fall on the same curvev(not shown) . Khauss and Mueller expressed
the temperature dependence by the "Universal" form of the WLF
equatién with & chgracteristic temperature, T_, of 52°C(Tg= - 18°Cc).
Eqﬁétion (21) however, fits their shift factors better.

It is interesting to compare the ratio of the maximum in
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Jp"(w) to'Je, the eduilibrium compliance, with theoretical

- predictions. From the data taken in the modified Melabs apparatus,

14

max/Je 0.28,ND"/De = 0.%2; and from the Fitzgerald data,

mn

maX/Jé = 0.30. This is considerably higher than the ratio of
‘MO.2i'determined‘for s lightly crosslinked Hevea rubber (28). The
molecular weight between crosslinks for Galcit I would be expected
to_be.more uniform. The calculated ratios thus support the
conteﬁtion that a dist;ibution of the molecular weight between
crosslinks, M,, lowers the peak in Jp"(w). Our values are sbill
less than the value of about 0.} predicted by the theory of
Bueche (28). However, they are in substantial agreement with each
6thér even though the samples usea in the different sets of
experiments were prepared at different times.

The equilibrium shear compliance for Galcit I is 0.10 bar
(cf. Figs. 31, 32 and 33). This may be used to calculate the number

of roles of effective network chains per unit volume, Vgs OR the

© basis of the statistical theory of rubber elasticity. We have

e = FiT | | - @)
where T is the absolute temperature and R is the gas constant.
Eg. (25) yields Vg = hoh x']_O"lL g mole/cm®, in excellent agreement
with the average value of h.k x lO—br g mole/cm® obtained by
Iandel {53) from compression tests on swollen specimens and the
failure envelope for unswoilen Specimené. From the equilibrium

stress relaxation modulus of Knauss and Mueller (51) one cobtains
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3

. ) | 0
v, = L,1 x 10 4 g molef/ecn”. Their value of 5.8 x 10 g mole/c:m5

determined from stress-gtrain measurements on swollen Galcit I

appears to be somewhat high,
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Appendix A
A Derivation of a General Expression for

the Temperature Variation of Log n.

experiment
L;blme sczle |
———
log &, (t) Ty
Q ———————————————— Il
olt] '
log t | t
9 a, (t) | :
! i
! i
master : i
curve ! :
1
I
! i
f |
‘ =
log t/a
Tog t R H
log t/aT
2
AT =T2 - Tl
A . /2209 DET) DfT 2hog DELT) 2 )
q log D =1og D(t,T5) - log D(t,T1)= ( l @T <—%?f—>L(AT) +..
4
loa O / t'ar
Ay, log t/a_= log t/a, - log t/a = (Sleg L —QI(AT) “) Z > ATY +.u -
or, since t is held constant,
e 2
A log tfa =- i{a‘if_vﬂ) AT) + (3/" "fl(t))_ OTY + .. .-:\ (2)
T T oT AN oT AR

t/ log D= log D(t/a_ Ty) - log D(t/a, ) = MQ’} (Do Gt B3)

Y,
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A% log D=4_log D (&)

T

Substituting Egs. (1) and (3) into Eq. (X)), substituting Eq. (2),

D Log a, (2. (t)>

t T

and dividing by AT, one obtains

(9 (9 Log DIt, D(tT)> O(AT)'*G O log Dltta, T )

d Loy a,

+ 0(aT) (5)

T
t

Teking the limit of Rg. (5) as AT—0 yields

( Loy DT _ (,) MD(%,«)T> < > Log a,w
Ty 9 Log t/ar (D)
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Appendix B
Part of the Operation Manual for
the Modified Melabs Dynamic Rheometer

with

I. Description of the Rheometer
II. Ancillary Equipment
III. Temperature Control

IV. Calibration Procedure
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I. Description of the Rheometer '

.The Melabs Dynamic Rheometer utilizes a piezoelectrically
driven displacement generator to strain a specimen in shear or uni-
-axial compression and a piezoelectric transducer to monitor the force.

The arrangement is shbwn in Fig. 1.

przd

A_\. W—E

AFigure 1. Diagram Illustrating the Operation of the Modified Melabs
Apparatus. A: Driver; B: S8pecimen in Shear; C: Force
Transducer; D: Force Monitor Plate; E: Specimen in Uni-

axial Compression.

The original apparatus, a d&namic shear rheometer, was devised by
D. 0. Miles and described by him in reprints (1,2) included in the
Appendix. -Much of the description given here of the modified apparatus
" used in this laboratory also appears in annual reports. to the Air

Force. (3,4,5)
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The displacement drive, the force monitor, and the sup-
porting yoke together with the inertial block they rest on weigh
about 5 kg. The generated dispiacement is estimated to be of the
order of 3000 A.resultiﬁg in a strain less than 0.0l%. The displace~
ment of the force monitor is estimated to be less than one hundredth
that of the driver. The driver excitation voltage and the force trans-
ducer charge are very néarly proportional to the driver displacement'.
and the resultant forée respectively. Their amélitude ratio and phase
angle difference then allow calculation of the modulus of the material
tested after taking into account thg shape factor of the specimen.
Calibration of the amplitude ratio of the voltage to charge for the
actual ratioc of the displacgment to force 1s made by testing stainless
steel fings of known elastance and zero Phase angle.
| The rheometer is encased in an environmental control chanber.
Ancillary equipment is needed to excite the driver, measure and con-
trol the teméerature, measure the force transducer cﬁarge, and cbmpare
the input and output signals. A block diagram of the equipment is
shown in Fig. 2 and the arrangement of the apparatus is shown in Fig.

3.

IT. Aﬁcillary Equipment

The sinusoidal driving signal is provided by a Hewlett
Packard 203A Function Generator. Since 1t generates only a 30 V peak-
to-peak sine wave, a Zeltex 140B Transistorized Power Amplifier is

used to boost the signel to a 200 V peak-to-peak amplitude, although
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this voltage is_usually kept:below 50 V peak-to-peak. The output of
the amplifier is limited to 20 milliamperes, and, because of the
capacitive_ldad Placed on it by the plezoelectric driver, the signal
'is somewhat attenuated at frequencies above 200 HZ; However, this
does not affect the performance of the apparatus.

The output signal generated by the piezoelectric force
transducer is detected by a Kistler Modei 566 Multi-range Electro- .
static Charge Amplifier which converts the charge signal to a voltage
signal.. This emplifier is used at gains of 1 mV/pC or less, although -
it may be used éautiously at 2 mV/pC. Higher amplifications create
large phase angles that are difficult to calibrate. The output of the
chérge,amplifier is then amplified in seven steps up to 100 times by
the Preamplifier (Preamp) which consists of two Zeltex Zel-l opera-
tlonal amplifiers in series, both of which can be regarded as single
vpole amplifiers when calibrating them. A simplified schematic of this
device together with the Phase and Amplitude Comparator discussed next
“is shown 1in Fig. h; The signal from the Preamp is then amplified
another 10 times and compared to the drive signal which is attenuated
20 times in the Phase and Amplitudé Comparator (PAC). This device is
used with the oscillcscope to measure the amplitude ratio of the two

signals and their phase difference by the differential Iissajous
method described by Tschoegl and Smith (6) which is included in the
Appendix. The key components are two Zeltex.Zel 1 operational
amplifiers powered by a Solatron power supply which amplify the force
signal and attenuate the drive signal. BSwitch 31, in thé'schematic

allows angle calibration of the circult and phase angle measurement in
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Figure 4. Schematic Diagram: Preamp and Phase and Anmplitude

Comparator.

positions 1 and 2, respectively, and measurement of the output signal
amplitude and the drive signal amplitude on VA in positions 3 and L,
respectively. Switch 82 selects a proper capacitor for the freqﬁency
range 1o allow phase angle calibraticn. A physical descriptiorn of
the_PAC is shown in Fig. 5. The output of the Phase and Amplitude
Comparétor,with an impedence of about 100 ohms, is displayed on a
Tektrénix Type S45B oscilloscope. A type W Plug-in Unit is generally
used for the vertical axis.émplification. A Type CA Double Beam Plug-
in Unit can be used when large angles greatef than 90° are encountered
so that these phase angles caﬁ be measured directly from a simulta-

neous display of the two signals.
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A Leeds and Northrub Potentiometer detects the EMF.from two
_cbpper-constantan thermocouples located near the specimen and in fhe
inertial block uhderneath. A Hallikainen Thermotrol_Model 1053 is
used to control the temperature. The temperature sensing element is
a 200 ohm.tungsten resistance thermoﬁeter mounted on the inside wall
of the temperature control chamber. Teﬁperature control is a critical

part of the operation scheme and is discussed further in the next

‘section.

IITI. Temperature Contfol

The problem of charge bulldup on the piezocelectric force
transducer és,a result of changing temperature is very difficult to
deal with. At high frequencies, the problem is not too severe because
"the oscilloscope can be AC coupled to eliminate the electrical drift
from the amplified signal. At lower frequencies, when tﬁe
oscilloscope must be DC coupled, temperature changes and the subse-
quent electrical drift must be réduced to negligible levels to allow
phase angle measurements on the oécilloscope. With the fine temper-
ature confrol required, one cannot set the temperature and wait for
the apparatus to come to equilibrium, but one must adjust the tempé%a-
ture controller to come to the force transducer temperature. Since
the Melabs controller was not designed to do this, the Hallikainen
instrument vas substituted for it. Monitoring the 200 ahm tungsten

thermometer, this instrument is barely adeguate by controlling the
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thermometer to about 0.002°C. -

A drawing of the environmental chamber is shown in Fig. 6.
The housing is a section of L.0 inch 0.D. brass tubing of 1/8 inch
wall thickness vwhich is cut into two se¢tions and machined so that
the top section slides partially over the lower section. Circular
brass plates are soldered onto the ends. A small hole in the lowver
sectioh provides entrance for the various leads into the chamber,
Another small hole in the top is needed for the resistance thermometer
cemented to the inside wall of the top section. Also on top is an
inert gas inlet for nitrogen blanketing, if required., Both sections
are wrapped with asbestos paper. An 82 ohm Chromel A heater is wound
around the top section in series with a similar 70 ohm ﬁeater around
the bottom section. A third 97 ohm heater is wound independently
around the bottom section for fast warm up. The heaters are wrapped
with asbestos paper and the entire chamber is enclosed in polystyrene
foam insulation. |

In order to obtain optimil temperature control, a light-bulb
is connected in series with the heaters to reduce the ﬁoltage applied
to.them. The light bulb can be éhanged to vary power input depending
on the difference between the test temperature and ambient temperature. -
To operate below room temperature, a low temperature heat sirk
gnclosing the insulated apparatus is required. This is achieved by
sliding_a 6 inch sealed end copper tube over the apparatus and allowing
the -bottom two inches of the tube to sit in a cooling bath of dry ice-
acetone or liquid nitrogen. The copper tube.is insulated where it is

exposed to room temperaturec. ALl of this equipment is isclated from
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mechanical vibration thrdugh substantial shock absorbing support.
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Iv. Calibration

Five different calibrafion factors affecting the phase angle
and amplitude ratic measurements have to bevdetermined and included
in the com?uter program for ﬁroper analysis of the data. These
factors have to be redetermined whenever modification is made to the
rheometer or the measuring equipment.

Factors important in the apparatus calibration include:

1. The Amplitude Ratio |

2. The Frequency Dependence of the Amplitude Ratio

3. The Phase Angle Contribution at Various Frequencies

b, The Inertial Contribution

5. The Temperature Dependence of the Amplitude Ratio
The calculations are summarized in Part 6.

1. The Ampiitude Ratio

A calibration is determined by examining three stainless
steel rings of known elastance. Data are taken for the rings af 30 ¢
in the same way as for a polymer sample as described in the procedure
section. The amplitude ratio (AR) is proportional at a specified
frequency (usually 1 Hz) to the rings elastance. The rest of the
data obtained over 'the frequency rangé will be used in computing
other calibration factors. The threg points are plotted as shown iﬁ
¥Fig. T7a, and a straight line with uniﬁ.slope is it to the points.
The elastances of the rings are determined from the dimensions of
the rings, and.therefore the larger rings are probably éhe most
accurate and should be wgighted mest heavily.. Another point

can be celculated from the equilibrium modulus of a specimen of
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a known érosslinked.rubber such Galcit T (this poiht will usually lie
near the point determined for the softést ring). The caliﬁratioﬁ
constanf is determined by taking any point on the line and dividing

_ the attenuatioh by'the elastance, obtaining for this transducer a
value of 3.7 x 106 (W/m)/ (pC/mV) or 3,700. (bar-cm)/(pC/mV), the
1atter_being the proper units for the computer subroutine CALIB.

2. Amplitude Ratio vs. Frequency

?aking measgurements of a calibration ring at various
frequencies, one sees that the amplitude ratio increases with
decreasing fredquency. The Yariation is very neéarly linear when the
AR 1is pldtted against the logarithm of the frequency as shown in Fig.
Tb,for the medium ring. The slope of the line normalized by the
ampliﬁude ratio at 1 Hz is constant for the three rings, having a
valie of about -0.031 as determined from this gfaph. The value used
in the subroutine CALIB is an average value for the three rings.
Together with the factor in Part 1, then, the elastance of & speclmen
- is-calculated from the measured AR as

. _
Elastance = 3700 x [1 + 0.031 x loglO(HZ)] x (AR) bar.cm (1)

for this transducer where HZ is the frequency. With some transducers,
the amplitude ratié deviates from the straight line relationship at
very 1low frequencies, increasipg more that the straight line indicates.
If this is the case, tabulated data better describe the nonlinear

behavior and an interpolation scheme should be included in the CALIB

subroutine along with Eg. (1).

* : _
The-elastance multiplied by thg shape factor gives the sksolute
value of the complex modulus G .
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3. The Phase Angle

The phase angle of the apparatus changes radically with

' frequency. This variation is shown in Fig. T7c¢ which is a plot

. of the tangént of the phase angle between the drive signal and the
lagging force signal for the medium stainless steel calibration ring.
Since the ring contributes essentially no phase angle, the lag is
attributed to the apparatus. At very low frequencies, the increase-
in phase lag is’apprdximately proportional to the reciérocal of the
square root of the frequency. No explanation is offered for this
behavior. At intermediate frequencies, the phase angle shows small
 variation approximately proportional to the logarithm of the fredquency.
At-high fregquency, the change is proportional to the freduency and

is clearly electronic since it is also proportional to the amplifier
gains employed. The phase angle changes only negligibly with
temperature except for frequencies below 0.1 Hz at temperatures'above
Lo°c.

To correct for this, the lag phase angle of the apparatus,
as determined by testing calibration rings, must be added to the lead
phase angle measured for a polymer sample. Once a constant term plus
a.high frequency term proportional to the frequency and the amplifier
gain have been subiracted from the apparatus phase angle, interpola;
tion between freguencies of the resultant data yields the best
results,

The_high frequency phase angles, after applyiég an intertial
correction (Section L), for one of the rings, usually the medium one;

are plotted against the frequency as shown in Fig. 74. A straight
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line is drawn through the data yielding

10 x (

¢, = 0.030 + k.75-10" HZ) (2)

The dependence of the phase angle on the gain of the preamp has
been determined to be -

1.2&-10'6 X GAIN x HZ GATN < 10

By = 6 . (3)
. 1.2%-10 7 x {10 + GAIN/10) x HZ 10 < GATN < 100 .

from attengation ﬁeasurements at.very high frequency. The
amplification used in obtaining the data f£it by Ed. (2) was 10 x.
Ea. (2) and Eq. (3) can be combined to yield

6

3.5 + 1.2°10"° x GAIN x HZ GAIN < 10

¢ = 0.02k + 6

~a

(%)

5.5 + 1.2:10 ~ x (10 + GAIN/10) x Hz

10 < GATIN =< 100
Bq. (2), or Ea. (&) with the gain set equal to 10 is then subbtracted
from the experimentally determined phase angles over the entire
fredquency span. The remainder is then used in én interpolation scheme
to determine ¢i vhich is added'to ¢a to get the whole phase angle

correction p.

¢ =9, + 0 (5)

If one intends to investigate fréquencies below 0.1 Hz, a term
proportional to 1/, Hz should be added to Eq. (L) before subtraction.
The phase angle measured for a calibration ring has some
systematic esrror in it. The data are generally reproducible, but
will change as the same ring is reinstalled in the apparatus. The
ring should be installed and tested several times at 30°C until a

minimun phase angle is measured. This ninimum phase angle appears
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to be most characteristié of the apparatus. The phase angle also
changes slightly, often erratically, with tempéréture. Once a mini-
mum phase angle is seen at 50°,lthe measurement should be made at
several other temperatures subtracting Eq. () from the computed
phase angles. A table of these data for various freguencies and
temperatures show trends that develof. The variation, however, is
small-enough that a single set of smoothed values for various fre- .
guencies will suffice. If one is interested in very low frequencies
(below 0.4 Hz) and above about 40°C, one should take the teﬁperature
variation into account. A double interpolation scheme between
freduencies and temperatures can then be used.

The phase angle can also change with time, usually
decreasing slightly over sevefal days if the temperatﬁ%e is
controlled'steadily. This is very small, fortunately, and can be
negléected.

The phase angle cérrection is carried out in the qomﬁuter
- subroutine ANGCOR.

b, Inertial Contribution

Whep no sample or calibration ring is installed in the
rheometer, so that there is no direct connection between the driver
plate and the force transducer, one can still observe a small outpﬁt
to.an imposed sinusoidal drive. This output is measursble at
freduencies above 100 Hz. The amplitude ratio is obtained by
comparing the input and output signals at high smplifier sensitivity.

The output lags the input by an angle of from n/2 to w radians which
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is out oflthe range for fhe differential Lissajous.method on the PAC.
The angle can be determined by direct measurement by first centeriﬁg
“the input signal on the oscilloscope so that one cycle occupiles the
: ‘full hofizontai scale, triggering it by an independent signal at the
same frequency. Switching to the output signal shows it as it is
displaced by a part of a cycle. The shift is measured as a fraction
éf a cycle. The PAC 81 is set on pos'n L for measurement of the
dri&e signal and on Bbfor neasurement of the output signal. The
comparison of the two signals can be made easier by using the CD Dual
Channel Plug-in on the scope, but its maximum émplification is not as
great as that available on the W-Plug-in unit so that the amplitude
ratio is harder to measure. The real and imaginary parts of the
amplitﬁde ratio are plotted against the frequency squared and the
frequency, respectively, as shovn in Fig. Te. One immediately notes
a:prominent resonance peak at 250 Hz which precludes measurements
in that region_(the exact locgtion depends on the monitor plate
used). Below the resonance, the real part is very small and can be
neglected. The measured amplitude here is very nearly equal to the
imaginary part. Above the resonance, the real part is significant
and the imsginary part is very sensitive to the phases angle and
therefore also sensitive to the phase angle correction discussed in
the lasti sectibn. Thus that correction has to be applied to the
data. Similarly, the phase angle correction (particularly at high
gains) ié even more sensitive to the inertial correction, so these
Havé to be applied iteratively %o each other to chtain proper

factorization of the two effects. The imasginary portion below the
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resonancé_is mich less sensitive to the phase angle, and by extra-
polating these data above the resonance, one can dquickly obtain the
desired data approximately. The real and imaginary parts in Fig. Te

can be represented by

-(1.7-10'5 + 3.l+2-1o“lo x HZE) HZ > 250
Re[AR]

]

(6)

0.0 HZ < 250

Tm[AR] = 2.86-107 1 x HZ | (7)
These quantities are subtracted from the real and imaginary parts
respectively of the amplitude ratio measured in an experiment. This
subtraction is carried out in the computer subroutines ARRC and ARIC.

It was mentioned that the phase angle at high frequencies
wéé influenced by the inertisl contribution. The real part has very
little affect-other than increasing the measured amplitude ratic of a

ring by a few percent (especially for the softest ring). The phase
angle is most influenced by the imaginary part. For the small phase
angles considered, it generally suffices to dividé Eq. (7) by the
\amplitude ratio for the ring, and subtract this from the uncorrected
tangent of the phase angle (this action assumes that the phase angle

and its tengent and sine are all nearly eguivalent).

5. Temperature Calibration of the Amplitude Ratio

If the amplitude ratio for a calibration ring is determined
at different temperatures at a single frequency? a dependence 1ike
that in Fig. 7T is seen. This curve is established priﬁarily with
the médium riﬁg ag the hard ring must be reinstalled afver large

changes in temperature, apparently because its small deformation
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cannot ailow for changes due to thermal expansion. Some hard ring
data can be acquired, however, and included by nofmalizing the wvalue
at 30°C to that value observed'for the medium ring and then normal-
izing Values a£ other températures'by the same factor. Also data can
be included from other specimens, such as Galcit 1 data in the

rubbery region, in the same manner. At each temperature,data are

taken from 60 tc 1000 Hz and the Qpinﬁé/appearing in Fig. T7f are the
lOO.HZ values on the line drawn through these data. The temperature
dependence seems to be represented quite well by a parabola which in

this instance has the form

[AR] = 0,0710 x [1 - 2.88-107 x (T-8°)2] (8)

1000z
whéré the temperature T is expressed in degrees centigrade and 0,0710
is the amplitude ratio for the medium ring at 100 Hz and 8°C.
Therefore, to correct amplitude ratios determined at different
'temperatures, the measured value is multiplied by the normalization

factor fn where
- 1 :
-5 or?
£ = [1 - 2.88:1077 x (4-8°) ] (9)

in the computer subroutine ARTEMP. This correction is slightly
smaller than the magnitude of the T/To correction applied for time-

temperature superposition over the temperature range of interest.

6. Calculation and Calibration Summary

In Fortran computer program MELAB, the storage and loss
moduli, G' and G'', of a material at a given temperature and

frequency are calculated according to the relationships
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G H-C(f). . {AR-fn(T’)-cos[é-qs(f)]-l(f)} ' (20)

G''.

!

H-C(f) - {AR~fn(T) ssin[0-¢(£) 1+F(£)} (11)
. Where
f ... frequency in Hz
H ;..'shqpe factor; see Appendix C
T ... temperature (°C)
AR ... measured amplitude ratio for a sample; function of £, T
6 ... measured phase angle for a sample; function of I, T

and the various eorrection factors are given in Table 1.

Table I

computer }Eq in

Correction Function subroutine | text

C(£)= 3700+ [1.0 + 0.03:logo(£)]  (bar)/(pc/mv) catzs | (2

P(£)= PalE) + 24(£) radians ANGCOR | (5)

J.= .02k 4 3.541.2:10°0.cATN- £ GATNC1O ()
a 3.5+1.2-100+ (104GAIN/10) £ 10<GAIN$100

ﬂ& is determined by interpolation

I(£)={1.7-1077 - 3.42:10"20.r2  (pc/mv) £>250 Hz

0 ‘ | £4250 Haz ARRC | (6)

F(£)=2.86-10"" ¢ (pC /i) _ ARIC (7}

£,(T) = [1.0 - 2.88-10;5-(513-8)2] -1 | | ARTEMP (9)




Appendix C

The Measurement of Small Phase‘Angles in
the Subaudio‘Frequency Range

N.W. Tschoegl¥* and J.R. Smith
Stanford Research Institute, Menlo Park, California

ABSTRACT

A method is'described which allows the measurement of small phase
angles with excellent accuracy and is suitable for work-at subaudio
frequencies. The weaker signal, F, is connected to the positive ter-
minals of an oscilloscope which has a double differential amplifier
input. The stronger signal, X, is cohnected to the negative termine
of the vertical amplifier. The ellipse which appears on the screen is
leveled (zero angle of tilt) by changing the gain of a solid state
operational amplifier in the path of the F-signal. The phase engle P
is then obtained from sin ¢ = stv/dXs;, where d and aX are the peak-
to-peak distances of the difference signal and the X-signal, res poc-
'§1vely, and S, and s% are the sensitivities of the vertical scope
amplifier, at which the distances were recorded.

A similtaneous Qetermiration of the gain through the operational
amplifier permits the amplitude ratio to be calculated. The signals
- may be filtered. The.attenuation through the two filters is equalizéd

and any phase shift through them is eliminated by a simple balancing

*¥Present address: California Institute of Technology, Pasadena,
California.
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procedure.,
Known phase angles of the order of 0.0001l radians have been
‘measured atbfrequencies of 0.25.and 0.05 cps in an experiment designed

to evaluate the method,

INTRODUCTIOHN

Yarious types of forced vibration éxperimcnts are Qidely used
in the measurement of dynamic mechanical properties, Tbcsp reasuie-
ments require the detpgmination of the amplitude ratio &nthhe'phase
angle bhetween a sinusq;@al excitation ﬁnd respousa, Becagse of &he
ease . and precision.with which such measurements can be made electron-
ically, conversion of force and.displacement {or torgue and angulax
displacement) into electric signals islthe preferred method, Most of
.the mcasuremcnts are.made in the audio and/er subaudio frequenc?i
range. Instrumentation end téchniques in the audio range saxe highly
dgveloﬁcd beczuse of the interest of #he electronics industry in this
range. In_the subaudio renge, from essentially zeoro to about 20 cps,
only a few, genexrally costly, precise methods are available, In this
.paper, a relatively simple techniquelis described for the measurement
of small phase angies which ig suitable in the subaudio range, althoggh
it may be used with advantage at higher frequencies with the sone
excellent accuracy. The method allows filtering of the signals by
compensating automatically for any phasa ahift‘introdnced by the filtersp--
an advantage in eiiminating the effect of hﬁm, spurioug vibratioﬁs, and

induced voliages.
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"PRINCIPLE Or* METHOD

The method is based on the principle of vector composition,; as
~4llustrated in Fig. 1, in which F refors to the force signal, X to
the displacemeﬁt signal, DI to the difference gignal, and {the sub-

script zero denotes peak values,

For the general cnsé, illustra%cd in Fig. ia, the law of cosines
yields
cos @ = (F2 + %2 - D2)/2FXy. (1}
However, for small ppase angles this method rcquires very'precise
measurcments of the peak amplitudes of the three signale. VYhen
Fo = X, the law of sines gives

sin (Q/Z) = D0/2X0.= Do/zFo (z)

"as shown in Fig. 1b, This method has limited applicability, since

the equality of the two signals is usually difficult to ensure.

A third possibility, demonstrated in Fig,., lc, consists in making

the angle enclosed by Fg and Dg equal to ﬂ/2. Ve then have

cos @ = Fo/X, A (3)
tan ¢ = Dy /F, | : (4)
Sin t?'——" DO/XO . (5)

For the purposc of this paper we shall assume that ¥ < X, cos g,

since this condition can always be obtained by exchanging terminals,

Methods based on Eq. (5) have been described by Marvin, Fitzgerald,
and Ferry,! and by Markovitz, Yavorsky, Harper, Zapas, and deWitt,?
for the audio fregucncy range., Vacuwn tube voltmeters were used to meas-

ure the voltages. The stronger signal was attonuated until the differenca
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signal becamc a minimum. The chief disadvantage of this method is
thaf'thc time required to find the minimum with the same accuracy

‘increasos as tho frequency decreases., In addition, voltmeters caon-

not be cmployed in the subaudio frequency Eange.

In the method to be described, an oscilloscope (or, alfernatively,

a pen roborder) igs used to measure the peak voltages. Solid state

the conditions embodied in Eqs. (3) through (5). This is done by
rotating in the manner detailed below, an ellipse on the oscilloscope .
screen until it is levol, The method is shown to be quite sensitive

even at low frequencies,

THEORY OF PHASE ANGLE DETERMINATION

" A block diagram of the phase meter network is shown in ¥Fig, 2,
To understand the principle of the techunique, let it.bc assuiied that
the filters arve by-passed and thét the switch 81 is in position 2.
The gain through the F"amplifiér is g, that through the X-amplifier
is gx. VWith the force signal appearing at the terminals qf the
bhorizontal scope amplifier and the diffcrenco signal appearing at the
terminals of the vert?cal amplifier, the oécilloscope screen displays
an‘ellipse whose major-axis, in general, willrbe tiltéd by an aﬁglo 6
(the angle of tilt) with respect to the horizontal screen axis.- This
situation.is shovn in Fig. 3.  The difference signal arriving at the

vortical amplificr is

D = gFo sin (wt + @) - g, Xo sin ot (¢)
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and the signal at the horizontal amplificr becomes
gy =1gF0‘sin-(wt + @) . (7)
In the preceding equations, ¢ is the radiaﬂ‘fréquancy, t 18 time,
and Q.is the phase angle‘petween thc_signalé.. Equations (6) and (7)
refer to a digsplacement driven system, but this involves no loss ﬁf
generality. The angle of tilt of the eilipse is

tan 0= Dy _ )/gFo _ o (s).
- to

whexre D( is the value of D when gF is at its peak value, For

F=T,)

F to achieve its peak value Fy, ot + ¢ must equal n/z, and therefore

D(F . Fo) = gFy - gx Xy 8in (gf" Q) = gy - gx Ko €08 . (9)'

Substituting into Eq. (8)

tan 0 = 1 -~ gxxo cos @/gFO. (10)

AL g is varied so that gF, = gx X, cos s fhen the angle of tilt be~
comes zero., But when the ellibse ig levelled, tan ¢ = Do/gFo, or

sin ¢ = Do/gX Xo (cf. Eqs. (4) and‘(ﬁ)).

The minor axis of the levelled ellipse is DIy, and its major axis

is gFq. If and dF stand for the distance in cm of the ellipse

)

axes on ‘the oscilloscope (or zn X-Y recorder), end s, and s are the

_ h

sengitivities of the vertical and horizontal scope (or recorder )
amplifiers in mV/cm, then

tan ¢ = dp s /d; s, (11)

This method (which ma& be called the differential Lissajous method

becausce it makes use of thé difference of the two signals) bears sone

resembrlance to the well-lmmown Lissajous nothod for determining phase
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angles. In the normal Lissajous method, ﬁowever, as shown in Fig. 4,
the measurements arc derived from the ellipse itself, and the c¢llipse
‘must be corrccply positioned wifh respect to the contexr of the screen
to obtain A; Furthermore, with small phase angles, A becomes very
small, It can be enlarged by increasing the sensitivity, but then

only the center scction of the ellip;e remains on the screen, and the
cor;ect positioning of the ellipse becomes doubtful, COnsequently;.
the normal Lissajous mcthod ig not capaﬁle of high precision at small
phase angles. In the differentiél Lissajous method, however, the
ellipse is used only to ensure the necessary conditions, and then peak-

to-peak amplitude measuvrements can be uscd to derive the phase angle.

".Levelling of the ellipse in the differential Lissnjous method is
facilitated if, during this process, s, is kept fairly low, and Sy is

adjusted, using the vernier, to extend the major axis over the cntire

screen grid width., Instead of Eq. (11) ona may use

sin @ = dngv/dxs; (12)

~

|

where cIx is the pcak-to-peak digtunce of the ng signal and Sy is the
corresponding sensitivity. It is not necessary to know either g or
By to obtain ¢. Figure & shows a photograph of an ellipse and gXX

signal taken in this way.

With the filters in the eircuit, it is necessary, of course, to
ensufe that no additional phase shift be introduced; this is achieved
by baléncing.the two filters against each otﬁer. When the switch 81
is in ppsition X, the same (X) signal wiil pass through both paths.

If the phase shift through the two paths is not zero, an ellipse will
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appear on the scope screen. By collapsing the ellipsé through
adjugting the X-filter, and, if necessary, levelling it by changing
fhe gain.th;oﬁgh the X-—amplifier, tho phase shift betweon tho two pathas

is readily eliminated,

THEORY OF‘AMPLITUDE RATIO MEASUREMENTS

Let £ be the force in dynes, x the displacement in em, KF the
force transducer constant in dynes/mv, Kk the displacement transducex
constant in cm/ﬁV, ¥ the force signal in mV, and X the displecenent

signal in mV. The desired amplitude ratio is then

A, = £o /%0 = FOKF/XOKX. | (13)

Now let the gain through the X ampiifier be gx,-the gain through
the F-amplifier By (>1), and the gain (<1) through the X- and F-filters
'ng and Bpp* When the phase shift between the two paths is eliminatcd
in the manner described in fhe previous section, the attenuation
through the filters becomes identical, since the attenuation is a func-

tion only of the phasc shift at the same freguency. Conscguontly,

= _ 1
Ex Fyx T Ep Epp ‘ (14)
and thc-signals arriving at the oscilloscope will be
"= g X = < 3
X' = g By X = g X (15)
and

1 - ~
F' = gog . F. (16)

When the ellipse has been levelled with switch S1 in position 2,

. . . Al o ﬂ' . 1%
' F'= g g,F | (27)
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The ampliitude ratio between force and displacement then becomes

K s

T
s . ¥ Fo  Fp By S I (18)
r. KX g Xo KX E Sy dF

since gFF cancels, The vertical scope smplifier sensitivitics s

Jd
VA

and SV refer to the sensitivities used in recording the X~ and ¥-

141
signal, respectively. The amplifier gains EB and g must, of course,

be known and are determined as described below,

Eviaently Eq. (18) can be correct only if the phase'Shift through
the F-amplificer does not change when the gain is changed from gB to g.°
This gain dependent phase shift is examined in the Appendix. It is

usually negligible, but a correction can be mnde if necessary.

The reason for initially setting the gain through the F-amplificr

at gB >1 is to ensure proper levelling of the ellipse. This can only
be achieved if the ellipse can be rotated through zero angle of tilt
so that the level position can be spproached from both sides. Ve

can distinguish threc cases:

1. If Fo <Xp cos g, the angle of tilt will be ﬁegativc for
1l <g <Xy cos @/Fo,_zero for g = X, cos Q/F;, and positive for
g > %Xy cos ¢/F°. The ellipse can therefore be rotated through zero
tilt.

2, If Fg = Xy cos ¢, the angle of tilt is zero fér g =1, and
pOSitive for g > cos_q. It cannot be nepgative sﬁnce £ >.1, The
el}ipsn can be levelled, but it cannot be rotated through zerc tilt.

3. If X, cos ¢ < Fe < Yo, the angle of tilt is slways positivo,

and the ellipse.cannot be leveiled at all,
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To in;ure the proper rotation of tue ellipsoc in cases (2) and (3)
an arbitrary "base gain".gB cén be introduced into the X-~path by the
‘proper gdjuétment of the faedback loop of tho operational amplifier
in this path (ef, Eﬁ. (15). The equation Tor the angle of tilt then-

bocomes

tan § = 1 - gBXO cos (,P/gi"o . (19)

end, provided gB.> 1/005 @, it will always be possible to rotate the
ellipse through zero tilt. The extent of the negative tilt depends

on the magnitude of gB. In noraal operation one would expect an angle
of 45° to be the largest to be measured by this method. One finds

N cos ¢ = cOos ﬁ/4 = 1/~VZ, : R (20)
i.?,,”gn should not be less than'\/fz Making g, = 2 is the logical

B

choice and should be adequate for most practical cases,

DESCRIPTION AND OPERATION OF PHASEMETER

"A schematic of.the phasemcter network is shown in ¥ig. 6. The
tvo amplifiers are Burr-Brovwn Model 1507 operational amplifiers cou-
nected in the noninverting mode. The mmplifiers provide isolation
of the signal sources, as well as amplification. The feedback loops
(gain control) around the anplifiers is provided by resi;tors R; and
Ry, and Ry and Rs; rcSpectivcly.' R; end Ry are 1 kilo ohm fixed
resistors. Rz is a variable 10_ki10'ohm; and Rg & variable 100.kilo
ohm resistor, These variable resistors (as well as Ry and R;) have

smaller varisble resistors (not shown) in series for fine control,

The iwo filters consist of two 1 | fixed capacitors, C; and Cj,

. and the resistors R; and RG; Ry 3is a 75 kilo ohw fixed resistor in
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. series with a varilable 50 kilo ohm resistor which is used in equilizing

the phase shift through the two paths. Rg is a fixed 100 kilo ohm
resistor which determines the.3-db—down point of the two filters.

RT is a Yoltage diviaer through which a d.c. calibration signal taken
from a 1.35 volt mercury cell may be injecféd igto the F-path. Sl is
a multiple 4-position switch used to select the mode of operation. 82
is used in the gain calibration. It should be noted that with S1 in
positions 3 or 4 for gain calibration, the filters are out of the
circuits. |

When operating the phasemeter, the first step consisté in
calibrating the base gain gg- With S1 in position 3 and 52 in position’
1, R7 is regulated until a convenient mV output is obtained on the -
Rub?cpn rotentiometer. 82 is then.fut into position 2, and R5 is
véried until the reading on the Rubicon potentiometer is exactly twice
the previous réading. The base gain gB then is exactly 2.

52 is now put into position_3; and S1 into position 1. R2
and R3 are varied until the ellipse is 8 level sbraight line, which
coﬁpletes the preliminaries. The actual measurements are taken by
putting S1 into position 2 and varying R5 to level the ellipse. A
photographic record is made of dD’ dF’ and dX.

The gain g is read similarly to &g with 51 in positioﬁ 3 and
g2 first in position 1, then in pésition 2. The ratio of the two
readings will be g. If g is too high to be read conveniently in thié
way, two horizontal lines are displayed (and photographed) with S1
first in position 3, then in position L., The distance between the

two lines, dG, then yields the gain from
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g = 9o S,V (1)

where Vp is the potentiometer reading obtained with $2 in position 1,

EXPERIMENTAL RESULTS

Thé method was chccked by measufing small known phase angles at
scveral low frequencies. The manner in which the knova phase angles
were produced is shown diagrammatically in Fig. 7. A Hewleft Packard
Iode} 262A Function Generatoxr was usced as the signal source. R is,a'
ﬁoob-chm shunt‘resistance eqﬁal to the output impedance of the generator,
which thus operates at design load. R; is also used for fino regula-
tion of the signal amplitude., The signal is split, one portion being
fed to the F (force) terminal of the phascmeter network shown in
Fig, 6, while the other portion goes tq a phase shifting network con-
;isting of a general Radio Corporation Model 1432-P Decade Resistance
Box (1,111,100 ohms total, in steps of 10 ohms) and a 1.0006 pf {ixed
’ capacitor C whosevcapacitance was determnined precisely in a capacitance
bridge. Thé phase-shifted signal is then passed through a Buryr-Brown
Model 1507 operational amﬁlifier to'the X (displacement) terminal of

the phasemeter network, The amplifier effectively isolates the signal,

The phase shift between the two signals is thus obtained as the
ratio between the imaginary and real parts of the transfer function of

the phase shifting network. The transfer function Gp is given by
Gp = 1/(1 + juCR) - o (22)

snd consequently the generated phase shift is
tan ¢ = Im Gp/Re Gp = yuCR. . ,(23)

The measurcd phase angle is obtained from Eq. (12).
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Figurc 8 shows plots of measured ¥s. calculated phase angles at
vérious‘frequencies. The measured angles arce plotted on the ordinatesA
as sin ¢; tho calculated nngles are plotted on the abscissa as tan g.
The straight lines repreécnt the theoretical relatiohship betwe en
sin ¢ and tan ¢, which arc identical for thzse low angles. Evidently,
at frequencies as lov as 0.25 ¢cps, phase angles of the order of only
a few thousandths of-a radian can be measured with very good accuracy, -
The IOWést'frequenéy at whi;h measurecnents were attempted was 0.05 cps,

and cven at this frequency the accuracy was excellent.

APPENDIX

Calculation of Frequency and Gain Dependence of Phase Shift
Through a Single-Pole Amplifiexr

. Since the Burr-Brown operational amplificr is closely approximated
by a single-pole (single time constant ) amplifier,® the open loop
-phase shift ¢, is given by the equationt®

tan ¢, = f/fH, | (A-1)
where f is the operating frequency and fH (the break frequency) is the
frequency at ﬁhich the open loob gain gy is down 3‘decihels from the
D.C. open loop gaih,-gg; fhe Irequency dependence of the open ioop

gain is?a

EQ ,
Bo = s L (a-2)
14 (£/r )% :
4 (f/fn)
The phase shift in feedback operation can be shOWns to be
tan ¢ = tan oy — (A-3)

1—ﬁ_go“JI~:m{EHfﬁqb
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v

where B is the fecdback factor®? given by
BN (A~4)
€ 1-B go ' ‘

g being the gain with feedback,

Subsbituting Eq. (A~l) into Eq. (A-2) yields

. ), _ ' : B
Eo = mole = Fp €08 (A-5)
V1 + tan? L ¢ .
and Eq. {A-3) transforms into
.f/fH
tan @ = - . » (a-6)
1-B o '
Using Eq. (A-4) leads to
tan ¢ = gL . (A~7)

But from Eg. (A-5)

Bo/te = 1/cos o (r-8)
and

‘where Ic is the open loop unity gain crossover frequency.

This finally leads to

’ tan Q= g1
£+ g fH(l—l/cos o )

{A-10)

as the equation for the frequency and gain dependence of the phase
~shift through a single-pole amplifier. Thc désign parameters apcaring
in Eq. (A—lo) are the open loop unlty gain crossover frcquency fc and

the break frequency fH.

It A L
fc > fn(}"l/(‘.()s-'(p\)) ' (A-11)
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the phase shift may‘bc found with good approximation from the simple

eguation .
. Iy ‘—, —- - g 1 )
tjn @ g I/f (A- 2)
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Appendix D

Characterization of Shell Research-Grade Block Copolymers

EXPERIMENTAL BLOCK COPOLYMERS

In recent years, there hes been & great deal of interest in block
copolymers which have the unique proparty of belng both rubbers and thermo-
plastics. 4s a commercial manufacturer of these products, the Shell Chemical
Company has received many requests for samples to bte used for research, Three

Ppolymers have new been specially made and carefully characterized for this
purpose.

A1) threc polymers have the general confipguration poly (styrere-b-
butadienc-b-styrene )¥ and vere synthesized by sequential anionic polymeri-
zation in 2 hydrocarbon solvent, Details of quite similar systems have been
discussed in recent articlcs? 53 In these particular polymerizations, to
kéep the molecular weight distribution c¢f the final polystyrene segments as
rarroy &8s possible, & smsll amount {about 0.3% volume of the total solut ion)
of diethyl ethﬁs was added to the reaction mixture at the end of the butadiene
polymerization This increases the ratio between the initiation rate and the
propagation rate of the polymerization of the subseguent polysiyrene segment.
Podymerization of each sepment was continued for greater than 10 half lives
of the reacticn bafore the next monomer increwent was added, thus avoiding
tapering of one segment into another.

The polymers were characterized by measuripng the intrinsic viscosi-
ties of the first segments in toluen® at 30°C and the styrenc content of tle
subsequent materimls by infrared spectroscopy. These values, together with
the segmental molecular welghts calculated from them, are given in Table I. -

The mclecular weight of the first (S1) sepcent was obtainsd from the
intrinsic viscosity measurement using the relationship given in Teble I. The
wolzcular weight cf the second {B) segnent was obteinced from the S1 moleculer
weight and the measured styrenme content of the S1-B polyuer by the relationship,

Hy= by - ¥y
Bsi-n
vhere }551 B is the styrene content of the 51-B polymer and

M and Mg are the molecular weights of the B and 51 seguants,
respectively.

The molecular weight of the final (s2} segment was obtaired from the
molecular weight of the previous S1 segeent and the measured styrene content of
the S1-B and S1-B-S2 polymer by the relationship,

¥ The nonenclature 15 that of Ceresall. )
1) R. J. Ceresa. "Block end Graft Copolymers", Butterworth, Inc.,
VWachington, D. €. 1952.
2} R. Zelivski and C. W. Childers. Rubber Chem. and Tech. b1 161 (1968).
3) L. J. Felters. J. Foly. Sci. €26 1 (19693). )
h) “Carbanicas, Iiving Palygers and Blectron Transfer Prcoesses”, M. Szware.
Interscience Publishers, New York 1548, Cnapter 7.
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Experimental Bleck Copolywers -2-

Hp = Wz - fo-pco - Ps1-B
(1’551_13..32) . ﬁgl-B

vhere g}S]__B‘,Sg 1s the styrene content of the final S-B-8 polywer and
ESQ is the molecular weight ¢f the Tinal polystyrene segment.

The inilrinsic viscosities of the S1-B-52 polymer was also measured and
ere given in Table I for reference purposes.

The relative amounts of cis 1,4, trans 1,k and 1,2 addition in the
butadiene portion of two polymers were measured by infrared spectroscopy and
ere also glven in Table I. The other one is expected to be similar.

Stabilizetion and Purification

The pclymers are essentlelly pure materials, containing only =~ 0.2%
of Antioxidant 330*%, If further purification is required for light scaitering
‘measurements, etc., they may be dissolved, filtered as required, and reprecipl- |
tetedisx, :

If the polymers are to be exposed to relatively high temperature
(> 100°C), it 15 suggested that up to 0.5% each of Plestanox LTDP*##% end
Antioxidant 330%% be added. This can be done by dissolving and reprecipi-
tating as previcusly descrived. I&ive other polymers containing unsaturation
in the backbone chain, these waterials can be degraded by excessive exposure
to light. If prolongad exposure is necessary, they can be established by the
addition of Tinuvin P#EeE,

Cre'gi_.é_
The polymerization end characterization of these mterials should be
credited te Mr. A. R. Bean snd Mrs. M. J. Papavasiliou, Elastomers Technical

Center, Shell Chemical Company, Torramce, California.

These polymers were produced for research purposes and are not intended
to be representative of commerciasl products.

*x 1,3,9-Trimethyl-2 bi-tris (3,5-&1-tett--’butyl-l'r-hydi‘oxybenzyl) Penzene, ex
Ethyl Corporaticn.
*E% Qur usval procedure it to moke a 10% soluticn of the polymer in cyclohexane
ard to add 1 volume of this solution to 5 vilumes of well stirred methanol.
Tne mixture is stirred for sbout one hour, the excess liquid decanted off
and the precipitate filtered and vacuun dried. If it is desired to have nd
of scme additive (i.e., sn antioxidant) in the dried polymzr, then ebout
5 n gn/liter of this material should be dissclved in the methanol.
A24% D lotrylthicdipropionate, ex Awirican Cyapanid Co.
2hxxx (20 Hydroxy-5 ' methylphenol) tenzotriazele, ex Geigy Chemical Company.
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TABIE 1

Characterization of Experimental Block Folymers

Intrinsic Viscosity, [M], Dl/gn®)
(M)sy
(Ms1-p-s2

Styrene Content, §, (Weight Fraction)
$s1-n '

fa.p e

Calculated Molecular Weiphts, M
~{in thousands)

i)

My
s

Polybutadiene Microstructure, (%}

cis 1,4
trens 1,4

1,2

a) In toluene at 30°C.

b) Using the relstionship log (7] = 0.648 log

Polymer Nurber

ﬁm - 3,564,

TRI1-16k9 TR-41-1648 TR-L1-16L7

0.130 0.141 0.08g
0.648 1.004 0.662
0.319 0.170 0.16k
0.482 0.29% 0.268

1% 16 ki

30 8 35

b1 16 6
- 4] Ly
- ko L6
- 10 10
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APPENDIX E

.x_
Data

Storage and Loss Compliance Data of Low Molecular Weight (16,400)
Polystyrene Used to Calculate the Polystyrene Contribution to
the Time-Temperature Shifts of Block Copolymers.

Storage Compliance Date of Shell 16/78/16 (unannealed) used to
Calculate the Polybutadiene Contribution to the Time-Temperature
Shifts of Block Copolymers.

Raw Dynamic Compliance in Simple Compression Data for Shell

16/78/16 (annealed) as Determined with the Modified Melabs

Rheometer.
Raw Dynamic Shear Compliance Data for NBS 10/30/10 as Determined

with the Modified Melabs Rheometer.

*
The data included here are presented in support of statements
made in this thesis and in the hope that others can apply them.
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1. Storage and loss complisnce data of low molecular weight (16,400)
polystyrene used to calculate the polystyrene contribution to
the time-temperature shifts of block copolymers. These data
were obtained by converting the shear creep compliance data of
D. J. Plazek and J. M. O'Rourke (J. Poly. Sci., 942:209 (1971))
via the Maegawa-Yagii Technique. The reference temperature is

100.6°C. Compliances are in bars—l.

1og w Log D' Iog D" 1og w log D! log D"
-3.4 -0.72 0.12 1.6 -3.38 -=3.97
-3.2 -0.7h -0.08 1.8 -3.40 C=ho1a
-3.0 -0.83% -0.26 2.0 -3.42 22
-2.8 -0.94 -0.43 2.2 -3.43 -4 .33
-2.6 -1.11 -0.61 2.4 ~-3.435 SR
-2k -1.3% -0.78 2.6 -3k -4 .52
-2.2 -1.61 -0.95 2.8 =304k -4 .61
-2.0 ~-1.82 -1.13 3.0 -3.448 =4.70
-1.8 -2,02- -1.20 3.2 -3.451 -k .78
-1.6 -2.20 -1.48 3.4 ~3.h5h -h .84
-1k -2.,35 -1.65 3.6 -3.457 -4 .90
-1.2 -2.49 -1.8% 3.8 -3.46 -4.95
-1.0 -2.62 . -2.00

-0.8 -2.73 -2.18 -For frequencies higher than log w = 3.8,
-0.6 -2.83% ~2.% : -

-0.h -2.92 -2.63 log D'(w) = -3.46 - 0.01L4+(w - 3.8)
~0.2 -2.99 -2.70

0 ~-3.05 -2.89 and.

0.2 -3.10 ~-3.04

0.k -3.15 -3.18 log D"(w) = -%.95 - 0.01k-(0 - 318)
- 0.6 -3.20 -3.33% ' '

0.8 -3.25 -3.48

1.0 -3.29 -3.60

1.2 -3,32 -3.72

1.h

-3.35 -3.84
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2. Storaée compliance data of Shell 16/78/16 (unannealed) used to
calculate the polybutadiene contribution to the time-temperature
shifts of block copolymers. These data are taken from Fig. 22
appesring in the tekt. The reference temperature is 0°C.

. . -1
Compliances are in bars .

Iog w iog D' log w log D!
Below freguencies of 8.0 ~3.57
: 8.2 -3.68
log w = 4.0, 8.k ~3.765
8.6 -3.845
log D' = -2.3 - 0.039+(log w - 4.0) 8.8 -3.93
9.0 -4 .c1
9.2 -4 .06
9.4 -4.13
9.6 -4 .165
9.8 -4 .19
10.0 -L.215
4.0 -2,30 10.2 <2y
L2 -2,31 10.kh -L 26
L.h -2,325 10.6 -4.28
4.6 -2.335
4.8 -2.35
5.0 -2.375
5.2 ~2.40
5.4 -2.425
5.6 ~2.47
5.8 ~2.505
6.0 -2.565
6.2 -2.64
6.4 -2.71
6.6 -2.81
6.8 -2,91
7.0. -3,01
T2 -3.10
T.h -3.215
7.6 "=3.35
7-8 -5-2‘"7
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3. .Raw dynamic com@liance in simple compression data for Shell

16/78/16 (annealed) as determined with the Modified Melabs

. . . —l
Rheoreter. Compliances are in bars .

undeformed dimensions of specimen:
in direction of strain: O0.40L cm

cross-sectional area: 0.176 cm®
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15k

Raw dynamic shear compliance data for NBS 10/30/10 as

determined with the Modified Melabs Rheometer. Compliances

o 0
are in bars .

undeformed dimensions of specimen:

length: 0.866 cm

width: 0.554 em

thickness: .0.188 on



Run 149

-Logu.»
3.758
2,568
30400
3.200
3.0027
2798
2.598
20400
2,200
2.002
T1VT9E
1.598
X400
1.200
S1.0027
G.7¢8
.98
C.40C
0.260
0002

Run 1h7

Log w
3.767
3.598
- 2.,400
- 3.200
TR.002
2.798
T2.598
2.600
TZ.2C0
2.002
“1.798
1.598
1,400
1,200
1,007
0,768
0,558
.0.40G
T0.200°
0.002
-0.202

106757

T = 86.99 °¢

Log J!
-2.216%
-2.178
-2.134
=-2.,039
~-1.991
=1.940
-1.88¢6
-1.821 "
-1.743

TLog J"
—2.7"’."2
"‘2 -639

dm:h}gbg
-2.371
=2.185
-2.104
=2.002
f1;905
-1.4915
-1.731

~1.598

~-1.517"
~1e420

-1.338
"10 250
=1,173
~1.111
"Oe G935

-1 «575
“1-459
 -1.403

-1.328

T = 66.37 °C
Tog J! Log J"

”21438 —3q444
”2.42¢ -3.,4032
=2.405 ~2,367
-EOBG4 “3.335
-2,280  =3,302
~2.354 -2,262
-2.344 =3,217
-2.225 -2,17¢

-2.312 =3,.141

"2-294

-2.280 -3.054

-2.260 )
;2.238'”“;2.953"
~2.219
-2.193 T =2.84%5
-2.168 -2.785
-2.181 22,725
“20134 —2a669
~-2.080
-2.052 24524
-2.010 -2.4%8

-2.553"

~24288°

106427
-1,511°
Mgl il

143757

155

Run 148
log w

T=76.59 °C

Log J! Tog J"

2.598
3400
2.200
30002
2.798
30508
2,400
202007
" 24002
2:002.
1.598
1400
1.200
U007
C.7¢8
U595
C.400
0,200
0.C02

Run 146
log w
3,598
3,400
.3.200
2,002
2.798
1 2.598
20"1'08
- 2.200C
2.002
1.598
TIL&0N
1.200
1.C02
0.7938
“oJse8
" G.400°
T 0.200

T 0.L.002

=2.04007
“1.94s
T-1.83777

=1,650 7

C=-2.179

—20376
.—20325

220305

~2.285

-3.137

=3.083
. =3.023
-2;9?6
=2.%1%
-2.8%58
-2.792
-2.723
"’2& 631

-2.258
"20232
-2.201
"2-:(5]

~2.125 ~7:585

~-2.085 =24 8B4
”2:3;7-
-20315
--2.2207
-2.127
=2.033"
T g36
—""l oB.‘ef-CJ B
"¢-755

-1.996
~1.893
-11756

-10618

T =57.25 °C
Log J"
-3.52%

—2.4GE

Log J°'
-2,420
2,406

-2.398 =3,474
-2.386  -3.446
_20377 "3.424
=2.365 =3.3G6
-2.343 -2,3£8

-2.351

~24344
f2.324

=2.300 -3.25%

-2.286  =3.229
=-2.,275 =~3,197
—2.262 0 =3.149 .
~2.244  =3,106

-3.,0¢7
_?0037’
- =2.663
”2.949

35
=2.215
~2.194

~3.318 -



' 156
Run 145 T=h4l.52 ? Run 14k T = 2G,53 OC
Log w Tog J! Log J" T Logw Log J' Log J"
3,598 =2.425  =3,640 ' 2,598 .—2.430 -3,730
30400 S2.419 0 L3621 3,400 =2.423 0 =3,730
2.200 -2.406 ~3,403 3,200 “—7 414 -3,726
3007 S3.4067 T T<3U86s” 73,002 -2.421 ~3,723
2,798 -2.336 -3,579 0 '2.798  =2.406 =3,717
2.588 <3.384 T -3,540" 72,598 =2.400  -3,70+4
2.400 -2.377 -2,539 24400 -2.395  =2.56G5
TZ.2000 <2.357 0 -3.518" 2,200 -2.38B% =2,63)
2.002 =2,351  -3,505 2.002 ~2.383 =3,867
1798 22,3507 Tlal48% TIVIGET 203760 T -2,454
1.598 =2,344 -3 .469 1.598 —2.,67 —3.&34
13000 =2,3337 T-2,440 TIVEOGT T-2.361Y 0 =2,623
10200 _"2.32"— "3.425 . }.0200 ‘_-.157 "3 606
71,002 =2.309%7 7 -3,391 1,002 -Z.348 0 ”—w.psa
0.798 =2.29¢ ~3.363 - C.798 =2.343  =3,5%
TCVE98 S2.2927 L2 zs C.8887 T =2.3386 43;540e
0.400 -2.278 -2.306 €C.400 =-2,330 -3,5158
TCV200 SPU27277 23,285 70,2007 =20320 0 =2,478°
0.00°? 2._, ~2,251 C.002 -2.313 -2,44]
=0, 2oa =2 24877 TS3.2267 =CL 2077 "<Z.3p2 ~3.,407

Run 131 T =29,7h ¢ _ Run 132 T =19.60 °C
1.0g i Log J! Log J" 1.0g w Log J! Log J"
3.786 _=2.,491  -3,783 3.794 —2.543 -3.893

3,598  -2.46%  -3,780 2.598 -2.528  -3.886
2e40C  -2.204  =3.713. L3400 -2.521 -3.893
2.200 -2.4%4  -3.715 3,200  -2.516  -3.900
2:002 _-2,451  -3.774 2.002 -2.511  -3.908
2.798  -2.446 =3, 104 ‘ . 2,798 -2.507 -2.907
22598  -2.440 _ -3.743 2.5%8  -2.506  -3.906
2.4G0 -2.43%5  -3,736 2.400 -2,496 -3.892
2-200  -2,429  -3.719 2:200 =2.4%2  -3.873
2,002 -2.423 -3.697 ' 2,002  -2.485  -3.859
A1.798 _-2.415 - -3.0678 1.798  -2.481  -3.8«2

1.598 . -2,406 -3,656 1.598 -2.476 -3.834
1.400  -2.404  -3.641 1,400 _-2.476  -3,823
1.206  -2.386 -3.618 1.200 -2.457  =3.80%
Ae0C2  -2.371  -3,593_ - 1.00¢  =2.464  -3.750
0.798 -2.369 -2.574 0.798 -2.455 -3.767
0.598 ~2.263 _ _-3.559 0.598 -2.45C _ -3.74%4
0.400 —-2.5%%2 -3.,529 0.400 -2.442 -3.718
0.200 _-2.346  -3,502 0.20¢C _:2143?"w_“ 26506

0.002 -2.338  -3.478 ' 0.002 -2.429  -3.605
: -0.202 -2.424 ~3.625




Run 133
Log w

T = 9,56 °C

Tog J!'

Log J"

23,400
2,200
_3.002
2.798
_2+598
2,400
2,200
2,002
1,728

=2.5906

"30 9‘1‘0

~2.58¢C
"‘2' 569

=~2.5061

=2455%

-2.5b2

~2+545

m2.542

=2,503

z2.e548

=813

‘3»940

m:éuiﬁi.

'3 » 363
~3.97¢

=3..970_
”30969.
LTA.900.

~3.955

1.598

. 798
.)98
OQIYOO

" 0,220

—20 53‘{#
—20527
-2.5117

‘20 50q
—20504

m2s5135

~3.845
—3!9i8-
.m22522 73

2896

-3.883

-3,843

~3.8 _Z_l —

T 0.0C2
:QOZGZ

""2! 497

2493

-3.790

Run 135

Log w
3185,
3,598
..3,@.4! 0 Q.-
3,200
3002
2.733
2.5938_
2.400
2:200.
24002
ded98
1.598

= -10.22 °¢

Log J'

LogJ“

-2.671
-2.667
-2.653
-2,565¢C
-2.640
-2.630
—2.022

- b1l6

_~é.659

_:éiéélm,

=2.613

C . “fO J
G200

°2cf')ij
~2.6C0

B.0u2

‘2' 599

=283 -3

.:‘..2.-(’.6 9 Lt

“:ﬁigﬁlw

.:Z¢§ﬁ§wmwiﬁz

mZ2+634

Q-})
G952
=2.915
-3,

-3.

4,075

*4.(77‘

-4, J?’-t

mlabZY

""4A r}éf’)

3419§§V

"4.046

~4.Q34

-4, QLG

=5.967

—3.947

938
L T4 Y 1 lﬂ

AV AC
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Run 134

Log w
3.593
3,400
34260
3.002

T =0.03 °C

Log J'
"2- binf

ngJ"

'—5

-z, 621

s2.639

—21624
-20619

2.798
2+598

'2vt313
—2-012

"3. 9_:7
-3.9715
-3.392
4. 008
~4, 019
-4 ,032

2,400
2.200

"Zv 69
"‘24’_)-37

2.0072

_1.798

1.598
1.400 .

-203 5‘0
-2.589

-2.583
-2e551

’4.059
4,033
_éeﬁJB

—4.(32_3

2%, an
=4.01 ,4‘

1.200

N

-2.578
22571
)06

LT3 948 7

-3 971
957"

Run 136

log w
3.198
3.593
3460
3.2025
; OD

_:Z:5¥?
WZQAELQV

~ "L.o_‘fao

T=-34
Log J°!

~2.581

.83 °%c

Log J"
-30)61

~2.541

—20538

_=¢+ 531

-2.523

-2.514
-2.500

-2.494

-3,571
3,094
-3.633
~3.06069
~3.70>

3129

=-3.770

T34 196,

‘30 823
=3.,3839

-3.353
= 3.869
-50‘75

LI3.879

L8758
73;854_
-30357

. 73.830

'—3- d{fs
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Run 141 T=-58.01 % ~ Run 143 = -71.13 ¢

Log w Log J! Log J" : Log w Log J' Log J"
3.198 -2.683 ~3,368. 3.798 -2.862 .-3.41L.
3.598  <2.655 23,359 4,002 -2.907  -3.484
A Bl 224032 =3.386. 30598, -2.3l0  _ =3.371
3.200 -2.611 =3.331 3,400 =2.793 =3,350
3,972 =Z24590 ~3,397 ' B.2908 =-2.741 -3.322
2.798  =2.576 <3.430 S 34002 -z.714 -3.328
2.398 -2.5%9  =3.458 —— e
2,400 =2.549 ~3,488 ©2.598 -2.661  -=3,349

2.220 =2.537.  =3,517 L =2.639 _ m3.305

2.002 ~2.521 ~3.5%1 2.226 -2.617 ~3.379
d.798 0 -2.518  -3,581 _2.00Z =2.0603  ~3.404
14595 -2.514  =3.616 T l.798  =2.536  =3.427
Ae530 0 -2,502  =3.636 3598 =2.500  _-3.552
10200 =2.497 <3.5%9 1.400  =2.557  =3.,476
L0020 ~2.488 =3,672 A 200 m2eD46.  =3.504
U T8 2. asa I3 haa” 1.002  =2.535  -3.531
0.5938 -2.418 -3.693 _Ua198 =24524 _ _ =3.550L

0.400 -2l 14 ..3 695 598 -2.514 -3.538
04200 =2.407  =3,704 _8.400. -2.5G9  -3.612
0.002 :.d: 463 "3»691 0.200" ~Z2,502 ~-3.630
) ....Q‘Lfll?\. ,._.':_2,0. .[‘,95‘_,:'30 O43
~(3.,202 " -2,489 -3.64%3

Run 1k2 T =-80.91 %

Log w Log J°' Log J"

3,594 -2.950 -3, 784
ﬁéLﬁQQm .:§19§9UNMT3l§27
3,400 ~2.934 ~-3.722
3,200 0 =2.517  -3.603
3,002 -2, 890 -3.601
2198 =2.4d7%  =3.543
2.598 -2.855  -3.488
2.800  -2.825  -3.435
2200 ~-2.7192 -3.392
2,092  -2.7b4&  -3.366

1.793 -2, 7%7 =3 306

1.40)  -2.668  -3,356
1.200  =2.645  =3.306_
1.662  =2.634 =3,387"
0,798 =2.604  -3.385

€.598 -2.53z  <3.402°
0400 =-2.578 -3.,409
¢C,200. =2,564 -3.40G4
0,002 TZe0Dl =3aalY

"092;..}2 (Q/"‘rl "‘.4. ‘f‘ﬁ(_
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PROPOSITION I
INSTABILITY OF THE Z-FORM NUMERICAL
METHOD OF INVERSE LAPLACE TRANSFORMATION

FOR LARGE TIME INCREMENTS

Abstract

The strength of the Z-form numerical method of determining
the inverse Laplace transform lies in being able to treat Laplace
fractions of high order since the method does not require the
evaluation of the roots of the characteristic equation. The technique
beqomes very accurate as smeller time increments are taken. Interest
in the real time response, however, may very well lie in the long time
fesponse, and one may want to use large time increments to reduce
computational errors or simply to make the scheme more economical.

The proposition is made that large time increments generally
cannot be used for thé 7-form method because of instablility deriving
from the presence of short time contributions to the response. An

analysis of this instability is presented.
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Laplace Inversion by the Z-Form Numerical Technique

| A technique-for numerically making the inverse Laplace
fransformation'haé been presen’ced by Boxer and Thaler (1) and further
discussed by Gibson (2). The inverse Lapléée integral is first

approximated by a finite integral

je in/T
f(t)=—l— jF(s)eSt ds = =L j f(s)est ds (1)
Zwi A ’
~i -in/T
- Ts
Letting t = nT and substituting z =
£nT) =50 ¢ -5 F(tn 2/T) 2" s 2)

The contour on the s-plane goes over to a unit circle on the z-plane.
The contour>is closed so that the integral can be found by the resgidue
theorem. First, howevef, an approximation is made for 4y z which

‘ gives rise to the z-forms tabqlated by Boxer and Thaler and Gibson.
For reasons of convergence, the z-forms are substituted for negative
powers of s; and the resulting expression, f(ZT, is arranged as a
fraction with polynomials of z-i forming the numerator and denominator.
Instead of computing the residues directly, the fraction is expanded
‘in ascending powérs of z_l. The coefficients of these terms
automatically becéme f(nT), the constant term giving £(0); the coeffi-

cient of z_l 2

> £(T); the coefficient of z =, £(2I); and so on. Barring
computatioral round-off _error, this method becomes more accurate with

smaller time increments (T). The technique is well suited to computer
computations, and in the course of this study, '.the author has developed

a Fortran subroutine to do this.
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The Z-Form Method at Long Times

| As described above, the Z-form method numericelly generates
the inverse Laplace transform at aiscrete intervals starting at zero
time. Occasionally it is desirable to examine fhe inverse transform
at long times, particularly in the éase df high order Laplace functions.
Since the use of a small time interval in'the numerical procedure may
result in too much accumulated error due to repeated round-off or
truncation, or perhaps simply toc much computation time; the question
arises of what conseguences are brought about by the use"of a large
time interval. Idealiy, those factors which determine the short time
fesp0nse could be made negligible. Consider, then, the effect of using
time increments (T) that are large compared to the small time constants
of terms meking up F(s).

First, one can examine the approximation of truncating the

" Laplace integral in Eq. (1) as T becomes large. Two cases should be
congidered-- a negative real bole and a pole at zefo. For a negétive

pole, one can start with the expression

-1 in/T st 3)
£(£) = £ {f(s)} = L j £ ds BE
~im/T -

Making the substitution y = s + a

~at  -atin/T yt

10 =5+ | - dy
' ~a~in/T

(k)
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. This integral can be represented by an infinite series

_at y... a_*_.j.'_?_‘:.
2 3 TehT
£(t) == Eo PRSP\ 9 I 4 ) MR ' )
2m OB Y T YETRT T3 i
| ysram

The series converges faster than an e}@onen{:ial , 80 one would expect
f(t) to vanish as T gets large, remembering that t=nT, so that it

should make little contribution at long times. Treating the pole at
zero is a little mor;e difficult. It can be considered by deforming -

the usual contour, shown as A in Fig. 1 into the semicircle shown as

contour B.

_ir
T

Fig. 1. Poleats =0.

i iB

The integrals are equal. Letting s =r¢ , where r = /T,

w/2 'nTreie
il 1 2 ire
i{t) = £(nT) = 5= j : a6

/2 rel 0

1 nmwe

-w/2
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Taking absolute values,

/2

: nw(cos 6 +1i sin 6) w/2 nm cos O
2 : T
-'IT/Z o]
1 1 nw(l-xz)
) f 2 dx
™
o
n
< eri(l) 2
wn

Thus, we mighn;, expect the effect of a pole at.zero or.z the calculated
response to die out slightly faster than an exponential of n. This
looks promising, but there are other facets of the z-form method that
are worth considering.

Let us treal three individual cases.
Case 1. F(s) =gt ; single pole at zero

From Gibson, F(z™1) :% (l+z"l)./(1—z"l)

1 1 -1 ~1 -1
Then £(nT) = 5~ 5{) 3 [(1+z_ )2 /(1= )] dz
N T DU T o s
=3 (z+1) = /(z-1) = 1 independent of T .
' z=1
where R{f(z)} indicates the evaluaﬁion of residues.

Case 2.. F(s)}=(as + 1) -1 ; single negative pole

) =} 1z~ 1y/[-2"1)a +—£— iz ) ]nlasT - =

‘._

Then f(nT) = : ngnhl/T dz - 0 as T— o ,

it

™o
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)1

Case 3. F(s)=(as® + )7t
- 2 ' ' -
) =35 (1410271 4278/ laq-2" 1 + 3 (427 hp-2!

~ 3 @410z 41)/(z%-1) as T ~ =

Evaluating residues, f(nT) = 1 +-§~ (-}.)n-1 as T = o .

These three cases treat simple z-form approximations to the Laplace
inversion when the time increment is taken to be large. Instead of
expanding frgj, however, iis poles are found éo that & closed form of
the solution can be evalusated frcm_the residues. Case 1 treats a
single pole in the s-plane at s=0. This is a unit step function in
time and is seen to transform well. Case 2 treats a single negative
polé and the contribuﬁion of this term is seen to vanish like 1/T as
T becomes 1arge; This is not as fast as the exponential decay that
should appear, but it would probably be sufficient for many applica-~
tions. 1In Case 3, which represents the combination of Cases 1 and 2,
one sees that the solution is oscillatory and will.not‘decay.‘

Y

In general, z-forms are substituted for vowers of (s

-n
For a term s , the z-form appears as

-1
n N (z 7) .
T | (6)

T

kn {1~z
where k, is a constant énd Nn(z-l) is a polynomial of 7 in which the
highest order term is z™%. Thus, if F(s) is & single fraction with
polynomials of — (or of s) in the numerator and denominator, and we
let T be large, only the highest order terms (in s_l) will be ilmportant

alter substitution of the z-Torms. We can therefore discuss two
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genersl cases, keeping only the highest‘order terms in s_l.

Case 4.

’ . * a0 9 2w m-‘l -m
F_(s)=1+ +.s s

l-f-u--no.no +Sm S-m.

!

Then f(z) = 1

and f(nT) -~ 0 like,-I.l- as T - « ,

Case 5.
1+“._““+sm-1~ g

F(s) = =

S+"-'-'-' +sm

. ka N _(z
Then f(z) = n

and {(nT) = SE njl =3 dz s neglecting the k.'s,
(1-z )N __(z ) '

In the two cases shown asbove, F(s) has a numérator which is a
polynomial of s of smaller order than the denominstor. This is true
of almost any physical problem. Case 4 includes Case 2 as a speéial
case. Both numerator and denominator have a constant term, 1, so that
clearing-the'fractibn of positive powers of s results in a fraction
with the highest power of s_l'in both the numefator and the denomina-
tor. In substituting the z-forms, the numeratcr and denominator
approach one anqther as T gets large. We are then left with the same
situation as Case 2 in which ﬁhe integral approaches zero like l/T.

If the numerstor i1s missing the constant term, one can see that the

resulting z-form approximation will go to zero even faster.
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Case 5 includes Case 3 as a special case. F{s) has a pole
at-s=0; or in other words, the denominator of F(s) 1s missing the
éonstant_term while the numeratof still has it. As a result, z-form
subgtitution ylelds a numerstor withe T raised to one power higher
than the denominator. This T cancels with the l/T in the integral in
Eq. (2) leaving no T dependence. It 1s now necessary to consider the
poles 5f f(z). If any of fhe poles have real parts that are greater:
in absolute value than unity, the zn—l term in the integral will cause
exponential growth. By examining the numergtors of the first few
z-forms given in Gibson, one can say that usually there will be poles

3

of this type. In fact, the z-forms for s-l and s - are probably the

only ones that do not cause exponential growth under these circum-

3

stances; s—l is of trivial importance and s - imparts an oscillatory
nature to the result as shown in Case 3. This applies well to the
practical example presented by Boxer and Thaler. For illustration,

they provide a very well behaved function

1-
F(s)=
s + 52 + 83

When the preceeding analysis is applied to this problem, the response

becomes for large T
o .;-l .l. . h 1 . )
£nT) =g [1 -5 (-5 +2%6)" -5 (-5-2/6)"]

One can see that the third term in the expression grows exponentially

in n and that £(nT) will change sign with each' successive n.
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Theoretically, the z-form method should still work, since

the contour for the integrel in ¥q. (2) is taken on the unit circle.
The poles ouﬁside the contour shoﬁld not be counted. In the numerical
treatment howéver, everything is ineluded, causing the approximation
to "blow up." One can see that exponential growth will normally result
from these unwanted poles and the 1/T decay seen in Case 4 will
certainiy not be able to overcome this.

The preceediﬁg discussion %akes T large relative to the total
real time response. In a practical application one would be interested
in a choice for T that is small relative 4o the large time constants
involved, but larger (though perhaps not much larger) than the smallest
time constants. The result would be the same. Poles in the s—piane
thét lie outside the contour which should not be counted are
indiscriminifely included in the numerical calculations, leading to
inhstgbility.

A practical example-which jllustrates this unstable behavior
lies in attempting to recover a real time viscoelastic functién for a
polymer from & Laplace expression that can arise in the process of
interconversion from ancther viscoelastic function (3,4). The
variation of the viscoelastic funétion typically covers msny decades
of time. By using varicus values for the time increment, T, in the '
z-form method, one can easily show varying degree; of instability that

result.
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PROPOSITION 11
CHOOSING AN APPROXIMATION FFOR CALCULATING
THE RELAXATION SPECTRUM FROM

STORAGE MODULUS DATA

Abst.raét _

Tsc:hoeg'l(1 ) has examined some approximation methods
for deriving the relaxation Sp!ectrum from the storage modulus.
He is able to derive various approximations by truncating an
infinite series of logarithmic derivatives of the storage modulus.
Truncation of the series after the rth order logarithmic deriva-
tive results in r different approximations. He shows that for an
odd order truncation one of the approximations is centered and
symmetric while the other approximations are skewed and
shifted in time. Even order truncations result in skewed and
shifted appi'oximations only.

It is proposed that the accuracy of these approximations is
dependent upon the slope of the relaxation spectrum and that the
choice of approximation, whether symmetric or skewed, should

be made with regard to the slope of the spectrum.
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I.nti‘oductio‘n
In studying the mechanical behavior of viscoelastic |

mé,terials, several loading patterns are needed. If stress is

measured as the response to an imposed strain, the experiment

is said to be of the relaxafion type. The function obtained is a

time or frequency dependent modulus. The time regime -

independent function is known as the relaxation spectrum,‘ H(T),

in which T is the relaxation time; and it is related to the modulus

by an integral equation. We are concerned here with the storage

modulus, G'(w), which is a measure of the stress in phase with

the strain imposed as a sinusoidal deformaﬁon {(w is the frequency).

G'(w) and H(7T) are related by the equation

®© 2 2
G'(w) ='f H(r) —2T— d tn (1)
o 14 wZTZ

We assume that the relaxation spectrum can be represented by a
series expansion in terms of logarithmic derivatives of the source
function and that approximations to the spectrum can be made by

truncating the series.

k . ' S
o
Hk‘(T) =Z ai d G'(w) (2)
izl d4in'w |

’ W = 1/T

* Tschoegl's derivations are beyond the scope of this paper;
rather, they are merely summarized here. Details may be found
in reference (1). The nomenclature adopted is the same as his in
order to-avoid confusion.
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Hk‘('_r) is the kth approximation to the relaxation spectrum

détermined from G'(w) by truncating the series after the kth term.

For pra'ctical reasons we ai'e limited to two or three terms.
Changing the integration variable in Eq. (1) to 8 , using

w = 1/7, and substituting into Eq. (2} gives

o0
H, (1) = Io HO) L)(6/T)d dn 6 | (3)
where,
k i 2 2
N d 87w :
L Y8/t)=) a. - — —l (4)
k iz':'lldl;nlw[1+82wz-’

1k'(e /T)is qalled the intensity function for the approximation. With

the transformations 8 = expz and T =expn, Eq. {3)becomes

oo

-ﬁk'(n) = f H(z) -I_k' (z-n) dz (5}
-0
One easily sees that _ﬁk‘(n) = ﬁ(n) if _fk'(z-n) is the delta function..
Tschoegl evaluates Eq. (4) to obtain intensity functicns
corresponding to the first three approximations and utilizes the

normalization of the intensity function along with the condition that

the intensity function can have only one maximum to evaluate the

ai's. The approximations are then obtained by substituting

these coefficients into Eq. (2)
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' ' 2,2 .
I’ (S/T):—-*——-'L—-—2 § /x (6a)

(1402 /%)

- 2,2
1,,'(6/7) . 1ok | (6b)

(1462 /x%)3

4, 4 :
_IZR'(G/T) = —-—4——6—/1— (6¢c)

(1 +.82/'r2 )3

4
1.' (8/7) ZJ_Z_G__ZI_ : (6d)

3 (1+6%/-2)%

6 62[1'2

L. "(8/7) =
3L (l+92/-rz‘)4 .

(6e)

6 66(1‘6

(6f)
(1+62/1‘2)4

1p'(0/7) =

These intensity functions are plotted in Fig. 1. Functions (69.)

and (6d) are symmetric and centered on log (8/t) = 0. IZR' and

IBR' are shifted to the right and are slightly skewed although the

skewness is r;:)t apparent in Fig. 1. IZL' and I3Ll are mirror

images of IZRl and I3Rl respectively with the axis of reflection

at log (6/7) = 0. The peak of I,' is at log (8 /7) = log /2 and

2R

that for I, ' is at log (8/7) = log /3 . The median of L' occurs

at log (8/7) = log (l.'553) and that of I,,' is at log (98/1) = log (1.961).

3R
In general, there are as many approximations for a truncation

of the series as the order of the approximation. The approxima-

tions corresponding to the intensity functions in Eqs. (6) are:
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H]"(T) = 4G a)

(72)
dinw I '
w=1/r
L _
-HZLI(T//Z') 4G (w) +_é__d___g_'2_(£l (7b)
d in w - d dn~ w '
w =1/t
2
1
HZR'(‘/Z T) -4G(w) -_é.d G'Z(w) : (7c)
d inw didn” w I
_ w =1/t
3
i
o =4GW)  1d G (78)
d in w din” w I
w =1/t
' 2 .3
d.G' 34°@! 1 4d°G'
H3L'(T/f3)="_(_ﬂ“+2 g ] o (7e)
d in w d Ln"w din” w ‘ /
w=1/T
2 3
/ _dGY{w) 3 d4°GY(w) , 14 GYw)
H3R'( 37) = y > + 3 (71)

d4in w d dn" w d &ns w l
w = I/T
where shifts have been made to account for thé location of some of
the intensity functions. The shifts were made so that the peak of
the intensity function would lie at the point of inter.est.
To test the accuracy of the various approximations, Tschoegl

uses an analytic function which closely approximates the G'(w) data

for polyisobutylene.

G'(w) - G, ) 1
Gq - G 1+ (a/w )b

(8)

G, and Gd are the equilibrium and glassy moduli respectively. Log G,

is 6.39 and curve fitting yielded the constants 0.5948 for b, 9.1796 for
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log a2, and 10.3 for log Gd . The advantage of having an

analytic expression is that the exact specirum can be calculated.
The approximations can then be compared to it without error due

to data analysis. The exact spectrum was found by Tschoegl to be

) (aw )b sin T b/2
e b

H'(T) =~121-_ (Gd-G 5
a“” + 2(aw) cos /2 + w

s (9)
I w =1/t

‘Dependence of the Approximation on the Slope of the Spectrum

As mentioned previously, if the intensity function is replaced
by a delta function, an exact relationship results. In Fig. 2 is a
plot of a portion of the log of the relaxation spectrum directly above
a plot of an intensity function of exaggerated skewness. When
H{®) - 1(8/7) is integrated from § = 0 to B = oo for the parameter
T =T, parts of the spectrum adjacent to T contribute to the integral.
If the skew is to the right as pictured in Fig. 2 , H(t) to the right
of To will be weighted more heavily than that to the left of T, + But
H(B) is a rapidly decreasing function at this point (log H(6) is
plotted) and the product H(6): I(6/7) may approach zero as
rapidly on the right side as on the left.

Similarliy, we would eéxpect an intensity function skewed to
the left to provide a poor approximation resulting in an integi‘al
which would. be too high. Dériving the spectrum at T, from
G'(w) with a left skewed inténsity function, therefore,- would
require a shift of greater magnitude than that indicated by

inspection of the intensity function alone.
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.By the same argu@ent, one would expect the symmetric intensity
functions to also give approximetions that are too high in any area
where the spectrum is changing rapidly. Of course the symmetric case
would provide a better overall approximation for both positive and ne-
gative slopes of the speétrum than the skewed case,

The accuracy of the approximation (or the shift in o required)
is not dependent directly on the slope of H'(r) vs. log T, however. ’
The integral is over the product of the intensity funection and H(T);
and therefore one is interested in the relative change in H(T) as one
moves away from log Toe Thus we can say that the necessary shift will
be dependent on the slope of log H(T) vs., log T evaluated al log To®

Using the expression for the modulus of polyisobutylene deter-
mined by Tschoegl (Eq. (8)), the second order approximations for the
spectrum were evaluated along with the exact spectrum. The calcula-
tions were done with the aid of Citran on the Csltech computer time- -
sharing program, and are shown in Table I. The second and fiftﬁ col-
umns show the left and right approximations with no shift in the in-
tensity funection. The third and sixth columns show them with a shift
of the peak of the intensity function to the point of interest. The
fourth and seventh columns give these approximations with a shift of
the median of the intensity function to the point of interest. Col=-
umn eight contains the exact spectrum as calculated from Eg. (9).

In Fig. 3 is plotted log Hl'(T) and log HE'(T), the spectrum
derived from symmetric intenéify functions, along with the log of the
exact spectrum H(7). Where the slope of log H'(r) is steep, the

approximations are high as expected. Also they are in error by a

s

3
S
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constant aﬁount vwhere the slope is constant.

In Fig. 4 log HQR'(T) and log HEL’(T) are plotted with the log
of the exact'spegtrum. We see that HER'(VQT) works very well where the
slope of log.H(T) is negative and HEL'(T/VQ) is most appropriste for a
positive slope. The fine accuracy of the approximations in certain
areas 1s partly coircidental, however, since a steeper or shallower
slope of the log of the spectrum would shift the approximation above-or
below the exact values respectively. This becomes well apparent near
the peak of the spectrum. O0f course, at the peak, any approximation
will give a low value. One way to counteract the effect of a changing
slope might lie in modifying the shift Pfactor. For instance, we have
essentially been shifting log 7 by log VE in calculating the second
order approximations HQR’(T) and H2L{(T). For mild slopes, this shift
is too much and should be decreased. Thus the shift can be made arbi-
trary and it would merely be coincidence if & shift to theipeak or toc
the median of.the intensity function was used. These points would
still be useful, kowever, in understanding the mathematics in&olved in
the approximation. This immediately brings to mind an iterative corrsc-
tion procedure to yield an accurate approximation. For a particular
approximation, the best shift factor for the slope of log H'(7) vs.
log 7 could be tabulated and used in a recalculation. The proper in;

tensity function should be chosen, however, to keep the shift to a
minimum. One would always like most of the contribution to the approxi-
mation to come from the ares directly arcund the point of interest,

That is, one should keep the peak of the intensity function as close %o

the paraneter To 28 possible.
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Conclusion

In practice one would be working with experimental déta
rather than an analytic function. First and second derivatives can
usually'bé obt‘ainéd, bﬁt the érror i.ncreases rapidly with the order of
the derivative. Therefore, as noted by Tschoegl, either a second
order approximation or a third order approximation in which the third
order term makes a small contribution would be most useful in
calcuiating a relaxation spectrum from modulus data. In comparing
Egs. (8), one sees that the asymmetric approximations would be most
desirable; and it has been shown that a right or left approximation |
should be carefully chosen with regard to the relaxation spectrum
being calculated. In fact, a skewed approximation should be chosen
over a symmetrié one for regions of- steep slope.

It should also be remembered that the function used for
testing the approximations was a v.ery simple one. I there were
fluctuations in the data over an order of log T that v?as smaller than
the order of the intensity function (approximately onc decade), they
W;)uld be smoothed out. Even fluctuations over a band of log T greater
than the spread of the intensity function may be considerably smoothed.
One therefore should choose an intcns.ity function which gives the
closest approximation with the least amount of shift, keeping in mind
the general slope of the relaxation spectrum in the area of interest as
well as the order and relative contribution of the derivatives involved

in the approximation.
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Approximations to the Rel'axation Spectrum
from the Storage Modulus of Polyisobutylene

Loe

Lo& Loa Les LoG Los LoG
Log 7  H(®)  WaED R8T HLbm) HLTE) W5 Her)
~12.00 8,488 8.402 8.379 8.433 8.52U 8,543 ©8.521
-11.80 48,0600 8.51b 8,493 8.349% 8.455 8.458 8,436
=11.,00 &.710 8.627 §&§.,605 8.463 8.v4s 8.571 8.»51
-11.40 8.817 8,737 8.7i4 8.576 8.bbU §8,bs> 38.b6h4
-11,20 8,921 8.843 8,822 8.v88 6.770 8.792 8,775
-11,00 9.02v 8,946 8.925 B.796 8.076 $.595 8.u83
=10,80 9,114 9.044 9,024 5,902 8.979 8.999 8,488
-10.060 9,201 9.136 9.118 9.u04 9,077 9.U% % 9.ud9
-10,.40 9,279 9.221 9.205 9,100 9.165 Y.186 9.183
=10.20 9,347 9,297 9,282 9,190 9.251 9,267 9,270
-10.,00 9.403 9.362 9.350 9,271 9.525 9,338 9,547
~9.80 9.445 9,415 9.405 9.341 9.386 9.397 9,412
-S.00 9.472 9,453 9,447 9,398 9.455 9,441 - 9,401
~9.40 9,481 9.476 9,472 9,443 9,465 9.469 9,493
~9.20 9.474% 9,431 9.481 9.470 9.480 9,481 9.50%
-9,00 9.450 9,470 9Y.473 9.481 9,478 9.L476 9.497
-8.80 9,409 9,441 9,448 9,475 9,459 9,453 9,469
-8.60 9.354 Y.397 9.407 9.452 9,424 9,415 9,425
-8.40 9,286 9.338 9.351 9.413 9,574 9,362 9.562
-8.20 9.207 9.267 9.285 9.360 9.311 9,297 9,287
-8.00 9.119 9,186 9.203 9,294 9,437 9,221 9,202
-7.80 9,024 9,096 8,115 9,218 9.154 9.136 9.1009
~-7,00 8,923 9,000 9,020 9.132 9,063 9.0LL 9,009
-7.40 8,318 ©.898 8,919 9,040 8.960 8.9456 8,905
=71.20 8,710 &,792 §.814 8.941 8.8b4 8.843 6,797
-7.00 8,599 &,b83 6,705 8.858 8.759 8.737 8,086
-b.80 8,486 8,571 8.594 8.752 $.050 8,627 §.574
-b.bU 8,372 &.458 8.481 8.622 8.558 8.5l 8,460
~b. 40 8,257 b6.344k 5,367 6.511 8.u425 8,402 8.5k
-~0.20 8,140 8.226 8,451 8.397 8§.311 8,288 8.2¢8
-6.00 §,u23 8,111 8.135 8,283 6,196 8.172 §,.11t
-5,80 7,906 7.99% 5,018 8.167 &.U79 8.Us6 7.9494
=5.60 7,788 7.877 7.901 8,050 7.4862 7,438 7,876
=5.40 7,070 7,759 7.783 7,933 7.8k5 7,821 7.,758.
=5.20 7.552 7,041 7,065 7.816 7,727 7.703 7.640
=5.00 7,433 7,525 7,547 7.088 7,609 7.585 7.521
=4.80 7,315 7.40L 7,428 7.580 7.491 7.407 7.4035
-L.60 7,196 7,285 7.31C 7.401% 7.372 7.34s 7.¢8%
4. 40 7,077 7.167 7,191 7.343 7,254 7.250 7.166
-5.20 6.959 7.048 7.072 7.224 7,135 7,111 7.u47
-L.,00 b.840 6.929 ©.853 7.106 7.ul6 6.992 6.92¢8
-3.60 b.,721 6.8L0 b.855 6.957 6.898 6.873 6.809
-5.60 6.0U2 6.692 b.7L6 6.855 6,779 6.755 6.090
=5.40 6,483 6.575 ©.597 b.749 b6.660 bH.bd06 bB.571
~5,20 6.364 0b.454 6.478 6.030 H6.541 6.517 b.ub2
=5,00 b.25 ©.3535 ©.359 6.512 6.422 6.598 6.533
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PROPOSITION IIT
THE ROLE OF COMPUTATIOMAL ERRORS IN THE

COMPUTER SIMULATED PACKING OF CIRCLES

Abstract

A computgr program to simulate the random close packing of
circles was prepared by H. Kausch and modified by the author (1). It
is proposed that computational errors play an important role when the
circles pack in an hexagonal close packed lattice. By modifying the
computations and by working in double precision, this is shown to
be the case. Interestingly, computational errors play a desirable

role in the investigation of random circle packing.
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Introduction

The principle employed in constructing the computer program
for the simﬁlation of the random packing of circles in & plane under
the influencé of a week centripetal force is indicated in Fig. 1. At
the start a circle is placed at the origin. Under the action of the
postulated weak central force, any circle approaching the center circle,
or an aggregate of circles already placed, will follow a straight lide
until it encounters the first circle in its way. The direction, QJ,
of the incoming circle is randomly selected, using a computer subrou-

tine for the selection of random numbers, X, between zero and 2T

In a typical placement, a circle approaches the origin along

-the direction,é%, as shown in the figure. It encounters the first

circle in its path, that at i, in position jy. Upon contact, the
circle is méde to roll around il 20 that it always approaches the
origin.

If the circle hits énother during this rolling procgdure,
its packing may be ended. The program takes care of the fact, however,
that under the action of a weak central force, and with no adhesion
between the circles, the rolling motion would turn into a direct
approach toward the center again once the circle had reached a position
such as 32, where it breaks contact with circlé il' In this case the
circle then adopts the appropriate new angle which it follows until it.
contacts a new circle, ié. It now rolls on circle i, until it contacts
a new circle again. If the polar angle of the rolling circle 1s

between that of i, and the new circle, the rolling is terminated.

Otherwise, the rolling procedure continues until a stable position is
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reached. 1In Fig. 1 the circle has reached a stable position when it
contacted circle k. The only exception is made with the circles which
encounter the firsf circle, Wheréupon the rolling ceases.
| Tﬁe packing fracﬁion of a given area A is defined as the
fraction of the area which is covered by circles. For any given
aggregate of randomly packed circles, the packing fraction, ¢ , depends
upon_the choice of the area to be inspected, and on its size. It will
be independent of these only in the 1limit of a large A.
The polygon which offers itself naturally for the determin-
‘ation of the packing fraction in random packing is that formed by the
éenters of the peripheral circles on the boundary of the aggregate.
The peripheral circles are all those circles which can be connected
vith a point outside the aggregate by a line which does not cut or
touch a circle of the aggregate. Such a polygon willl be called a
boundary polygon. Aun examrple 1s shown in Fig. 2.
The packing fractlon in the area enclosed by the boundéry
polygon is
¢ = (Ac - As)/ﬁp (1)
where A, is the area of all circles enclosed or cut by the polygon,
AS is the area of those portions of éut circles which fall outside of
the polygon, and AP is the area of the polygon itself. Bguation (l)
is exact only for cases of simple regular lattices where urit cells
are formed by connecting the centers of adjacent circles. For random
packing or complex lattices, where the unit cells are not defined in

this manner, Bg. (1) approaches the correct value in the limit of a
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large number of.circles. .Ac is cbtained by adding the area of any new
circlé to the sum of the areas bf the previously placed ones. To
calculate AS and AP it is necessary to keep a tally of the cooréinates
of the outermost circles by coatinuous sc;nning. The scan starts with
the circle plsasced last (PO), and continues clockwisé to - the next
circle in contact with the preceding one (Pl,Pe, etc.), until the
coordinates of P, (=P,) reappear.

The area of the polygon, AP’ is calculated as the sum of the
triangular areas formed by successive corner points and the origin,

Ay is given by

n R

o - 2

A= z r, ai/z ) (2)
i=1

where &3 is the outside angle of the polygon corner at the center of
circle i. This is shown in Fig. 2 for Po'

Uniform circles were studied to determine the packing
fraction in random packing and the number of circles which had to be
blaced to obtain a statistically meaningful value. The program
determined the integral packing ffactions enew after the placement of
every fiftieth circle, up to a maximum nurber of 1600 circles.

Simulténeously, differential packing fractions, defined by

A _ofn) ~A_ | $(k)
q) _k(n) =_P,n ) p’k 3
n Ap’n Ap’k . (3)

were computed. In Eg. (3) n is the current number of circles and k

is a specified number of circles less than n. Thus @ __ (n) is the

200

packing fraction of the last 200 circles preceding and including n.
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Computational Errors in Circle Packing

It is apparent that the placemeht of the first few:circies
will affect the subsequent placement of additional circles. The com-
puter program was modified' to allow nonrandom placement of the first
seven circles in order to investigate this effect at least super-
ficially. If this nucleus is very irregular, with substantial voids
generaﬁed by the random placement of the first several circles, -
effects of the nucleus die out rapidly with the further addition of
circles. Particularly interesting, however, is the case where the in
initial circle is surrounded by six hexagonally close packed (HCP)
circles. All circles impinging on an HCP lattice should propagate
that lattice, Symmetric and partially HCP nuclei also have long range
effects, but are not considered here.

Figure 3 shows the packing fraction for 200 circles, ¢200(n),
vs. n, the total number of circles (the first three circles are
accumulated packing fractions). The initial test, shown by the open
circles, gave, instead of the propagation of the HCP structure with &
packing fraction of 0.9068 as expected, a very rapid fall-off after
approximately two hundred circles; and the packing fractions appeared
to level off near the value of 0.82 determined for random packing (1).
Examination of a plot of the coordinates of the circles showed the
appearance of an occasional void outside the first two hundred circles,
~and circles placed afterward in the vicinity of these &oids showed

irregular packing.
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It was felt that the formation of these voids could only be

due to cpmputational errors, eg. round-off and truncation, and not due
to the packing'scheme of the program. An effort was made to improve
the coﬁputations. .

First, it was observed that a more accurate calculation was
needed to detgrmine ?eliable packing fractions. As previously
described, the evaluation of the areas uéed in calculating the packiﬁg
fraction in Eq (1) involves considerable summation. A, often involves
about 1000 such summations and A, and AP involve about 200. Since
single precision accuracy on the IBM System/360 is only 1 part in
106'3 before round-off, and since the areas may be two or three orders
of magnitude larger than the individual terms being summed., an
accuracy of only 1 part in lO3 or th is seen for each term.

With accumuilating round-off error, one can only expect an accuracy of
two or three digits.at best. This summation was improved by making
the area totals double precision so that each single precisicn ftern is
added to a double precision total. The difference is shown in Fig. 3
where the right-filled symbols, o, represent the improved calculation.
The actual packing is not affected, but the relisbility of the packing
fractions in representing the packing is significantly improved.

Anyone carrying out numerical calculations must be aware of
the dangers involved in subtracting numbers that are close in
magnitude. The difference often has considerably less accuracy than
the miﬁugnd end subtrazhend. In program Circlepack, taking differences

is unavoidable. The angle between adjacent circles (referred to the

origin) must be determined by subtraction, and subtraction is used in
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the cosine rule for the triangle formed by adjacent circles and the
origin. The latter case is particularly insidious since squaring is
involved before_subtraction. of coﬁrse, the whole problem becomes
more pronounced for circles far from the origin since the central
angle becomes smaller. It was found that certain forms of the cosine
rule were more suitable than others. For instance, in replacing

a?'= b2 - D.bececos® + c° 4 (W)

by

8° = be(b-2+c.cos B) + c° , (5)

by carrying out subtraction before a multiplication instead of after,
improvement could be obtained as shown in Fig. 3 by the left-filied
syﬁbols, o, 1In this case, only one usage of the cosine rule was
modified in_this way; and this was in a loop searching for the proper
circles hit, and nct in the actual computation of the coordinates of
the new circle. Thus, the improvement seen in Fig. 3 came about
because Eq. (5) resulted in a more accurate selection of the circles
touched by the incoming circles.

- This success prompted trying double precision calculations
within this selection process only, without extending double precision
to the coordinates of the circles. The resuits are shown in Fig. 3 by
the bottom-filled symbols, e. Finally, double precision was used also.
in the calculation of the coordinates of eéch new circle (essentially
extending double precision throughout the calculations). The result
is shown by the completely filled cireles. Voids still form, but they

must be small as they do not initiate catastrophic breakdown of the
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regular lattice. The packing fractions remain high out to large
numbers of circles and decrease only very gradually from the

theoretical value.

Discussion

As shown above, computational errors initiate voids which
rapidly propagate a disordered growth. Therefore, the "computer
circles" are uniform only within a certain tolerance established by
the closeness with which the computer can compare two numbers. In
this sense, the computer experiments can be likened to real experi-
ments involving disks with a dimensional tolerance. If desired, this
error can be reduced by working in dcuble precision arithmetic.

| An interesting phenomenon arises in the random packing
experiments which is related to this error question. A typical
computation -of the random packing of uniform circles is illustrated in
Fig. &4, showing_also the boundary polygons obtained after the place-
ment of 50, 200, 450, and 800 circles. For simplicity, the outlines
of the circles were drawn only in>the representative areé shown in the
lower right corner. The formation of voids is clearly visible.

The cross-hatched areas in Fig. 4 indicate "crystalline"
regions ﬁith hexagonal close packing. Such regions develop whenever
an hexagonally close packed nucleus is formed through the vagaries of
random packing, and tend to ﬁropagate before the packing becomes
random agéin. The formation and development of the regions depends on
the mode of action of the ordering force. This can be seen in Fig. L

in the afeas_where two large "crystallites" lie close to each other.
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Such crystallites are separated by "slip lines" along which the packing

is between cubic and HCP. The glip lines arise here because the
central force.disrupts the growth‘of the crystallites when they become
too wide. Under the influence of a gravitétional field rather than a
centripetal force, omne Would expect the érystalline regions to be more
extensive.

Since we are most interested in random packing free of the -
influence of an ordering force, the data were corrected by the tedious
process of identifying, calculating, and subtracting the crystalline
areas.

It is now obvious that computaticnal errors must play a
significant role in disrupbing these crystalline regions Just as they
did in disrupting the ideal lattice. The errors strongly affect circle
placement in the regular hexagonal lattice where very close tolerances
must be preserved in order to propagate the lattice. However, the
calculations in a random structure should not be nearly as sensitive.
Thus, the errors work in one's favor to minimize these crystalline

regions without significantly upsetting the rardom packing behavior.
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